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Ion displacement and electron-hole localization in perovskite-like layered cuprates

S. Kuwata
Faculty of Information Sciences, Hiroshima City University, Asaminami-ku, Hiroshima 731-3194, Japan

~Received 8 September 1999!

The electron-hole localization can be realized on a boundaryab plane of layered crystals if the ion charge
ei and thec-direction force constantki satisfy the relation of (1/S)( i PV(ei

2/ki)*0.3 Å , whereS and V
represent the boundary surface and the layer volume, respectively. In many perovskite-like layered cuprates,
the relation is satisfied mainly due to the smallness ofkCu compared to otherki ’s in typical perovskite crystals.
This indicates the possibility of the electron-hole localization on the CuO2 plane, where high-Tc superconduc-
tivity can be realized.
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I. INTRODUCTION

The modulated structure of a displacive type has b
observed in many perovskite-like layered cuprates, such a
BSCCO,1–3 TBCCO,2–4 NCCO,5–7 YSCBO,8 and LSCO.9 In
BSCCO, for example, the ion displacement in thec-axis di-
rection is alternately modulated along theb-axis direction
with the modulation period about 26 Å. To explain th
modulated structure, we previously proposed a tw
dimensional electron-hole lattice model,10 where the elec-
trons and holes are, to stabilize the local polarization cau
by the ion displacement, pair created on the CuO2 plane~and
also the BiO plane in BSCCO! or transferred onto the CuO2
~and the BiO! planes from their adjacent planes.

If the pair-creation energy and the charge-transfer ene
are equal or less than about 1 eV, we found that the cha
distribution of a stripe configuration can be realized;11 the
smallness of the pair-creation energy, which correspond
the band gap on a semiconductive plane, in the formatio
the electron stripe has been also emphasized
Kusmartsev,12 where the electrons are trapped by an e
tended polarization well. From the stability condition of th
total energy plus the chemical potential with respect to
electron lattice constantsDa andDb , it has been found tha
the charge distribution of a checkerboard configurati
where the electrons and holes are aligned in botha- and
b-axis directions, cannot be allowed,11 resulting in the for-
mation of the stripe configuration under certain region of
chemical potential. However, in calculating the electro
state of the localized charges, we assumed that the el
energy due to the ion displacement is small enough c
pared with the Coulomb potential between the localized e
trons ~holes! and the polarization charges. If the elastic e
ergy is comparable with the Coulomb potential, t
assumption of the charge localization on the CuO2 plane, in
itself, may be violated, due to the overlap of the electr
wave function between two adjacent CuO2 planes. This is
because as the force constant increases, the bound pot
owing to the ~background! polarization charges tends t
weaken, so that the spatial spread of the wave function m
elongate in thec-axis direction.

On the other hand, it has been pointed out that the lo
ized charges are closely related to high-Tc
superconductivity.13–15Among them, Beschotenet al.15 have
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suggested from the temperature dependence of the Hall
bility that the Cooper pairs can be formed by spatially loc
ized states. Thus it is considered to be important to exam
the possibility of the charge localization especially on t
CuO2 plane, where high-Tc superconductivity can be rea
ized. Experimentally, the coexistence of the localized a
itinerant charges has been indicated in normal and super
ducting phases of YBCO by the femtosecond time-resol
spectroscopy and the transient photoconductiv
measurements.16–18

Although the electronic state of the layered cuprates
been theoretically studied usingab initio calculations19 and a
linear augmented-plane-wave method,20,21 the relationship
between the ion displacement and the electron-hole loca
tion is not manifestly clarified. In Sec. II we deal with th
electronic state of the localized charge in the background
the local polarization charge caused by the ion displacem
where the ion elastic energy is taken into account. For
electron to be localized on the boundary surface, it will
found that the ion chargeei and thec-direction force con-
stant ki should satisfy the relation of (1/S)( i PV(ei

2/ki)
*0.3 Å , whereS andV represent the boundary surface a
the layer volume, respectively. In Sec. III, we give summa
and discussion.

II. MODEL HAMILTONIAN

If the energy of the two-dimensional~2D! electron-hole
lattice system is composed of the ion elastic energy, the e
tron kinetic energy, and the Coulomb potentialU(x;x8)
(51/ux2x8u) between the electron and the~background! po-
larization charge caused by the ion shift, the model Ham
tonianH ~in units of \52m5e51, where\, m, ande rep-
resent the Planck constant, the electron mass, and
elementary charge, respectively! can be written as

H5
N

2 (
i PV

ki~Dzi !
22 (

a561/2
E ca

†~x!¹2ca~x!d3x

1
1

2E :n(tot)~x!U~x;x8!n(tot)~x8!:d3xd3x8, ~1!

whereN, V, ki , andDzi represent the total electron lattic
number, the volume occupied by one electron, thez-direction
686 ©2000 The American Physical Society
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PRB 62 687ION DISPLACEMENT AND ELECTRON-HOLE . . .
force constant, and thez displacement of thei th ion, respec-
tively. Furthermore,n(tot)(x)5n(x)1( i PVs i(x,y)d(z) with
n(x)5(a561/2ca

†(x)ca(x) ands i(x,y) representing the po
larization charge density caused by thei th ion displacement.
Noticing thats i andDzi are related ass i5(1/V)eiDzi (ei is
the effective charge of thei th ion! and thatN can be written
as N5(1/S)*dxdy (S is the surface area occupied by o
electron!, we can replace the first term in the right-hand s
of Eq. ~1! by

N

2 (
i PV

ki~Dzi !
2→ 1

2 (
i PV

k iE $s i~x,y!%2dx dy, ~2!

wherek i5(ki /ei
2)(V2/S). Substituting Eq.~2! into Eq. ~1!

and requiring the stability condition ofd^H&/ds i(x,y)50,
we can rewriteH as ~see Appendix A!

H→2 (
a561/2

E ca
†~x!¹2ca~x!d3x

1
1

2E :n~x!@U~x;x8!n~x8!:

2U8~x;x8!^n~x8!&#d3xd3x8, ~3!

where U8(x;x8)51/@12l(]/]uzu)#U(x1 ;x28 ) with 1/l
52p( i PV(1/k i) andx65(x,y,6uzu).

Now we deal with a localized state. Even in the superc
ducting state, where the localized charges coexist with
itinerant charges,16–18 it will be found that the subsequen
results may not be altered in a stripe phase, where the lo
ized electrons and holes are equal in number. In the mi
phase of the localized stateuc (loc)& and the itinerant state
uc (itin)&, the expectation value ofH can be written aŝH&
5(s,s8P$ loc, itin%@K (s)1U (s,s8)#, whereK (s) represents the ki-
netic energy andU (s,s8) corresponds to the Coulomb intera
tion between the states s and s8. In general, the Coulomb
interaction ofU (itin,loc), which should be screened based
the Thomas-Fermi theory, cannot be neglected~in 2D elec-
tron gas, the screening radius, which, different from 3D g
is independent of the carrier density, is on the order of 1!.
However, if the localized electrons and holes are equa
number, as in the case of a stripe phase,U (itin,loc) turns out to
be vanishing from the stability condition of]^H&/]uc (s)&
50 ~for more strict discussion, see Ref. 22!. This can be
understood by considering that the~screened! Coulomb in-
teraction of the itinerant charge with the localized electr
cancels that with the localized hole. Hence in the str
phase, the electronic states of the localized and the itine
phases can be treated independently, implying that the
lowing results valid for the localized state can also hold
the mixed state.

In the localized state,̂c (loc)uHuc (loc)& can be decompose
as^c (loc)uHuc (loc)&5( iHi1( iÞ jHi j , whereHi andHi j rep-
resent the intralattice energy and the interlattice energy,
spectively. If the electron lattice constantD is much larger
than the spatial spreadD of the electron wave function,Hi j
is negligible compared withHi , that is,Hi j /Hi5O(D/D) or
e
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O@(D/D)3# for l@1 or l!1, respectively. This is becaus
Hi5O(1/D), while Hi j 5O(1/D) or Hi j 5O(D2/D3) for
l@1 or l!1, respectively. In a practical case, whereD
;10 Å , which corresponds to the modulation period, a
D;1 Å , which is on the order of the Bohr radius,Hi j can
be neglected.

In a singly or doubly occupied state,Hi can be written in
the Hartree-Fock approximation as

Hi5Hi
(s)5^2¹2&2

1

2
^U8& ~ for single occupation!,

5Hi
(d)52Hi

(s)1
1

2
^U& ~ for double occupation!. ~4!

In estimating Hi , it is convenient to use a variationa
method, rather than to solve the original Hartree-Fock eq
tion. Since we are concerned with the localized state
seems natural to choose the trial function of the ground s
uf& as a Gaussian form, that is, ^xuf&
5) i 51

3 @1/A(2p)1/2D i #exp(2xi
2/4D i

2), where D i ’s ~with D1

5D2) are variational parameters. Notice thatD3 is an in-
creasing function ofl ~this is because asl increases, the
polarization charge density decreases so that the bound
tential in the z-axis direction can be reduced!. Then it is
sufficient to examine the limiting case such thatl@D i ~its
validity will soon be verified!. In this case, the doubly occu
pied state turns out to be unstable, because the potentia
ergy ^2U81 1

2 U& tends to be positive due to the vanishin
of ^U8& in the limit of l→`.

Hence we only deal with the singly occupied state, wh
Hi

(s) can be written forl@D i as ~see Appendix B!

Hi
(s)5

1

2 S 1

2
1

1

11b D 1

D3
2

2
1

2l F ln
A2l

D3
2g~b!G . ~5!

Here b5(D1 /D3)221 and g(b)5*0
`ln x•(]/]x)fb(x)dx,

where f b(x)5erfc2(x)exp(22bx2) with erfc(x)
5(2/Ap)*x

`exp(2t2)dt. From the stability condition of
]Hi

(s)/]D35]Hi
(s)/]b50, we obtain

D35AaBlS 1

2
1

1

11b D , b51.213, ~6!

where aB(5\2/me2), the Bohr radius, has been explicitl
represented.

For the electrons and holes can be regarded as well lo
ized on thexy plane, thez-direction spatial spread of th
electron wave function, 23D3, should be smaller than th
interplanar distancel, that is,

D3&
l

2
⇔ 1

S (
i PV

ei
2

ki
*ãB , ~7!

where ãB5(1/p)@112/(11b)#aB(50.321 Å ), and we
have used the relations ofl 5V/S and Eq.~6!. Originally, Eq.
~7! is valid for l@D3 or from Eq.~6! l@aB . In the case of
l!aB , the value ofD3 should be smaller than that forl
@aB ~becauseD3 is an increasing function ofl, as men-
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688 PRB 62S. KUWATA
tioned in the above paragraph!. Hence the relation of Eq.~7!
is automatically guaranteed in the case ofl!aB , once the
relation is satisfied forl@D3.

Now we examine whether or not the relation of Eq.~7! is
satisfied in perovskite-like layered cuprates. In general,
c-direction force constant of the Cu ion is small enough co
pared with that of other ions, so that it may be sufficient
show the following relation:

1

S0

eCu
2

kCu

*
?

ãB , ~8!

whereS0 is the unit crystal lattice surface within which on
Cu ion is occupied. Since( i PV(ei

2/ki) is proportional toS, S
can be chosen as unit crystal lattice surfaceS0. Using the
experimental values ofS0 andkCu ~see Table I!, we find that
the relation of Eq.~8! is satisfied foreCu*e.

To be compared with a typical perovskite crystal such
BaTiO3, where two-dimensionally localized charges are n
observed, we estimate the value of (1/S0)(ei

2/ki) , in which i
corresponds to the Ti ion in BaTiO3. Near the ferroelectric
Curie temperature, when the soft-mode phonon of the Ti
is observed,kTi can be written using the dipole interactio
as30 kTi.24(eTieO/r Ti,O

3 ), where r Ti,O represents the dis
tance between the Ti ion and the apical oxygen. He
(1/S0)(eTi

2 /kTi) can be estimated as

1

S0

eTi
2

kTi
.0.78ãB ~near Curie temperature!, ~9!

where use has been made ofS05a2, r Ti,O5a/2, and the
relation of eTi /ueOu.2,30 with a representing thea-lattice
constant (a.4 Å ). Considering the relation ofkTi
!kBa,kO,31 we find that the charge localization is difficult t
realize in BaTiO3.

TABLE I. Values ofS0 , kCu, (1/S0)(e2/kCu), andr Cu for vari-
ous layered cuprates. Thec-direction force constantki is evaluated
using the interatomic force constantf i j as ki5( j (Þ i ) f i j cosuij ,
whereu i j represents the angle between thec and thei j directions.
The values ofS0 and kCu for La1.85Sr0.15CuO4 , YBa2Cu3O7 ,
Bi2Sr2CaCu2O8, and Tl2Ba2CaCu2O2 are taken from Refs. 23–26
respectively, while the values ofu i j andr Cu,O for these cuprates ar
taken from Refs. 27–29 and 26, respectively.

Cuprate S0 (Å 2) kCu (kdyn/cm)

1

S0

e2

kCu
~Å !

r Cu,O (Å )

LSCO 14.2 30 0.54 2.4
YBCO 14.8 40a 0.39 2.3
BSCCO 14.6 36 0.44 2.2
TBCCO 14.9 39 0.40 2.7b

aDue to the lack of the force constant data forf Cu,Ba and f Cu,Y , we
approximatekCu as f Cu,O.

bCalculated value by the same authors who derived the valu
kCu.
e
-

s
t

n

e

III. SUMMARY AND DISCUSSION

We have found in layered cuprates, where the relation
Eq. ~7! is satisfied, localized charges can be realized on
CuO2 plane, mainly due to the smallness of thec-direction
force constant of the Cu ion, compared with that of oth
ions in typical perovskite crystals. In layered cuprateskCu

.40 kdyn/cm, while in BaTiO3, for example, kTi

.500 kdyn/cm.30 The condition of Eq.~7! is necessary for
the charge localization, so that we should further require
stability condition of the total energy (^H&1mN) with re-
spect to the total lattice numberN, wherem corresponds to
the charge-transfer energy or the electron-hole pair crea
energy. In the limit of vanishingki ’s, it was found11 for m
&1 eV that the localized charges whose charge distribu
is of a stripe configuration can be realized. Even in the c
of nonvanishingki ’s, it is also expected that the localize
charges of a stripe configuration be realized, although
allowed region ofm may be further restricted due to th
nonvanishingki ’s.

In the latter half of the section, we discuss that the sm
ness ofkCu is characteristic to the layered cuprates. If t
c-direction Cu phonon is~nearly! a soft mode@the soft-
mode phonon, in itself, is frequently observed
LSCO,32–35 TBCCO,36,37 and BSCCO ~Ref. 37!#, the
c-direction force constantkCu can be roughly estimated, a
in the case of BaTiO3, using the dipole interaction askCu

;22nO(eCueO/r Cu,O
3 ), wherenO represents the number o

the apical oxygen~in Tl-, Bi-, and Y-based cuprates,nO51,
while in La-based onenO52). Actually, this relation is rea-
sonably in agreement with the experimental value ofkCu for
eCueO;e2. Hence it is found thatkCu/kTi;(nO/2)(eCu/
eTi)(r Ti,O /r Cu,O)3, where the two values ofkO are assumed to
be almost equal to each other, for simplicity. In Y-, Bi-, an
Tl-based cuprates (nO51), the smallness ofkCu originates
from the small number of the apical oxygen. This at the sa
time is expected to induce thez displacement of the Cu ion
with the result of the elongation ofr Cu,O, as is practically
shown in Table I. Even in La-based cuprate (nO52), r Cu,O is
still longer thanr Ti,O(.2 Å ). This is because the La ion
located just above or below the apical oxygen of the Cu6
octahedron, is surrounded by the pyramidal oxygen, not
octahedral oxygen, so that the La ion is expected to s
easily in thec-axis direction, which may further induce th
elongation ofr Cu,O. Thus the crystal structure that the C
ions on the CuO2 plane~or other cations lying in the sam
c-axis direction as the Cu ions, such as La ions in LSCO! are
surrounded by the pyramidal oxygens may be the caus
longerr Cu,O than the cation-oxygen distancer B,O in a typical
perovskite crystalABO3, where the B ion is surrounded b
octahedral oxygens.
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APPENDIX A: DERIVATION OF EQ. „3…

From the stability condition ofd^H&/ds i(x,y)50, H can
be written as

H5H~s i50!1
1

2 (
i
E s i~x,y!d~z!n~x8!

ux2x8u
d3x d3x8,

~A1!
pl

e-

S

where

H~s i50!52(a561/2*ca
†~x!¹2ca~x!d3x

1 1
2 * :n~x!U~x;x8!n~x8!:d3x d3x8

,

and( is i(x,y) is given by
~2p!2(
i

s i~x,y!52E ^n~x8!&
ei [k(x82x)1 l (y82y)] 2uz8uAk21 l 2

11lAk21 l 2
dk dl d3x8, ~A2!
t

with 1/l52p( j (1/k j ) . Substituting Eq.~A2! into the sec-
ond term in the right-hand side of Eq.~A1! and integrating
over x, we obtain

(
i
E s i~x,y!d~z!

ux2x8u
d3x52E ^n~x!&Gl~x12x28 !d3x,

~A3!

wherex65(x,y,6uzu) andGl(x,y,z) is given by

Gl~x,y,z!5
1

2pE exp~ ikx1 i ly 2zAk21 l 2!

Ak21 l 2~11lAk21 l 2!
dk dl

5
1

12l
]

]z

G0~x,y,z!5
1

12l
]

]z

1

Ax21y21z2
.

~A4!

APPENDIX B: DERIVATION OF EQ. „5…

Using the x representation of the stateuf& as f(x)
5) i 51

3 @1/A(2p)1/2D i #exp(2xi
2/4D i

2) with D15D2, we find
that ^2¹2& is calculated aŝ2¹2&52*f* (x)¹2f(x)d3x
5 1

4 ( i 51
3 (1/D i

2). In a similar way,̂ U8& can be written as

^U8&5E uf~x!u2U8~x;x8!uf~x8!u2d3x d3x8

5E
0

` 1

11lr
exp~2D̃2r 2!erfc2S D3

A2
r D dr, ~B1!

where D̃25D1
22D3

2, and we have used forU8(x;x8)
the integral representation asU8(x;x8)5*0

`@1/(1
1lr )#exp(2zr)J0(rAj21h2)dr, with j5x2x8,h5y
2y8,z5uzu1uz8u, and J0 the Bessel function of the firs
kind. In the limiting case ofl@D i , ^U8& can be decom-
posed intô U8&5U181(1/l)U28 , where

U185E
0

r 0 1

11lr
dr,

~B2!

U285E
r 0

`1

r
exp~2D̃2r 2!erfc2S D3

A2
r D dr,

with r 0 satisfying the relation of 1/l!r 0!1/D3. In calculat-
ing U28 , change the variabler as (D3 /A2)r→r and intro-
duce the functionf (r ) as f (r )5erfc2(r )exp(22br2) with b
5(D1 /D3)221, then we obtain

U285E
r 0D3 /A2

`

~ ln r !8 f ~r !dr

52 ln
r 0D3

A2
• f S r 0D3

A2
D 2E

r 0D3 /A2

`

ln r • f 8~r !dr

.2 ln
r 0D3

A2
• f ~0!2E

0

`

ln r • f 8~r !dr, ~B3!

where we have assumed thatb*1. As a result,̂ U8& can be
expressed as

^U8&.
1

l F ln
A2l

D3
2E

0

`

ln r • f 8~r !drG ~ for l@D i !,

~B4!

which is indeed independent of the choice ofr 0 such that
1/l!r 0!1/D3.
o,
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