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Quantum rings under magnetic fields: Electronic and optical properties
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Electronic and optical characteristic energies of semiconductor quantum rings in the presence of magnetic
fields were determined by adopting distinct potential models to describe the ring confinement and considering
different geometric confinement parameters defining the quantum ring. It was found that the ground-state
energy becomes independent of the ring radius once the internal ring hole is present, because it is the strength
of the lateral confinement that determines its subsequent behavior. The optical spectra for large and narrow
quantum rings exhibit a set of resonances governed basically by the strength of the radial confinement. The
presence of a magnetic field produces a notable enhancement of the resonance intensities.
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Increased development of semiconducting growth te
nology makes possible the fabrication of very small na
structures exhibiting high quantum confinement. As its el
tronic states present a complete discrete nature, they ca
viewed as natural candidates for optoelectronic devices a
large number of work has been done on semiconductor
erostructures of reduced dimensions.1 Recently, nanostruc
tures similar to rings in reduced scale were grown via hi
resolution electron-beam lithography techniques2 and have
been characterized by low-temperature photoluminesce
measurements. On the other hand, quantum rings~QR’s! are
natural systems to study quantum interference phenome
in transport properties. Actually, a metallic ring of meso
copic dimension in an external magnetic field exhibits
equilibrium current which is periodic in the Aharanov-Boh
flux.3–5 The magnetic response of a GaAs/GaxAl12xAs me-
soscopic ring was experimentally reported6 with a periodic
signal which is the signature of a persistent current. Also,
effects of electron-electron interaction on the persistent c
rent in a mesoscopic QR subjected to a magnetic field
discussed by Chakraborty and Pietilainen7 and theoretical
studies on the optical-absorption spectra have been prese
by Halonenet al.,8 taking into account repulsive scatterin
centers.

Motivated by a wide variety of interesting physical ph
nomena in QR’s we present here a theoretical study of e
tronic and optical properties of these low-dimensional s
tems. The energy spectrum of the QR is calculated within
effective-mass approximation, including the effect of an e
ternal magnetic field applied in the axial direction of the ri
and neglecting excitonic effects and the presence of imp
ties. Quantum rings can be theoretically modeled by the
perposition of two confining potentials: One in thez direc-
tion, defined by the growth of GaAs and GaxAl12xAs layers,
and other in the lateral direction. The adequate choice
modeling this last potential should be guided by the exp
mental growth techniques used to achieve the ring geome
Two models for the lateral ring confining potential are d
cussed: a cylindrical parabolic potential~CPP! that is more
suitable for etched heterostructures, and a cylindrical squ
well potential~SWP! that is appropriate for describing he
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erostructures immersed in a semiconductor matrix. The s
tem results in a model very similar to a cylindrical quantu
dot9 ~QD!, except for the internal cavity of the ring whic
guarantees a stronger radial confinement than the co
sponding one defined by a QD of the same size.

The effective-mass Hamiltonian describing an electron
a quantum ring, under the presence of a magnetic fielB
applied in the axial direction, can be written as

H5
1

2m*
S pW 1

ueu
c

AW D 2

1Vqw~z!1VLat~r!, ~1!

with AW being the vector potential andm* the electron effec-
tive mass. We have modeled the QR by a square-well po
tial in the z direction, Vqw(z), and a lateral confinemen
potentialVLat(r), wherer is the in-plane coordinate. Thi
last potential has been chosen as a square-well pote
~SWP!, given byVLat(r)50, if r1<r<r11rqw , and equal
to Vr otherwise,r1 being the internal radius of the ring an
rqw the length of the lateral quantum well, and a cylindric
parabolic potential~CPP!, given by VLat(r)5 1

2 m* vg
2(r

2r ring)2, with r ring being the center of the parabolic con
finement potential andvg the geometric frequency that de
termines the strength of the ring lateral confinement. T
confinement is measured through the parameterrcon f

5A\/m* vg which corresponds, in the case of a bidime
sional harmonic oscillator, to the ground-state expectat
value of the lateral coordinate.

The electronic envelope wave function, solution of t
eigenvalue problem defined by the Hamiltonian in Eq.~1!,
can be written asCnl(z,r,w)5Fn(z)Rl(r,w), l being the
orbital quantum number andFn(z) the quantum-well solu-
tions along thez direction. The functionsRl(r,w) are the
solutions of the lateral eigenvalue problem

HlatRl~r,w!5ElatRl~r,w!. ~2!

In the following we discuss the two model potential ca
culations.
6963 ©2000 The American Physical Society
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SQUARE WELL POTENTIAL AND BÄ0

Taking into account the asymptotic behavior of the wa
function in the QR interfaces, the solutions of the eigenva
problem of Eq.~2! are given byRl(r)5r l(r)eil w, with

r l~r!5H ClI l~rb1! if r<r1

AlJl~rb0!1BlYl~rb0! if r1<r<r2

DlKl~rb1! if r>r2 ,

~3!

where r25r11rqw , Jl and Yl , are Bessel functions
whereasI l and Kl are modified Bessel functions of thel th
order. The parameter bo (b1) is defined by
(2m* Elat /\2)1/2

„@2m* (Vr2Elat)/\
2#1/2

…. The energies
are obtained by solving the transcendental equations w
results from applying standard boundary conditions for
wave functions defined in Eq.~3!.

CYLINDRICAL PARABOLIC POTENTIAL AND BÅ0

In this case a magnetic field applied in the axial direct
is considered. Choosing the symmetric gauge forAW in the
effective-mass Hamiltonian@Eq. ~1!# we have

Hlat52
\2

2m*
¹r

21
\vc

2
l 1

1

2
m* ve f f

2 ~r2r0!2

1
1

8
m* ve f f

2
vc

2

vg
2
r0

2 , ~4!

wherevc5eB/m* c is the cyclotron frequency,ve f f is an
effective frequency given byve f f5(vg

21vc
2/4)1/2, and r0

5(vg
2/ve f f

2 )r ring . To solve the eigenvalue problem we e
pand the lateral functionRl(r,w) in a linear combination of
Gaussian functions9 centered inr0 and defined by differen
values of the standard deviation parameter,

FIG. 1. Lateral electron energies for a GaAs/GaxAl12xAs QR as
a function of the ring radius for different values ofrqw . Full and
dashed curves correspond to the infinite and finite square-
model, respectively, whereas the dotted lines denote the results
lowing the parabolic model.
e
e

ch
e Rl~r,w!5eil w(

m
Am

l r u l u e2(r2r0)2/lm. ~5!

The set oflm parameters is fixeda priori to cover the physi-
cal range of relevant radii associated with the lateral confi
ment. The maximum~minimum! value of this set of param
eters was taken as being two order of magnitude lar
~lower! than the value of those characteristic lengths. T
method allows us to obtain simultaneously the ground a
excited states and the convergence of each state is cont
by varying the number of Gaussian functions in the exp
sion. To obtain accurate energies and wave functions
have used a maximum set of 26 Gaussians. The prob
reduces then to solve a set of coupled homogeneous li
equations for the coefficients of the expansionAm

l , given by

(
m

Am
l Nmm8

l F @bmmbm8m811#@D22u l u~a!1D22(u l u11)~a!#

22bmm8F2ELat2\vcl 2
m*

4
v8

c
2r0

2G
3D22(u l u11)~a!G50, ~6!

ll
ol-

FIG. 2. Electronic lateral spectrum of a QR as a function of
ring radius using the CPP model forrcon f550 Å and for ~a! B
50 and~b! B510 T. Thel 50 state is shown by dark squares.
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with bmm851/lm11/lm8 , a52r0A2bmm8, vc8
5vcve f f /vG , Nmm8

l being the normalization factors, an
Dl the first-order parabolic cylindrical function.

The interband absorption spectra are obtained by calcu
ing the transition probability per unit time for transition
from hole to electron states, following the dipolar appro
mation, and neglecting excitonic effects. For the case
holes, an in-plane (0.1m0) and az-direction (0.377m0) ef-
fective mass are considered whereas for electrons we
used m* 50.0667m0 (m0 being the free-electron mass!.
Lorentzian curves of width 2.0 meV were adopted in t
absorption coefficient calculation to take into account th
mal and other scattering effects.

A first analysis of the lateral electron energies of QR
with different internal radius adopting the SWP model in
cates the characteristic 1/rqw

2 feature, a typical effect of the
quantum confinement. As expected, the energies reach
values exhibiting the behavior of rectangular and cylindri
quantum wires as the internal radius increases and decre
respectively. The electronic energies of GaAs/GaxAl12xAs
QR’s with different lateral confinement and forl 50 are
shown in Fig. 1 as functions of the mean ring radiusr ring .
Different cylindrical ring potential models were used: fini
~for GaAs/Ga0.67Al0.33As) and infinite square wells and th
parabolic one. The confinement parameters for the S
model, (r1 ,rqw), and the CPP model, (r ring ,rcon f), are re-
lated via the following expressions:r ring5r11rqw/2 and
rcon f5rqw /p, the last equivalence coming from the sta
dard relation between the lengths associated with a harm
potential and an infinite square-well potential. It should
noted that the energies do not depend on the particular
radius except for rings with small internal radius. In th
regime, however, the energies exhibit an opposite beha
for the different adopted models. In the SWP model the
eral energies decrease, indicating a transition to a lower c
finement regime. In this limit the QR becomes a cylindric
QD, and for that model the lateral confinement is now 2rqw .
On the other hand, forr ring50 in the parabolic model, one
gets a double-confined QD. It also can be noticed that for
considered values of the lateral-confinement, the finite b

FIG. 3. Magnetic-field dependence of the electronic spectrum
a QR with r ring5300 Å andrcon f550 Å . The continuous line
shows the statel 50.
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rier square-well model yields lower lateral energies than
infinite well and parabolic models; a finite barrier potent
imposes a limit for the energy value of the bound states
the well. Moreover, in the high confinement regime, f
rqw550 Å , the large differences between the lateral en
gies obtained by using infinite models and a finite poten
indicates that an adequate choice of the potential must
into account the conditions under which the annular confi
ment is achieved.

In what follows the effects of applied magnetic fields o
the lateral energies of GaAs QR’s are analyzed using
parabolic model. The results presented in Figs. 2~a! and 2~b!
show the dependence of the lateral energies on the ring
dius, for a ring confinement ofrcon f550 Å , and forB50
and B510 T, respectively. In thequantum dotlimit ( r ring
50) the energy spectrum is expected to exhibit two essen
features: the energy difference between the lowest twl
50 levels ~marked with large black squares in the figur!

f

FIG. 4. Optical spectra of a GaAs/GaxAl12xAs QR for magnetic
fields up to 15 T. In~a! r ring5500 Å andrcon f550 Å ~bold
lines! and 70 Å ~light curves! and in ~b! rcon f550 Å andr ring

5300 Å ~light curves! and 500 Å ~bold lines!.
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should correspond to 2\vg while the minimum energy dif-
ference between two states would be given by\vg , which
occurs for momentum angular values differing by unity. F
increasing values of the QR radius the energy spectrum
most preserves the mentioned energy separation of 2\vg for
the markedl 50 levels but other solutions appear betwe
then, reducing the corresponding energetic spacing and
larging the density of energy levels in the spectrum. In
limit of very large ring radius as compared with the rin
width (r ring@rcon f) it is possible to treat the problem as th
superposition of a one-dimensional parabolic potential, w
a confinement parameter given byrcon f and an infinite well
potential of widthL52pr ring .

In the presence of a magnetic field the spectrum chan
drastically@see Fig. 2~b!#. The magnetic field breaks the de
generacy between the states with positive and negative
gular momentum and the ground state becomes a state
l<0, depending on the confinement ring parameters. T
can be understood considering the limit of an ideally narr
ring for which rcon f→0 and the eigenvalues are given b7

E5(\2/2m* r ring
2 )@ l 1(r ring

2 /2rL
2)2, rL

25\c/eB being the
Landau radius. A more complex spectrum is obtained fo
finite-width ring due to the presence of the levels associa
with the lateral degree of freedom. Similarly to the case
B50 for r ring@rcon f the energy spectrum is essentia
given by a superposition of the energy levels of a o
dimensional ring under a magnetic field, and the energy
els associated with the radial confinement. The most rem
able feature is the accumulation of the energy levels n
those states. This property of the density of states gre
influences the optical behavior of QR’s as will be show
below. The same characteristic behavior discussed abo
exhibited by the energy spectrum as a function of the m
netic field as shown in Fig. 3, for ar ring5300 Å and
rcon f550 Å where thel 50 state is shown by the continu
ous line. The lifting of the degeneracy is clearly exhibited
the energy spectrum in the presence of a nonzero mag
field which is marked by an arrow in the figure.

The interband absorption spectra of distinct quant
rings modeled by the cylindrical parabolic potential a
shown in Figs. 4~a! and 4~b!, for magnetic fields up to 15 T
The z-direction confinement was described by a quantu
well potential of width equal to 40 Å . Figure 4~a! displays
different spectra for QR’s defined byr ring5500 Å and two
different lateral confinement given byrcon f550 Å ~bold
lines! and 70 Å ~light curves!. In the absence of a magnet
:
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field the energy separation between the two main peaks
the ring of width 50 Å is twice the corresponding one f
the 70-Å ring, reflecting a 1/rcon f

2 dependence. For eac
spectrum, the position of the main resonances are basic
determined by the lateral confinement being almost indep
dent of the ring radius as can be seen in Fig. 4~b! where the
results for the absorption coefficient for rings of two diffe
ent radii, and for a fixed value of the radial confinement a
shown. It can be noticed in both figures an enhancemen
the optical resonances as the magnetic field increases,
effect being more pronounced for a large radius ring. Opti
experimental measurements on quantum rings under app
magnetic fields may certainly be used for determining
geometrical characteristic of QR’s.

In summary, the electronic energy spectrum has b
studied as a function of different parameters defining the
geometric confinement. In the high lateral-confinement
gime, the results show a strong dependence on the pote
model adopted, indicating the importance of taking into a
count the conditions under which the annular confinem
was achieved for an adequate choice of the model. We h
found that in the case of very narrow QR’s with large rad
the energy levels in the spectrum accumulate near those
ergy states mainly defined by the potential associated w
the radial confinement. Moreover, the presence of an a
magnetic field increases the ring lateral confinement, prov
ing a very structured density of states. As a conseque
large and narrow QR’s present optical spectra gover
mainly by the strength of the lateral confinement exhibiti
well-defined resonances which are clearly enhanced for
creasing magnetic fields. These are quite interesting res
since it might be possible to obtain characteristic spectra
highly confined systems, like QDs, by means of these ra
mesoscopic systems. Taking into account the increas
number of nanostructure growth techniques, and conside
the interesting transport and optical properties that QRs
hibit, we believe the present theoretical study helps us
better understand the electronic and optical properties
those systems and their future optical-electronic applicatio
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