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Low-temperature magnetic penetration depth ind-wave superconductors:
Zero-energy bound state and impurity effects

Yu. S. Barash,1 M. S. Kalenkov,1 and J. Kurkijärvi2
1P.N. Lebedev Physical Institute, Leninsky Prospect 53, Moscow 117924, Russia

2Department of Physics, Åbo Akademi, Porthansgatan 3, FIN-20500 Åbo, Finland
~Received 19 April 2000!

We report a theoretical study on the deviations of the Meissner penetration depthl(T) from its London
value ind-wave superconductors at low temperatures. The difference arises from low-energy surface Andreev
bound states. The temperature dependent penetration depth is shown to go through a minimum at the tempera-
tureTm0;Aj0 /l0Tc if the broadening of the bound states is small. The minimum will straighten out when the
broadening reachesTm0. The impurity scattering sets up the low-temperature anomalies of the penetration
depth and destroys them when the mean free path is not sufficiently large. A phase transition to a state with a
spontaneous surface supercurrent is investigated and its critical temperature determined in the absence of a
subdominant channel activated at low temperatures near the surface. Nonlinear corrections from Andreev
low-energy bound states to the penetration length are obtained and shown, on account of their broadening, to
be small in the Meissner state of strong type-II superconductors.
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I. INTRODUCTION

The low-temperature behavior of the magnetic penetra
length in d-wave superconductors is in general a great d
more complicated than that of their isotropics-wave cousins.
The changing sign of the order parameter, according
where one looks on the Fermi surface, entails coherent z
energy or low-energy bound states ind-wave superconduct
ors localized at smooth or almost smooth surfaces
interfaces.1–6 These bound states feature peculiar lo
temperature contributions to the magnetic penetration len7

~see also Ref. 8! and the zero-bias conductance peak2,3,5 ~see
also Refs. 8–18!.

A minimum in the penetration depth of YBa2Cu3O72d

films7 and grain boundary junctions8 was thus interpreted a
evidence for low-energy Andreev bound states. A conv
tional shielding-current contribution to the Meissner effe
would obviously just monotonically reduce the penetrat
depth when the temperature goes down. On the other ha
paramagnetic contribution from low-energy bound states
creases the penetration depth. The interplay of these two
fects amounts to a minimum in the penetration depth a
function of the temperature. The characteristic tempera
Tm0 of this anomaly is shown to be the orderA(j0 /l0)Tc
!Tc if the broadeningg of the bound states is sufficientl
small. At this temperature region the bound state contri
tion to the penetration depth competes with the lo
temperature correction from shielding supercurrents to
zero-temperature value.

An alternative explanation of an upturn in the penetrat
depth is possible in compounds whose bulk paramagn
properties grow when the temperature goes down, as in
electron-doped cuprate superconductor Nd1.85Ce0.15CuO42y .
There the paramagnetism arises from Nd31 ions.19–22 We
will not discuss these compounds below.

There is yet another important temperature associa
with the magnetic penetration depthTs;(j0 /l0)Tc . If a
PRB 620163-1829/2000/62~10!/6665~9!/$15.00
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given crystal orientation does not carry quasiparticle A
dreev bound states, a nonlocal effect can take over as a
rection to the zero temperature penetration depth in the c
limit.23 Then in other orientations which do admit Andree
states, the bound-state contribution and the spontaneous
face supercurrent in particular, can in turn overwhelm
nonlocal effect. AtT;Ts the bound state paramagnetic co
tribution to l in the clean limit24 is the order of the total
London penetration depthl0 from the screening currents. I
the absence of subdominant pairing channels, a spontan
surface supercurrent brought about by the bound states
arise below the temperatureTs ~Refs. 25,26! ~see also Ref.
27 on a similar effect of spontaneous magnetization brou
about by low-energy interface bound states!. Having in mind
high-temperature superconducting compounds, we will d
cuss strong type-II superconductors. Then (j0 /l0) is easily
the order 0.01, and the low-temperature range splits up
at least three areas staked out by 0,Ts , and Tm0 @Ts

;(j0 /l0)Tc!Tm0;A(j0 /l0)Tc!Tc#. Quasiparticle scat-
tering off impurities or surface roughness and inelastic p
cesses may also play an important role if they bring abou
broadeningg of the bound states the order or greater than
characteristic temperatureTm0 (Ts).

We assume below that nonmagnetic impurities domin
the scattering and the broadening. Nonmagnetic impuritie
superconductors with an anisotropic order parameter
known to be pair breaking. They suppressTc analogously to
what happens to isotropic superconductors with magn
impurities. Assuming superconductors always clean wit
the conventional definitionj! l , we disregard this kind of
effects throughout the article. Even then impurity broaden
of Andreev bound states in anisotropically paired superc
ductors can be significant. Since the broadening removes
gularities in the density of states~for instance,d peaks from
quasiparticle bound states! as well as in other related phys
cal quantities, superconductors can be sensitive to extrem
small concentrations of impurities.24 This is analogous to the
6665 ©2000 The American Physical Society
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role of pair breaking and small anisotropy of the gap in
Riedel anomaly in isotropics-wave superconductors. Th
Riedel anomaly is associated with the BCS singularity in
density of states. Pair breaking and small anisotropy of
gap are known to wipe out the BCS singularity in the dens
of states averaged over the Fermi surface, and control
height of the Riedel peak.28

The emphasis of the present work is on the various effe
of broadening on the low-temperature anomalies of
Meissner effect. The zero-energy polelike term of what
known as the quasiclassical Green’s function was explo
in the investigation. Broadening is introduced into the po
like term simply sliding the pole along the imaginary ener
axis. With small broadening, relatively simple expressio
are found for the penetration length in the two lowe
temperature regions defined above. IfTs(m0)&g!Tc , the
growingg can wipe out the low-temperature anomalies. B
ginning with the critical broadeninggs(m) , anomalies at
Ts(m) are fully destroyed. It turns out that unitary scattere
need to come with significantly larger scattering ratesGs(m)
than Born impurities in order to achieve the critical broade
ing gs(m) . This effect is peculiar of the impact of impuritie
on the Andreev bound states as seen in the local densit
states and Josephson critical currents.29 For this reason, the
requirements the mean free path must meet for the l
temperature anomalies to show up are sensitive to
strength of the impurity potential and very different in th
unitary and the Born limits.

For Born scatterers, the shortest normal-state impu
mean free pathl which preserves the low-temperature uptu
at T;Tm is shown to bel0& l . This looks quite restrictive
although conceivably compatible with the strikingly larg
low temperature mean free paths in some highTc
compounds.30–35For the spontaneous surface supercurren
the absence of a subdominant component at the surface
find the thresholdl0

2/j0& l . This demands extraordinar
clean samples not available for the time being. On the o
hand, the requirements set by unitary scatterers are m
weaker and probably can be met. In this case surface ro
ness is likely to control the broadening and the experime
observability of the effects.

We also examine what the Andreev bound states do to
nonlinear Meissner effect. At low temperaturesT!Tc , the
field H̃0 at which the nonlinear response of the bound sta
saturates in the clean limit24 is much weaker than the on
from the screening current. Ignoring the broadening,H̃0 is a
linear function of the temperature. WithT&Ts , nonlinear
effects from the bound states become important alread
the Meissner state. Close to the transition to the state wi
spontaneous surface supercurrent, a nonlinear term ent
into the Landau mean-field free energy is important also
weak external field. The broadeningg introduces anothe
field, H̃g characterizing the nonlinear consequences of
bound states atpT&g. For sufficient broadeningpTs!g,
we getHc1!H̃g and the nonlinear terms are shown alwa
to be small in the Meissner state.

II. THE UPTURN IN THE LOW-TEMPERATURE
DEPENDENCE OF THE PENETRATION DEPTH

Our considerations are based on the quasiclassical m
Green function which describes quasiparticle excitations
e
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thermal equilibrium. The quasiclassical propaga
ĝ(pf ,x,«n) satisfies Eilenberger’s equations, which have
232 particle-hole matrix form

F S i«n1
e

c
vf•A~R! D t̂32D̂~pf ,R!

2ŝ~pf ,R;«n!,ĝ~pf ,R;«n!G1 ivf•“Rĝ~pf ,R;«n!50,

~1!

ĝ2~pf ,R;«n!52p21̂, ~2!

where «n5(2n11)pT are the Matsubara energies,pf the
momentum on the Fermi surface,vf the Fermi velocity,A
the vector potential,D̂ the order parameter matrix, andŝ the
impurity self-energy. A symbol with a hat denotes a mat
in the Nambu space.

The propagatorĝ and the order parameter matrixD̂ pa-
rametrize as

ĝ5S g f

f 1 2gD and D̂5S 0 D

2D* 0 D . ~3!

The gap functionD(pf ,R) is related to the anomalous Gree
function f and must be determined self-consistently. The
agonal partg(pf ,R,«n) of the full matrix propagatorĝ car-
ries information on the electrical current density

j~R!52eTNf(
«n

^v fg~pf ,R,«n!&Sf
. ~4!

HereNf is the normal state density of states per spin dir
tion and^•••&Sf

means averaging over quasiparticle states
the Fermi surface.

Let an anisotropic singlet strong type-II superconduc
occupy the right half-spacex.0. A magnetic field is applied
along thez axis. The induced supercurrent and the vec
potential @in the gauge divA(R)50 and vanishing in the
bulk# have onlyy components. The linear current-field rel
tion in general has a nonlocal form, i.e.,j (x)5
2*0

1`Q(x,x8,T)A(x8)dx8.
For strongly type-II superconductors with nodes in t

order parameter, a nonlocal current-field relation can be
importance only at very low temperaturesT&Ts .23 Hence, a
study of the penetration depth at low temperaturesTs!T
;Tm0!Tc may be carried out disregarding nonlocal effec
Then a magnetic field enters into Eq.~4! only together with
the Matsubara frequencies«n2 i (e/c)vf ,yA(x) in the argu-
ment of the Green’s function. The kernelQ(x,T) can then be
written

Q~x,T!5
2ie2TNf

c (
n52`

1` K vf ,y
2 ~pf !

]g~pf ,x,«n!

]«n
L

Sf

. ~5!

In the presence of zero-energy surface bound states
polelike term in the propagator becomes dominating at te
peraturesT!Tc . Surface bound states as well as their pa
magnetic response are localized on the scale of the coher
length at the surface, however, while the conventio
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screening current has an avenue of the huge thickness o
penetration depth. That is why the zero-energy bound-s
contribution to the penetration depth remains a small lo
temperature correction tol0[l0(T50) at all temperatures
T@Ts ~in particular, atT;Tm0). The contribution from sur-
face bound states must be viewed together with a low t
perature correction from the screening current as small l
temperature imports to the zero-temperature Lond
penetration depthl0. Then the total kernel of the form
Q(x,T)5c/4pl0

21dQ(x,T) includes only the lowest orde
corrections indQ(x,T).

Solving the Maxwell equation

A9~x!2
1

l0
2

A~x!2
4p

c
dQ~x,T!A~x!50 ~6!

perturbatively with respect to the last term delivers a fi
order approximation to the vector potential

A~x!5A(0)~0!FexpS 2
x

l0
D2

2pl0

c E
0

1`

dx8

3expS 2
ux2x8u

l0
D dQ~x8,T!expS 2

x8

l0
D G . ~7!

The kerneldQ(x,T) incorporates only a contribution from
the bound states and a low-temperature correction from
screening current.

The penetration depth is defined asl
5*0

1`H(x)dx/H(0)52A(0)/A8(0). Expanding this to
first order indQ and extracting the low-temperature corre
tion from the screening current for the case of a superc
ductor with a line of nodes

l~T!5l01al0

T

Tc
2

4pl0
2

c E
0

`

Qbound~x,T!dx. ~8!

Herea is a coefficient of the order of unity which depends
the shape of the Fermi surface and on an angular slope o
order parameter near the nodes. For instance, for a qu
two-dimensionaldx22y2 tetragonal superconductor with a c
lindrical Fermi surface~with a principal axisz) and order
parameterD(f)5D0 cos(2f22a), one getsa'0.32.

KernelQbound(x,T) takes negative values. It is a parama
netic contribution from zero-energy bound states to Eq.~5!.
One obtainsQbound(x,T) from Eq. ~5! substituting instead o
the full expression forg(pf ,x,«n) only its singular part
~polelike term! gs(pf ,x,«n). Associated with zero energ
surface bound states, this term vanishes in the bulk on
scale of the coherence lengthj0. It has longer tails only
towards the nodes. Node contributions do not domin
however, in the following expressions. The presence of ze
energy surface bound states is crucial in the reasoning.
sectors of the Fermi surface associated with a sign chang
the order parameter in a quasiparticle reflection from the
face, contribute significantly to the results. This allows us
neglect, to a good accuracy, the factor exp(22x/l0) under the
integral sign in Eq.~8!.

The analytic expression for the polelike term has be
found in the clean limit and for a smooth surface in Ref. 3
the
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gs~pf ,x,«n!5
22p i

«n

uD̃~pf ,0!uuD̃~pf ,0!u

uD̃~pf ,0!1uD̃~pf ,0!u
Q~pf !

3expS 2
2

uvf ,x~pf !u
E

0

x

uD~pf ,x8!udx8D .

~9!

The effective surface order parameteruD̃(pf ,0)u intro-
duced in Eq.~9!, is defined

1

uD̃~pf ,0!u
5

2

uvf ,x~pf !u
E

0

`

expS 2
2

uvf ,x~pf !u

3E
0

x

uD~pf ,x8!udx8D dx. ~10!

Here we distinguish between incomingpf and outgoingpf

quasiparticle momenta in a reflection event. For specular
flection, the momentum parallel to the interface is conserv
FunctionQ(pf) is equal to unity where zero energy boun
states occur on the Fermi surface~i.e., where the order pa
rameter in the bulk taken for incomingpf and outgoingpf

momentum directions have opposite signs!, and vanishes
elsewhere.

Substituting Eq.~9! in Eq. ~5!, one can easily sum ove
the Matsubara frequencies. Integration over the space c
dinatex in Eq. ~8! then yields the penetration depth

l~T!5l01a
T

Tc
l01

p2e2Nfl0
2

c2T
^vf ,y

2 ~pf !uvf ,x~pf !uQ~pf !&Sf
,

~11!

Tc

j0

l0
!T!Tc .

For a three-dimensional superconductor with a spher
Fermi surface one has the relationl0

253c2/(8pe2vf
2Nf).

Then the coefficient in front of the third term in Eq.~11! is
3p/8Tvf

2 . Analogously, for a simple model of a quasi-two
dimensional superconductor with a cylindrical Fermi surfa
l0

25c2/(4pe2vf
2Nf) and the coefficientp/4Tvf

2 .
In particular, for adx22y2-wave superconductor with a

cylindrical Fermi surface, we get from Eq.~11!

l~T!5l01a
T

Tc
l01

vf

6T
zusin3 bu2ucos3 buz,

~12!

Tc

j0

l0
!T!Tc ,

whereb5a1(p/4) is the angle between the surface norm
and the direction to a node of the order parameter, whilea is
the angle between the surface normal and the crystallina
axis along its positive lobe.

We note that the correction from zero energy bound sta
to the penetration depth@the third term in Eq.~11!# has a
quite universal form. It is independent both of the spat
profile of the order parameter near a surface and its partic
anisotropic structure~basis functions!. Therefore, this correc-
tion depends only on the type of pairing, which determin
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regions on the Fermi surface with opposite signs of the or
parameter. For example, expression~12! is valid irrespective
of a particular form of a momentum direction dependence
the basis function for ad-wave order parameter of give
symmetry.

The ratio of a supercurrent density at the surfa
j s
bound(x50,T) to the onej s(xscr,T) at a characteristic dis

tancexscr (j0!xscr!l0) from the surface can be estimate
for a clean superconductor24 at T!Tc and a smooth surfac
as u j s

bound(x50,T)/ j s(xscr,T)u;4pl0
2uQbound(x50,T)u/c

;Tc /T. This verifies that at low temperaturesT!Tc the
paramagnetic currentj s

bound(x,T) dominates over the shield
ing current near the surface within a relatively small char
teristic scalej0.

The temperature dependent terms in Eq.~11! behave in
very different fashions from each other. They come from
conventional shielding currents and from the zero-ene
bound states. Growing with decreasing temperature, the
magnetic screening currents monotonically reduce the p
etration depth. On the other hand, Andreev surface-bo
states respond paramagnetically and increase the penetr
depth when the temperature goes down. Disregarding
broadening effects, Eq.~11! delivers the following estimate
for the field of the low-temperature minimum of the penet
tion depth:

Tm05zAj0

l0
Tc, ~13!

wherez is of the order of unity for crystalline orientation
with sufficient amount of momentum directions admittin
zero-energy bound states. Otherwisez is a small quantity.
For a d-wave superconductorz} zusin3 bu2ucos3 buz1/2 and
vanishes forb545° ~i.e., for a50), when there are no zer
energy bound states.

Broadening of the bound states can substantially mo
the conditions for the presence of a minimum in the lo
temperature dependence of the penetration depth. For a s
broadeningg(pf)!Tc we simply replace the factor 1/«n in
Eq. ~9! for the polelike term with 1/@«n1g(pf)sgn(«n)#.
Taking into account the broadening Eq.~11! is generalized to
the following form:

l~T!5l01a
T

Tc
l01

2e2Nfl0
2

c2T

3 K vf ,y
2 ~pf !uvf ,x~pf !uQ~pf !c8S 1

2
1

g~pf !

2pT D L
Sf

.

~14!

Here and belowc(x) is the digamma function andc8(x) is
its derivative.

Equation~14! is a reasonable representation of the role
a broadening in the low-temperature anomaly of the pene
tion depth. The minimum lies atTm0'1.8Aj0 /l0Tc for mo-
mentum independent broadening in adx22y2 superconductor
in the clean limitg!pT with the orientationa545°. With
increasing broadening it drifts to lower temperatures~becom-
ing less pronounced at the same time! until Tmg

'0.4Aj0 /l0Tc at g'0.96Tm0, where it evaporates. As a
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example, the low-temperature correction to the penetra
depth is shown in Fig. 1 in the vicinity ofTmg for various
values of the momentum independent broadening.

There are various contributions to the broadening of
bound states associated, in particular, with surface rou
ness, nonmagnetic and magnetic impurities, and inela
scattering. We now pin-point the origin of the broadenin
assuming that nonmagnetic impurities dominate the scen

With Born scatterersgb'ATc /t ~see Ref. 29! and the
coefficient of the order of unity can be estimated within t
simple model of spatially constant order parameter. Then
easily get the shortest normal-state impurity mean free pal
which admits a low-temperature upturnl0& l . In high-
temperature superconductors one should distinguish betw
l and the actual mean free path in the normal state atTc
incorporating significant contributions from inelastic pr
cesses. Impurity scattering dominates there at low temp
tures already in the superconducting state where the colla
of inelastic scattering takes place. For instance, below 2
in YBa2Cu3O72d there is a regime of extremely long an
weakly temperature dependent quasiparticle scatte
times30–35 usually interpreted as due to feeble impurity sc
tering in high-purity samples.

For scatterers with sufficient strength of impurity pote
tial there are practically no restrictions on the impurity sc
tering rate in contrast to what was found above for Bo
impurities. For unitary scatterers with scattering ratesGu
!Tc the broadening of the zero-energy bound states is
ponentially small:29 gu5BAD0Gu exp(2bD0 /Gu). A scatter-
ing rateGu which leads to a given broadeninggu is almost
independent of a constant coefficientB in the pre-
exponential factor, while it is sensitive to the model depe
dent parameterb in the argument of the exponential functio
Within the simple model considered in Ref. 29, one getsb
;1.

For temperaturesT&AGuD0, the share of the penetratio
depth from the shielding currents must be modified for u
tary scatterers. This leads instead of the linear term in E

FIG. 1. Low-temperature correction to the penetration depth~in
units of l0) in a dx22y2 superconductor with a cylindrical Ferm
surface and the orientationa545°. The temperature is measured
units of Tc . The parameterj0 /l0 is chosen to be'0.01, where
j05(vf /2pTc). The curves are given for three values of the broa
ening: g50.10Tc ~dashed line!, g50.15Tc ~solid line!, and g
50.19Tc ~dashed-dotted line!.
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~8!, ~11!, ~12!, ~14! to a quadratic low-temperature correctio
of the form l0T2/(G1/2D0

3/2) to within a factor the order of
unity.37,31Correspondingly,Tm0 given in Eq.~13! is valid for
unitary scatterers only ifTm0.AGuD0, which sets an uppe
limit on the scattering rateGu,(j0 /l0)D0.

The T2 term instead of the linear one in Eq.~11! delivers
an estimate for the locationTmd of the low-temperature mini-
mum of the penetration depth modified by unitary scatter

Tmd'S j0

l0
D 1/3

~GuD0
5!1/6, Gu.

j0

l0
D0 . ~15!

This expression replaces Eq.~13! in the case of unitary
scatterers with the scattering rateGu.(j0 /l0)D0. The mini-
mum slowly drifts to higher temperatures with increasi
Gu . It does not melt away at anyGu!Tc . The normal-state
impurity mean free path must just be large on the scale of
coherence length.

We conclude that observation of the low-temperature
turn of the penetration depth in samples withl ,l0 is evi-
dence for both Andreev bound states and a sufficiently la
strength of the bulk impurity potential in the supercondu
ing compounds. For unitary impurities one needs to take
account the broadening that arises from surface rough
which then very probably controls the total broadening. T
same effect with Born scatterers demands the normal-s
impurity mean free path larger than the London penetra
depth.

III. ZERO ENERGY BOUND STATES AND SPONTANEOUS
SURFACE CURRENT

Throughout this section the broadening of the zero-ene
bound states is assumed small. We look at a cleand-wave
superconductor with a smooth surface. Its crystal-to-surf
orientation shall admit zero-energy surface bound states
feature an upturn in the penetration depth. Below the upt
temperatureTm0, imagine a great deal of space forl to
grow, first as described by the perturbative result Eq.~11!.
Then a second order phase transition occurs atT;Ts!Tm0
into a state which carries a spontaneous surf
supercurrent.25–27 We shall find an analytic expression fo
the transition temperature and discuss the impact of imp
ties on the effect. The transition implies the absence of s
dominant channels activated at low temperatures close to
surface on account of the presumably large surface
breaking in the dominant component of the order parame
Otherwise a spontaneous current can arise at hig
temperatures.4,38,5,26

There is experimental evidence9 for a phase transition on
the ~110! surface in YBa2Cu3O72d at T57 K
@(j0 /l0)Tc . It was interpreted as associated with an ac
vated near surface subdominant channel of the o
parameter.5 For some other crystal-to-surface orientation
however, a subdominant component can be not present
a surface.4,38 Zero-energy bound states can still arise for
noticeable part of quasiparticle trajectories. Our theoret
study is relevant to these cases.

In order to find an equation for the transition temperatu
one has to admit a paramagnetic contribution to the pene
tion depth at least as large as the diamagnetic one. Th
rs
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perturbation treatment of the preceding section is not
equate. In this context we develop an approach based on
integral form of Eq.~6! and take into account only the term
in dQ(x,T) brought about by the bound states. In oth
words, a contribution only from the polelike term Eq.~9!
needs to be taken into account in Eqs.~5! for the kernel
which enters into Eq.~6!. The kerneldQ(x,T) varies on the
characteristic scalej0 and is associated in the clean limit24

with large contributions to the magnetic field at the surface
temperaturesT&(j0 /l0)Tc . We therefore disregard th
nonlocal temperature correction from the Meissner curren
dQ(x,T).

We transform Eq.~6! into the integral form

A~x!5FA~0!2
2pl0

c E
0

1`

dx8Qbound~x8,T!A~x8!

3~ex8/l02e2x8/l0!Ge2x/l0

2
2pl0

c E
x

1`

dx8Qbound~x8,T!A~x8!

3~e(x2x8)/l02e2(x2x8)/l0!. ~16!

The two terms on the right hand side of this equation ob
very different scales. The first decays exponentially in
depth on the scalel0 while the last term vanishes forx
@j0 along with the kernel Qbound(x,T). The kernel
Qbound(x50,T) can be estimated~see preceding section! for
a clean superconductor and a smooth surface
2pl0

2Qbound(x50,T)/c;Tc /T. Then, in accordance with
Eq. ~16!, the approximate formula@12A(xscr)/A(0)#
;j0

2Tc /l0
2T is established for a relative deviation of the ve

tor potential A(xscr) taken at the distancexscr (j!xscr
!l0) from its valueA(0) at the surface. The deviation re
flecting the bound state contribution to the vector poten
turns out to be small at all temperaturesT@(j0

2/l0
2)Tc , in

particular, forT;Ts;(j0 /l0)Tc . Varying on the scalej0,
small terms in the expression for the vector potential at te
peraturesT;Ts are of importance only when differentiatin
A(x). After that they can already noticeably contribute to t
expression for the magnetic field.

Indeed, a spatial differentiation of Eq.~16! leads to

H~x!52
1

l0
FA~0!2

2pl0

c E
0

1`

dx8Qbound~x8,T!A~x8!

3~ex8/l02e2x8/l0!Ge2x/l0

2
2p

c E
x

1`

dx8Qbound~x8,T!A~x8!

3~e(x2x8)/l01e2(x2x8)/l0!. ~17!

The second term in the square brackets remains neglig
small;(j0

2Tc /l0
2T)A(0)!A(0) as compared withA(0) for

T@(j0
2/l0

2)Tc . The last term of Eq.~17! is the order of
(j0Tc /l0T)@A(0)/l0#. For a deviation of the magnetic fiel
at x5xscr from its value at x50: @H(xscr)/H(0)21#
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;(j0Tc /l0T). Hence, the bound state contribution to t
magnetic field can be viewed as a small perturbation as c
pared with the shielding contribution unlessT&Ts . Consid-
ering (j0

2/l0
2)Tc!T&Ts , we can discard the second term

the square brackets but have to keep track of the last ter
Eq. ~17!. Choosingx50 in Eq. ~17!, the small termsx8/l0
in the exponential functions under the integral sign can
taken to vanish. For the same reason and within the s
accuracy one can treat the vector potential under the inte
sign in Eq.~17! as constant in spaceA(0) discarding small
terms in the vector potential which vary on the scalej0. All
this results in an explicit relation betweenA(0) andH(0)
and therefore

l5
l0

11
4pl0

c E
0

1`

Qbound~x,T!dx

. ~18!

Proceeding as in the derivation of Eq.~11! above, we find
that the paramagnetic~negative! sign of Qbound leads to a
divergence ofl at the temperature

Ts5
p2e2Nfl0

c2
^vf ,y

2 ~pf !uvf ,x~pf !uQ~pf !&Sf
. ~19!

For the modeld-wave superconductor with a cylindrica
Fermi surface one gets from Eq.~19!

Ts5
pj0

3l0
zusin3 bu2ucos3 buzTc , ~20!

wherej05vf /2pTc .
The divergence ofl implies the existence of a nontrivia

solution to Eq.~16! in a vanishing external magnetic field
Indeed, if we letH(0)50, A(0)Þ0, then Eq.~17! trans-
forms, with the same approximation as above, into the r
tion 152(4pl0 /c)*0

1`Qbound(x8,T)dx8, which defines the
transition temperatureTs into a state with a spontaneous su
face supercurrent.

The nontrivial solution atTs is a result of interplay
between the paramagnetic supercurrent which origin
in the zero energy bound states localized withinj0 on
the one hand and the diamagnetic supercurrent distrib
over the regionx;l0 on the other. The latter compensat
for the magnetic field from the bound states at the surf
in order to satisfy the boundary conditions in the absence
an external magnetic field. Then*0

1` j (x)dx50 always ap-
plies being a consequence of the full screening of the sp
taneous surface magnetic field in the bulk of a superc
ductor. Under this condition the Bloch theorem, in gene
admits spontaneous surface currents.39 The magnetic part of
the superconducting free energy (1/8p)*0

1`@A82(x)1(4p/
c)Q(x,T)A2(x)#dx vanishes atT5Ts and becomes negativ
below Ts on account of negative sign of the paramagne
kernelQbound~Gibbs and Helmholtz free energies coincide
zero external magnetic field!. The result is an energeticall
favorable state with a spontaneous surface supercurren
low Ts .

The broadeningg of the bound states modifies Eq.~19!:
-

in

e
e

ral

-

es

ed

e
of

n-
-

l,

c

be-

Ts5
2e2Nfl0

c2 K vf ,y
2 ~pf !uvf ,x~pf !uQ~pf !c8S 1

2
1

g~pf !

2pTs
D L

Sf

.

~21!

The broadening prevents the appearance of a spontan
surface current unlessg&(j0 /l0)Tc . This is a very strong
restriction. If Born impurities control the broadening, the
admit spontaneous surface supercurrent only with extrem
large values of the mean free pathl0

2/j0;100l0& l , unreal-
istic for high-temperature superconductors. Unitary scatte
impose a much weaker restrictionGu&2bD0 /ln@l0

2/
j0

2 ln(l0 /j0)#;0.1Tc . Then, however, surface roughne
probably dominates the broadening and can destroy the
with a spontaneous surface supercurrent.

IV. NONLINEAR MEISSNER EFFECT FROM LOW
ENERGY BOUND STATES

It is important in the derivation of Eq.~18! that the kernel
Qbound varies much faster in space than the screening c
rents. Then contributions of the paramagnetic current car
by surface Andreev-bound states at temperatu
(j0 /l0)2Tc!T, can result in significant spatial variations o
the magnetic field near the surface while in the weakly s
tially dependent vector potential. This leads to Eq.~18! on
the basis of the local current-field relation.

It is straightforward to show within the same framewo
that a nonlinear penetration depthlnl(T,H) incorporating
contributions both from screening currents and from ze
energy bound states is described as

lnl~T,H !5
lnl

scr~T,Hscr!

114plnl
scr~T,Hscr!

c E
0

1`

Qnl
bound~x,T!dx

,

~22!

where lnl
scr(T,Hscr) is a contribution from screening supe

currents tolnl(T,H), taken at an effective value of the fiel

Hscr5H~0!2~4p/c!*0
1`H~x!dx*0

1`Qnl
bound~x8,T!dx8.

Here H(0) is the external magnetic field. The second te
describes the field of the zero-energy bound states inside
superconductor at distancesx'xscr (j0!xscr!l0), as can
be seen in Eq.~17!. A paramagnetic response of zero-ener
bound states (Qnl

bound,0) increases the field to be screen
by diamagnetic supercurrents@Hscr[H(xscr).H(0)#. This
leads, in general, to more pronounced nonlinear terms
lnl

scr(T,Hscr) as compared to disregarding the contributi
from zero-energy bound states. In the case of spontane
surface supercurrentHscr differs from zero even in the ab
sence of an external field. We assume the conditionHscr
,Hc1 for the Meissner state to be stable in the magne
field on account of a paramagnetic influence of the bou
states.

Small nonlocal low-temperature corrections to the pe
etration depth from screening currents can be taken into
count in Eq.~22! as perturbations tolnl

scr(T,H). For a non-
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local current-field relation a penetration depthlnl(T,H) is
actually a functional of the spatial profile of the magne
field.

Nonlinear corrections from the shielding supercurrent
the Meissner effect can be given in terms of the dimensi
less ratior5(H/H0), whereH0 is usually the order of the
thermodynamic critical field;F0 /(l0j0). Hence, they are
always small in strong type-II superconductors in the Mei
ner state. In isotropics-wave superconductors, the first no
linear correction to the penetration depth}r2. In supercon-
ductors with nodes in the order parameter~for instance,
d-wave! a term linear inr can arise for particular crysta
orientations at low temperatures.40,41 The linear term, how-
ever, is quite sensitive to nonlocal effects42 and the impurity
influence, in particular, at sufficiently large strength of im
purity potentials.41,43

A nonlinearity in the magnetic response of low ener
Andreev surface bound states has, in general, a very diffe
field scaleH̃0. In a clean limitH̃0(T)5(F0T/lv f), wherel
is determined by Eq. ~22!. At low temperatures
T!Tc one always gets H̃0(T)!H0. For instance,
H̃0(Tm0);A(j0 /l0)H0;0.1H0 , H̃0(Ts);(l0 /l)Hc1
&Hc1;0.01H0. Moreover, at sufficiently low temperature
T!Ts , i.e., well below the transition to the state with
spontaneous surface supercurrent, a paramagnetic resp
from the bound states may become seriously nonlinear
ready in the Meissner stateH̃0(T);H,Hc1.25,27 We will
show, however, that the broadening of the bound states
troduces a new field scaleH̃g5(gl0 /Tcl)H0 coming into
play at pT&g. For g@(j0 /l0)Tc;0.01Tc nonlinear cor-
rections from Andreev low-energy bound states to the p
etration length turn out always to be small in the Meiss
state, even atT50.

As a polelike term Eq.~9! decays exponentially on th
scale ;j0 for almost all momentum directions admittin
bound states, we consider a local nonlinear current-field
lation

j~x!52eTNf(
«n

K v fgsS pf ,x,«n2 i
e

c
vf ,yA~x! D L

Sf

~23!

for the current via the bound states. One can also set
vector potentialA(x) in the kernel equal toA(x50). Then
we easily generalize the reasoning in the derivation of
third term in Eq.~14!. Substituting into Eq.~23! the expres-
sion Eq. ~9! for the polelike term with the pole shifted i
accordance with the broadening, we find

E
0

`

Qnl
bound~x,T!dx

5
ieNf

A~0! K vf ,y~pf !uvf ,x~pf !uQ~pf !

3cS 1

2
1

g~pf !1 i ~e/c!vf ,y~pf !A~0!

2pT D L
Sf

.

~24!
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In Eq. ~24! the Fermi surface is assumed symmetric in
flections across thexz plane. Then averages over the Fer
surface of odd powers of vf ,y vanish, no matter whether the
are multiplied byuvf ,x(pf)uQ(pf) or not. This applies, in par-
ticular, to ad-wave superconductor with a cylindrical Ferm
surface whose principal axisz is parallel to the boundary fo
arbitrary orientations of the two other crystal axesx0 , y0.

If ( e/c)vfA(0)!max(2pT,g), one can expand thec
function in Eq. ~24! in powers of the small paramete
min@H(0)/H̃0(T),H(0)/H̃g#. Considering nonlinear correction
to the penetration depth from screening currentsDlnl

scr and
bound statesDlnl

b to be small, one can represent them in t
first approximation as additive contributions to the total pe
etration depthlnl(T,H)'l(T)1Dlnl

scr1Dlnl
b . The nonlin-

ear correction from screening currents takes the form

Dlnl
scr5

l2~T!

l0
2~T!

Flnl
scrS T,H~0!

l~T!

l0~T! D2l0~T!G .
Quantitiesl(T) and l0(T) being the zero-field values o
lnl(T,H), lnl

scr(T,H), respectively, satisfy Eq.~18!. Bound
states renormalize nonlinear response from screening
rents already in this approximation. Thus, the explicit ana
sis ofDlnl

scr can be done combining the results of the prec
ing section and Refs. 41–43. Apart from too close to
transition temperatureTs , the nonlinear correction to the
penetration depth from the bound states is

Dlnl
b '2

e4l4~T!NfH
2~0!

12p2c4T3 K vf ,y
4 ~pf !uvf ,x~pf !uQ~pf !

3c (3)S 1

2
1

g~pf !

2pT D L
Sf

. ~25!

In the limit (e/c)vfA(0)@2pT when the argument of the
c function in Eq.~24! is large, we obtain

E
0

`

Qnl
bound~x,T!dx52

eNf

A~0! K vf ,y~pf !uvf ,x~pf !u

3Q~pf !arctanS evf ,y~pf !A~0!

cg~pf !
D L

Sf

.

~26!

Then the broadening rather than the temperature fixes
bound state contribution to the penetration depth.

As shown above, there is no state with a spontane
surface current withg@Ts . Then l;l0 and evfA(0)/cg
!H(0)/Hc1. SinceH(0),Hc1 in the Meissner state we es
timateevfA(0)/cg!1 and obtain in this limit from Eq.~26!

Dlg
b5

4pe2Nfl0
2

c2g
^vf ,y

2 ~pf !uvf ,x~pf !uQ~pf !&Sf

2
4pe4l0

4NfH
2~0!

3c4g3
^vf ,y

4 ~pf !uvf ,x~pf !uQ~pf !&Sf
.

~27!
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For a givenlnl
scr(T,H), Eq. ~22! in general should be

solved with respect tolnl(T,H) in accordance with Eq.~24!,
sinceA(0)52lnl(T,H)H(0). This is particularly important
close to the transition temperatureTs , where the Landau
theory of second order phase transitions is applicable. T
first nonlinear term turns out to be the order of the zero-fi
paramagnetic contribution in the denominator in Eq.~22!.
Ignoring a weak field dependence oflnl

scr(T,H) stipulated by
screening currents, we obtain from Eqs.~22!, ~24! the fol-
lowing equation forlnl(T,H):

S T

Ts
21Dklnl~T,H !1hH2lnl

3 ~T,H !5lnl
scr~Ts!, ~28!

whereH5H(0),

h5
e4lnl

scr~Ts!Nf

12p2c4Ts
3

3 K vf ,y
4 ~pf !uvf ,x~pf !uQ~pf !

3c (3)S 1

2
1

g~pf !

2pTs
D L

Sf

,

k512
dT̃s~T!

dT
U

T5Ts

.

Ts is described by Eq.~21! and T̃s(T) is the result of the
substitutionTs→T on the right hand side of Eq.~21!. The
broadening is assumed to be sufficiently small for admitt
the phase transition.

The role of the order parameter in the phase transition
be played by a surface magnetization

mS5*0
1`@M ~x!2M`#dx5~1/c!*0

1`dxx js~x!

5~1/4p!*0
1`H~x!dx5~1/4p!lnl~T,H !H~0!,

which, for simplicity, we choose constant in space alon
smooth surface. The magnetizationM enters by the conven
tional definitionj5c curlM , andM`52H(0)/4p. Then the
Landau free energy per unit surfaceFS which leads to the
same equation formS as implied in Eq.~28! has the form

FS5ãS T

Ts
21DmS

21b̃mS
42mSH, ~29!

where ã52pk/lnl
scr(Ts), b̃516p3h/lnl

scr(Ts), H is the ex-
ternal field. As for a conventional order parameter in a stro
field near Ts one gets mS(Ts ,H)}H1/3, which entails
lnl(Ts ,H)}H22/3.

Finally, in the limit of very small broadeningg
!@H(0)/H0#Tc , Eqs.~22! and ~26! give

DlH
b 5lnl~T,H !2lnl

scr~T,H !

5
4peNfl0

cuH~0!u ^uvf ,y~pf !vf ,x~pf !uQ~pf !&Sf
~30!
en
d

g

n

a

g

at temperatures (j0
2/l0

2)Tc!T!@H(0)/H0#Tc . Since DlH
b

is at least the order ofl0, we put herelnl
scr(T,H)'l0 disre-

garding small nonlinear corrections from the screening c
rents in the Meissner state. The approximate inverse pro
tionality of the penetration length the magnetic field impli
the presence of a spontaneous surface magnetization we
dependent onH.

V. CONCLUSION

We have examined the paramagnetic contribution fr
surface zero-energy Andreev bound states to the l
temperature penetration length ofd-wave superconductors in
the Meissner state. The paramagnetic current is locali
within several coherence lengths near the surface and gr
larger in the clean limit when the temperature goes down
broadening of the bound states chokes their contribution
determines their actual role in shaping the penetration len
We found that the upturn in the low-temperature penetrat
depth lies atTm0;Aj0 /l0Tc in the clean limit where the
paramagnetic contribution from the bound states can
handled with perturbation theory same as small lo
temperature corrections to the penetration depth from
screening current. The minimum broadening capable
straightening out the upturn isg'Tmo .

Furthermore, we examined the penetration depth when
bound states must be kept track of beyond perturba
theory. A divergence ofl(T) was found at the phase trans
tion to a state with spontaneous surface supercurrent.
transition occurs only with smallish broadening,g
,(j0 /l0)Tc . In the clean limit24 and at low temperatures
there is a nonlinear regime of the paramagnetic current
ready in magnetic fields substantially weaker than the fie
for the nonlinear effects to show up in response of shield
supercurrents. The broadening of the bound states mod
and weakens the nonlinear response.

Specifying an origin of the broadening as associated w
nonmagnetic impurity scattering, we obtained restrictions
the mean free path admitting the low-temperature anoma
The conditions turn out to be sensitive to the strength of
impurity potential and very different in the unitary and in th
Born limits. The Born impurities are shown to easily preve
the anomalies of the penetration depth taking place at l
well below Tm0. By contrast, unitary scatterers with suffi
ciently small normal-state scattering rateGu!Tc admit the
transition to a state with spontaneous surface supercurre
Ts;(j0 /l0)Tc . In the latter case, however, surface roug
ness very probably dominates the broadening and con
the bound state contribution to the low-temperature pene
tion length.
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