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The quantum-mechanical theory for B&bauer spectroscopy using a resonant detector, in which the con-
version electrons are recorded, is presented. The resonant detector consists of nuclei having the same micro-
scopic environment as the source nuclei. Fundamental equations, in the frequency domain, describing the
system formed by a source nucleus, an ensemble of absorber nuclei, and a resonant detector nucleus are solved.
The absorber is allowed to be of arbitrary thickness. The analysis includes the presence of conversion electrons
andy radiation. The full width at half maximum of a Msbauer spectrum, using the resonant-detector scheme,
is calculated and found to be appreciably smaller than the width found using a conventissidaver setup.

[. INTRODUCTION respond to the thin absorber limit. If a thick absorber is con-
sidered, multiple photon scattering processes occur in the
A conventional Mssbauer-effect apparatusonsists of a  absorber. These processes complicate the solution of the
radioactive source, an absorber containing the same type €guations describing the system. In this paper we present the
nuclei in the ground state andjaradiation detectofe.g., a  general solution of the problem for an absorber of arbitrary
proportional counter The intensity of the transmitted elec- thickness.
tromagnetic radiation, as a function of the relative velocity of
the source with respect to the absorber, is measured. It is Il. MATHEMATICAL FRAMEWORK
well known that the minimum linewidth in a conventional

Mossbauer experiment is two times the natural linewidth of The _general method used in this paper is discussed in
) Perime ; " Heitler? Harris? and in a more recent papeiThe method
the excited state. It is also possible to count the conversio

glectrons prqu_Jced by t.he absor_ber nuclei instead of detecggml‘;i,tlgeoiﬁgiinge:étqg? rétgl:r‘\)l;ndec:;elljrggzr:r;.tﬁi;reggren?fy
ing the y radiation that is transmitted through the absorber,nian of the system is divided into two parks, is the part
This is particularly useful if the conversion coefficient is gescribing the evolution of the nuclei, the free radiation field
high. However, in that case also, the spectral linewidth stillang the conversion electrons in the absence of any coupling.
has a lower limit of two times the natural linewidth of the The eigenstates of, correspond to nuclear states of an
excited state. ensemble of noninteracting nuclei, the states of the free ra-
In a previous papéit has been shown that if, instead of a diation field, taken here as plane waves, and the states of the
conventionaly radiation detectotproportional counter, Nal conversion electrons, also taken as plane waves. Only two
detectoy, one uses a “resonant” detector, the full width at nuclear states are considered, namely the nuclear ground
half maximum of the Mesbauer spectrum is appreciably state and the nuclear first-excited state. The part of the
smaller than two times the natural linewidth when the ab-Hamiltonian describing transitions between the eigenstates
sorber is thin. The resonant detector contains nuclei whosef Hg is denoted byV.
environment is identical with that of the source nuclei. This The actual state of the system is then expressed as
insures that the isomer sHifof the detector’s nuclear levels
with respect to the source’s nuclear levels is zero. In this
setup, as also often used in the conventional setup, the ab-
sorber is moved with respect to the source and the detector
which are both stationary and hence in resonance. One dihere [¢(0)) is an eigenstate off, and E, is the corre-
tects conversion electrons coming from the resonant-detect@ponding energy. Solving the Schinger equation leads to a
nuclei as a function of the velocity of the absorber. In theset of coupled differential equations relating the expansion
papef mentioned above, the quantum-mechanical systentoefficientsa,(t)
consisting of a source nucleus, an absorber nucleus, and a g
resonant detector nucleus, was studied. In order to obtain the L dq (o —
minimum linewidth, a very thin absorber was considered. 'ﬁﬁzg aq(t)e' 1™ (¢ (0)[V]eg(0)),  (2)
This corresponds to the linear absorption approximation,
which simplifies the mathematics involved. In practice how-where w;— wq=(E,—Eg)/#A. It is necessary to obtain a so-
ever, the absorber usually has a thickness that does not cdution of this system of coupled differential equations that

|\P<t>>=2 a (e "EYD| g (0)), (1)
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vic )
FIG. 1. Geometry of the M&sbauer setup us-
T ing a resonant detector consisting of resonant nu-
oli - ; ; - ;
Ty clei. The source is at the origin of the coordinate
° ANAANAANN RN . system. The absorber, consisting of resonant nu-
source ° detector clei i at positionsr;, is Doppler modulated. The
nucleus nucleus position of a particular resonant-detector nucleus,
e labeledd, is atry.
absorber

satisfies the initial condition that &&=0 the system is in a trodynamics. Of course the device will always disappear
well-defined state, sayp,,), and all other probability ampli- from the physical answers, as will become clear later. So
tudes are zero. This means that fer0, a,(0)=0 for | not  Eq. (5) will be rewritten as

equal ton. On the other handa,(+0)=1, which indicates
the result fora,, whent approaches zero from the positive
side. Although a physically meaningful solution only in-
volves positive timest&0), for analytical reasons, follow-
ing Heitler? the solution will be extended to the negative The advantage of the set of equations, &, is that it is a
time axis. Thea,’s are chosen such thaf(t)=a,(t)=0 for  linear system of coupled algebraic, not differential, equa-
t<0. It follows thata,(t) has a discontinuity at=0, which  tions. In the next section we apply the formalism to our study
can be represented by a step functigt), that must be dealt 0f the interaction of radiation with nuclei embedded in a
with. Heitle has shown that by adding an inhomogeneoudattice.

term, to the right-hand side of E¢R), the initial conditions

and the discontinuity are handled correctly. The resulting Ill. FUNDAMENTAL EQUATIONS

equation is

Vv
(w—w|+is)A|(w)=% Aq(w)%+5m. @)

Suppose we have an excited nucleus, the ‘“source”

__da B (o= oot _ nucleus, with energyi g at the origin of a coordinate sys-
'ﬁﬁ—é ag(t)e' 1™ o (¢ (0)[V]q(0)) +i da (1), tem at timet=0. We also have an ensemble of identical

(3)  Nucleii (i=1 to N), initially in the ground state, situated at
positionsr; . TheseN nuclei constitute the “absorber.” The
absorber nuclei have a first-excited state at enérgy. Fi-
nally, we consider another ground-state nucleus, the “detec-
tor” nucleus, located at positiony. The detector nucleus

where §,, is the Kronecker delta and(t) is the Dirac delta
function. Next introducing the Fourier transfotm

1 (+= A
a(t)y=-— 2—j dwA (w)e'(@~ ot (4) has a first-excited state at enerfiyo, as does the source
) nucleus. The detector nucleus represents the “resonant de-
allows Eq.(2) to be rewritten in the frequency domain tector,” which is not part of the absorber. The geometry of

the setup is schematized in Fig. 1. The setup corresponds to
Viq a thin source, an absorber of arbitrary thickness, and a thin
(0= w)A(0)= % Aq(®) a + 6in, (5 resonant detector. As a conseguence, we can neglect multiple
photon scattering in the source and in the resonant detector,
whereV|, is the time-independent matrix element inducing abut must allow for multiple scattering in the absorber. The

transition from thegth state to thdth state ofHg, i.e., absorber nuclei are, obviously, situated between the source
_ nucleus and the resonant-detector nucleus. The evolution of
qu_<‘Pl(0)|V|€"q(0)>- ©  the quantum system composed of the nuclei, the radiation

The integral representation of the Dirac delta function hadield, and the conversion electrons will be investigated. In the
also been used. To obtain an equationmw) we would fOIIOWing, we will assume that the recoil-free fractio:hs;f

have to divide Eq(5) by (w— ;). This division will not be  the emission and absprpnon processes, are one. This is not
uniqué and it can be shown that, if the'’s are to fulfill the ~ @n essential hypothesis.

initial conditions, the result of the division bys(— ;) must The mathematical formalism, briefly sketched above, can
be represented by a factor be applied to our system. The following amplitudes can be
defined:
. 1 (i) A(w) is the amplitude corresponding to the source
lim m nucleus excitedf{ wg), the other nuclei in the ground state,
20" and no photon or conversion electron is present;

This is the proper procedure to avoid infinities in the inte- (i) By(w) is the amplitude corresponding to all nuclei in
grals and to choose the direction of time so that “cause”the ground state, a photon of wave numkeand energy: wy
precedes “effect.”(See below. In fact, the replacement of present, and no conversion electron;

(w—w)) by (0—w+ig) (e being an infinitesimal, positive (i) Ci(w) (i=1 toN) is the amplitude corresponding to
numbej defines the right path of integration guaranteeingabsorber nucleus at positionr; excited ¢iwg), all other
causality® This is completely analogous to the definition of nuclei in the ground state, and no photon or conversion elec-
integration paths in the propagator concept of quantum eledron is present;
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(iv) A4(w) is the amplitude corresponding to the resonantemission of such a photon by the source nucleus. This is the
detector nucleud excited at energyi g, all other nuclei in  first term at the right-hand side of E¢Q). This can also
the ground state, and no photon or conversion electron ieccur through photon emission by one of the absorber nuclei
present; at positionsr; (i=1 to N). This is represented by the series

(V) Dp(w) is the amplitude for having a conversion elec- on the right-hand side of Eq9). Finally, this can occur
tron from the source nucleus with momentgnpresent, all  through photon emission by the resonant-detector nucleus.
nuclei in the ground state, and no photon present; This is represented by the last term on the right-hand side of

(Vi) Ejp(w), i=1 to N, is the amplitude for having a Eq.(9). The last two terms on the right-hand side of E9).
conversion electron from absorber nucléysesent, all nu- represent re-emissiofor scattering processes because the
clei in the ground state, and no photon present; absorber and detector nuclei are not excitet=ad, accord-

(vii) Fgp(w) is the amplitude for having only a conver- ing to the initial condition. The functions™ 'K"i, i=1 toN,
sion electron from the detector nucleus present, all nuclei irand e~ '*"d designate the phase according to the position
the ground state, and no photon present. where the photon emission takes place, i.er,; athe posi-

At t=0 only the source nucleus is excited. Thus we have théion of absorber nucleus, or atry, the position of the

following set of coupled equations which satisfy the initial resonant-detector nucleus. The source nucleus, being at the

conditions: origin, does not have such a factor. The other equations can
be interpreted in a similar manner. The set of E&$-(14)

H H i
(w—w0+is)A(w):1+2 7kBk(sz po(w), describes the system completely.
k p
IV. SOLUTION OF THE EQUATIONS
)
E N H: A. Fundamental equations in one dimension
(0= tie)Bo)= TA((DH; Te_lk'rici(“’) First we will treat the conversion electrons to reduce the
number of equations. Substituting E42) into Eg. (8) and
H* converting the sum ovep into an integral using the well-
K o—iker At
+ e TAY(w), (9 known prescriptioh
. Hi jir, > HLsffdeD (15
(0= 0o +ie)Ci(0)= 2 Z=e " B(w) > (2mh)
Y gives
+2 el PME (w), (10 H 2
p P
! 2 (o= wptie)h? )
. K k.
(0= wotie)Ag(w) =2 =€ By(v) v f f f Hol® s
~(2nh)? (@—w,+ie)r2 " PA®).
H, .
+> Tpel[(p‘rd)/h]de(w), (16)
P
Using the relatioh
11
H* ! P o 8(x—a) (17
e +lmTo(X—a),
(0—wpt+is)Dp(w)==>Alw), (12) x—atie  x-a
p p A
whereP indicates the principal part of an integral, one has
HY _
(w—wp+i8)Eip(a))=Tpe_'[(p'ri)/ﬁ]ci(w) i=1N, s [Hpl? Alo)
—
(13) p (0—w,Tie)h
v [Hpl?
HY L L I F
w—wytle)Fgp(w)=——e HFd w), e w—

(0 wptie)Falw)=—Le lPMA(w), (14 (2mh) %2 PJ” SR
where we have writtetd, for the m(_:ltrix element coupling xf f f |Hp|25(w—wp)d3p Alw). (18
the nuclear ground state to the excited state through absorp-
tion.of a photon having wave vectér. Hy is the complex Equation(8) becomes then
conjugate ofH, . For the processes where conversion elec-
trons are involved, there are analogous matrix elemeints Hy Ye
andH;. (w—wo-l-is)A(w):l-l—E 7Bk(w)+(5—iE)A(w),

Equationg8)—(14) can be interpreted in a straightforward K (19)

manner. For example, Eq) describes the production of a
photon having wave vectds. This can occur through the where§is defined by
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|H p|2 . must be considered. For polycrystalline material having
o= W f f f p— dp (200 small grains only the forward direction exhibits special fea-
P tures, because only in this direction all optical path lengths
and yc by are equal.

The fundamental equations, specialized to the forward di-

27V rection, can be written as
’7T 2 3
ycz(Zwﬁ)% [Hpl*8(w—wp)d%p.  (21)

The presence d¥, a volume, in Eqs(20) and(21), as well H X

as in subsequent expressions, is only apparent because the(w— w,+ie)By(w)= 7A(w)+2 Te"kxici(w)
matrix elementgH|? contairf 1V. When the last term on =1

the right-hand side of Eq19) is brought to the left-hand o

side, § corresponds to a shift in the nuclear frequency, which + _ke—ikdid(w), (25)
can be incorporated inteoy, andy gives a width due to the h

interaction of the nucleus with its conversion electron. The

shift and the width are apparently functionsf A careful

analysis performed by Heitléshows that for the width and

the shift the valuev can be replaced by,. This shows up (w woti o )A(w) 1+2 —B w), (26
only after going back to the time domain for times such that

t>1/wy. In the nuclear realnw,=10"®s"* or larger, so the

condition would bet>10"'8s. In all practical applications

the time scales involved are much larger than this value,

therefore the condition of constant width and shift is entirely (“’ woti )C (w)= Z _elkx'B w), (2D
justified. With the shift incorporated integ, Eq. (19 be-

comes

( N ) = 1+E B( ) 22 (w woti )Ad(w) Z—e'kXdB( ), (28
w— g (w —By(w

The conversion electrons, from the absorber nuclei, can b@here the positions of the absorber nuclei are denotex| by
treated in a similar way. Solving Eq13) for Ej;(w) and  and the position of the resonant-detector nucleugyThe
substituting into Eq(10), making use of the same procedure positions are ordered such that®;<X,<:-<Xy_1<Xy.

as forDy(w), gives In our geometry we also have<x, for all values ofi.
(w_ woti ;/_;) Ci(w)=2, %eik*in(w)_ (23 B. Transformation of the equations
X Solving Eq.(25) for By(w) and substituting into Eq27)
Analogously, with Eqs(14) and(11), one obtains gives

(w—wo+i ﬁ) Ay w)=2, ieik-dek(w). (24)
2h x h

( w— w0+| )C (w)

The sole effect of considering the conversion electrons is to

introduce the conversion-electron widil in the equations |H 2 ek

for the amplitude®\(w), Ci(w), andA4(w). The fundamen- 2 k i

tal equations describing the interaction of radiation with the k o—ogtle

nuclei are reduced to Eq$9) and (22)—(24). In order to

solve this system of equations the approach of Ref. 5 will be IH,J2 1

adopted. Reference 5 treats the problem of an excited source + Z ~ —Ci(w)

nucleus andN resonant absorber nuclei in the ground state. It K AT o—wctie

has been showrihat this problem has a closed-form solution

if one restricts the calculation to forward scattering. A simple N [H,|? 1

argument can be given to show that it is reasonable to con- + 2 ] 2 72

sider radiation only in the forward direction. If one considers '

scattering in directions other than forward, one must account

for the difference in the optical paths for all radiation reach- [Hy|? 1

ing the detector. Since we must sum over all coherent am- +Ek

plitudes, representing the different scattering paths the radia-

tion takes from the source to the absorber and then to the

detector, the difference in the various optical path length8y the same substitution one obtains from E28)

A(w)

. elk(le)(l)C w
w—wtie i(®)

e i XA (w). (29

h? w—otie
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r
(w—wo-H Zﬁ)Ad(w) (a) wti Zﬁ) Ci(w)
_E |Hk|2 eikxd A B L jJrco |Hk|2eikxi dk . L
KR w—wtie (@) C27h? | . w—wtie Alw) 2mh?
IHkl 1 N [H?
— Ay % TR k=X A e~
; wTwtle o) j=12,j¢i —o w—wk+ise rdkG(w)
N
|Hk| 1 ik L e |Hk|2 i
_ (Xd’xi)C. ] + f iK(Xj—Xq)
21Ek w—wk+lse (@) 2mwh?) . w—wk-l—ise dkAu(@). (39
(30 It will be shown, in the Appendix, that this equation can be
The common term transformed into
2 |Hk|2 1 r
k sz w—wk—i-is ' o= wO—'_I 2% Ci(w)
in Egs.(29) and(30) can be transformed into an integral. The i YR i ' 1
prescription in the one-dimensional geometry is gfeby == - eXYA(w )— Zﬁ e'im)eleC (o)
=
- J dk (31 7R <
- R (X —
! 4+ = i(Xj—Xj)olce .
T 2ﬁj:i+1e etCi(w)
where L is a normalizing length appearing when the one- i
dimensional sums are transformed into one-dimensional in- + 2= YR e i XawlCp () (36)
. . . . . . 2% dl®).
tegrals. Again, using Eq(17), this sum will give a shift

which can be incorporated intog or wg, and a widthyg,

which is called the radiative width. The radiative width and ;I'k:se C:\)/gtr?gu“t?]g f?ri?star;hi:?ﬁclaeh ?}?ﬁ;ﬁg;&oé? ggleus
the width due to the conversion electron defines the tot 9 y 9
width T he second series in E¢B6) and the last single term give

the contribution from the nuclei “downstream” from the
I'=yc+ 7r. (32) nuple_us_ labeled by Ea_ch contribution has a different form.
This is important as will be seen below.
Equation(29) now becomes The equation folAy4(w) can be calculated form Eq34)
by applying the same procedure. One finds

r
(w w)ti )C(w)

w—wgti|Ay(w)=— ' 7r eXd/°A(w)
|H |2 eikxi Zh Zﬁ
k
; w—wk—i-isA(w) |'y
RE el (Xa—xwlco. ().
N
|Hk|2 1 ik
Xi—=x) .
+i:12,j¢i Ek h? w—wk+ige TG (@) (37)
k|2 1 ‘ With our geometry all absorber nuclei are “upstream” with
E —e ki XA (@), (33)  respect to the resonant-detector nucleus, which is located at a
K w—wtle .
distancexy from the source nucleus.
and Eq.(30) becomes The equation folA(w) can be calculated by substituting
Eq. (25) into Eq.(26). After similar algebraic manipulations
T one obtains
(a)—wo-H )Ad(w)
. r
[H( 2 e w— w0+| A(w 1+2 e'x""/CC i(w)
_Zk h2 w—wk-i-isA(w)
YR
|Hk| 1 Zh Ide/CA (w) (38)

eik(xd—x-) .
w—wtis "Cilo). (39

N
With respect to the source nucleus, all other nuclei are
Equation(33) gives us, after transforming the remainilg  of course “downstream.” The fundamental equations are
into integrals with the same prescription as before Egs. (36)—(38) together with Eq(25).
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C. Solution of the equations Analogously, the second approximation fGf(w) can be

Equations(36)—(38) can be formally solved by means of calculated. One finds
iteration. The first-order approximation gives

i’yR . 1
(2) — _ _"Rixjelc
" 1 Ci%(@) © . F) i F
AT )= TR (39 o= wotl op || @ wotigy
1 |’)/ 2i—1
(1) — Lye ixjwlc ( R) gixjw/c
Crle)=—55¢e T Loy 2,
w— w0+|2ﬁ 0= o] I2ﬁ L
(40) X T 5
: —woti = || w—w\+i=—
ivr 1 @@ Zﬁ)( 0 Zﬁ)
(1) _ _ R _ixqolc
Ad ((1)) 27 e’d —Fz (41) . , N
Ok wo+'2ﬁ _('ﬁ) S eiti-2xole
2h | (£
Substituting Egs.(40) and (41) into Eq. (38) gives the _ ,
second-order approximation fét(w). One finds % 1 (WR
2\ 2n
N 2
1 YR w—woti )(w wo—l-l )
(2) - - A
AP (o) T +Z‘1 Zh)
@= wotl ﬁ X 1 e—i(xi—2xd)w/c.
« - . Q2iKi0/c o—wyti )(w woti )
ol i — 44
w— w0+|2ﬁ) (a) w0+|2h | | (44)
5 The exponential functiong™'i~2)«/¢ gnd g~ (i~ 2xae/c
?’R) 1 2ixgulc 4y e rapidly oscillating phase factors comparedett®/c.
2h r\s ' When going back to the time domain, the contribution of the
w=woti o 2% more rapidly oscillating functions again will be small com-

pared to the other ones. Higher-order approximations will

The first term on the right-hand side of Eg2) is the domi-  contain even more rapidly oscillating functions that can also
nant one. This can be seen easily on resonance, where pe neglected. The approximation amounts to neglecting the
= w( Or w=w,. The absolute value of the ratio of a term of second series and the last term on the right-hand side of
the series and the first term is of the orderyﬁﬂ“2 which,  Eq.(36). The physical explanation behind this approximation
in the case of'Fe, is about 1/100. We have the same ordeiis that the radiation coming from the nuclei “downstream”
of magnitude for the absolute value of the ratio of the last(with respect to the positive direction of theaxis) from
term of Eq.(42) and the first term. Furthermore, and more absorber nucleuisdoes not “return” to excite nucleus The
importantly, the factor@2™i“/¢ and e?*¢“/® are rapidly os- physics of this will be explained briefly below. When calcu-
cillating functions, compared to the constant 1. When goindating the second and higher-order approximations for
back to the time domain one must integrate owewherew  Ay(w), one finds that there are no terms that can be ne-
will eventually be replaced by its value at the poles. Due toglected. The conclusion of this analysis is that only radiation
the rapid oscillations of these phase factors, the correspondoming from nuclei “upstream”(with respect to a given
ing integrals will be negligible. Higher-order approximations nucleus gives a contribution.
will contain even more rapidly oscillating phase factors. We will briefly explain the physics behind this approxi-
Hence they can also be neglected. mation. If we consider the absorber nuclei, one may argue

The physical explanation corresponding to this approxithat the solid angle that one absorber nucleus subtends with
mation is as follows. The radiation, coming from the ab-respect to another absorber nucleus may not be very small if
sorber nuclei after they have been excited by radiation comthe two are close together. However, suppose we consider an
ing from the source nucleus, has a very small probability ofabsorber nucleus located lbyand another absorber nucleus
being reabsorbed by the source nucleus. The solid angle sulpcated af “downstream” such thaj>i. If we consider all
tended by the source nucleus with respect to any absorbéne downstream absorber nuclei labeledjbselative to the
nucleus, or the resonant-detector nucleus for that matter, mbsorber nucleus located gtwe see that the optical path
extremely small. Thus, also radiation coming from the resolength for each path fromto i will be different. These dif-
nant detector nucleus does not re-excite the source at arigrent “optical paths” correspond to different phase factors
time greater than zero. Using this approximation the equatiofor the radiation coming back to thieh absorber nucleus.

for A(w) becomes When summing over all these downstream absorber nuclei,
the contribution to re-excitation of theh absorber nucleus
Alw)= 1 43) by such processes is negligible. On the other hand, for ab-

w—wot+i(I'12h)" sorber nuclei located upstream frami.e., j<i, all optical
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paths from the source nucleus to iltle absorber nucleus are i YR e
equal. Naturally these processes are very important and must Ci(w)=— oK r ¢ Alw)
be included in the calculation. It can be shown that the ap- w—wyti 7
proximation made here consists of replacing, everywhege, _
by kc. This has already been done beférayithout a thor- i YR 1 -1
ough justification for this procedure. x| 1= 2% (49
Let us recall the equations resulting from the approxima- o—w)ti %
tions noted above
By defining o’ (w) as
1 iy 1
Alw)= ———, 15 ()= B
(o) ) T (45 a'(w) o7 T (50
w wo‘“ﬁ w—wo-i-lﬁ
Eq. (49 can be rewritten as
i 1 . , _
Ci(w)=— % - eXOAw) Ci(w)=a’(w)eX“*A(0)[1+a’ (0)] "L (5D)
®=woti 24 Substituting Eq.(51), together with Eq.45) into Eq. (47)
. gives
i 1 -
w—wé-i—iEJ:l Ad(w)Za(w)—Fe'xdw/C
w—wgti o7
(46)
N
X|1+a'(0)> [1+a'(w)] 7Y, (52
. i=1
- _ Iﬁ ixqwl/c l
Adlw) == T & A) wherea(w) is defined by
w—wotl 53
2% ] L
YR
: N - =
YR 1 i(Xq—Xi)wlc a(w) 2h i T (53)
- >, elaTeleC(w). w—wo+isr
2h = " 2n
w—wytl %

The probability of having a conversion electron produced by
(47 the resonant-detector nucleus is proportional to the probabil-
ity of having the resonant-detector nucleus excited, namely
J72A4(w)|?dw. After some manipulations, this can be

Going back to the time domain, using the definition ), . . .
g J = transformed into a series of integrals

it can be shown easily from E@45) that

|(w01wc’))
a(t)y=e V2, (48)
+ o0
= |Ad(w)|2dw
This is nothing but the normal exponential decay of the
source nucleus. The source should, of course, have this natu- yg

ral time behavior because, essentially, no radiation from the = 47,2
excited absorber nuclei ever returns to re-excite the source

nucleus. +oo 1 1
<

In the next section the probability of having the resonant- 772 T2 do,
detector nucleus excited will be calculated. This leads to the (w—wg) 2+ _2} —
probability of detecting and recording a conversion electron 4h 4h

event in our conversion-electron resonant detector. (54)

p
(a)—a)é)z—l—

where {;‘) is the binomial coefficient and where the constant
V. RECORDING A CONVERSION ELECTRON IN THE Cis defined by

CONVERSION-ELECTRON RESONANT DETECTOR

Applying a recursion relation to E¢46), it can be shown

_ R
that C=z(vr—20). (55)
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The first integral corresponds o= 0. Its value isw# yé/l“e‘. x10°®
This constant value does not depend @f), the frequency 0.50
corresponding to the absorber nucleus. It therefore gives the

contribution, to the conversion-electron production in the 0.40

resonant detector, due to excitation of the resonant-detector
nucleus by radiation coming directly from the source nucleus
without exciting any absorber nuclei. In the detection signal
this will give a constant background analogous to the back-
ground due to source radiation in a conventionalsktwauer 0.20
experiment. The integral with=1 corresponds to the con-
tribution, of conversion-electron production in the resonant
detector, if the absorber could be represented as having only fiG. 2. Spectrum, obtained by counting the conversion electrons
one “effective” nucleus. This would correspond to the caseproduced in the resonant detector using the geometry shown in Fig.
when the absorber is very thin. It has been shown previ6us|y1, as a function of the difference in frequeney— w(’)_ The reso-
that the M@sbauer spectrum is given by nant frequency of the source nucleusdig and the resonant fre-
quency of the absorber nuclei és, .

wy%(yR—ZF) 12a2+AwS _ _ .
T3 (4224 Awd)?’ (56) using the one-dimensional model paramételOne can see
0 that line broadening, due to thickness effects, occurs as it
wherea and A w, are defined by the following expressions: does in conventional Mesbauer spectroscopy. However, the
lines are narrower, using the conversion-electron resonant-
detector method, than those obtained using the conventional

1P wg,0h) =

- Mossbauer setup for the same absorber. If high resolution is
a : (57 >PeH " . g
2f required in a Magsbauer experiment, it is advantageous to
use the setup with a resonant detector.
Awp=wg— w). (58
The full width at half maximum of this distribution is 1.463 VI. CONCLUSIONS

I'. This value is close to 1.47advanced in Ref. 7, where a
heuristic approach has been used based on the calculation
the transmission integral. Also experiméntre presented
where this narrowing effect was confirmed usiftSn.

fThe quantum-mechanical theory for a particular
Aossbauer-effect setup that uses a conventional source, a
conventional absorber, and a nuclear-resonant detector is de-

M v thi ina has b b i with veloped. The nuclear-resonant detector is assumed to consist
More recently this narrowing has been o sef “WE_ un wit of ground-state nuclei having the same environment as the
*Sn. Thus there is experimental and theoretical evidencg,,ice nyclei. Thus the source nuclei and the resonant-

that, when using the conversion-electron resonant-deteCtQforector nuclei are in resonance when both are stationary.
scheme outlined above, the observed linewidth is appreciar, s apsorher is moved relative to the source and detector.
bly smaller__than the minimum Iinewidth obtai_ned in a con- Starting from the Schidinger equation and applying a
ventional Massbauer experiment which is, as is well known'specific Fourier transformation, one obtains a set of linear
equal to 2. algebraic equations for the complete system of nuclei, radia-
. . Sion, and conversion electrons. This system of equations can
can be calculated by means of contour integration. Howevelye o e analytically. The probability of having a nucleus in

it Is not possible to find a gene_ral recursion relation to Cal"[he resonant detector excited is calculated. This probability is
culate all these integrals. Their expressions become ver

lenath q b ‘ | val W Mroportional to the emission of rays or conversion elec-
engthy and cumbersome even for small ValuespoWe g by the resonant-detector nucleus. When one counts the

have calculated them numerically. Figure 2 gives the spec-
trum for a few selected values of.

It has been shownthat there is a relation between the 227 oy
parametemN representing the absorber thickness in the one- I o’
dimensional model ang@, the actual resonant thickness of ~ 20T o* ﬁ
the absorber, which is = i o’

é 18} . .

[ ]
[ ]
r 79 ° J
N= 218f . (59) 1.6 [ o .
YR e 1
bd ] " 1 n 1 n 1. n 1 s L n
The actual absorber thickness paramegeris given by 1-40 5 ' 4 6 8§ 10 12 14 16

Nofood whereN, is the number of resonant nuclei/&rfiis

the recoilless fractiongg is the maximum cross section N

evaluated on resonance adds the thickness of the sample.  FiG. 3. The full width at half maximum of the spectrum ob-
Figure 3 gives the full width at half maximum éofwq,w() tained using the geometry shown in Fig. 1 as a function of the
as a function of the resonant thickneg8sof the absorber one-dimensional-model absorber-thickness paraniter
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conversion electrons produced in the resonant detector, asGlearlye™'*i—*)“k/¢ are rapidly oscillating functions aby .
function of the Doppler velocity of the absorber with respectThus, there will not be an appreciable contribution to the
to the stationary source and resonant detector, the minimuintegral unless one of the other factors shows a compara-
full width at half maximum of the spectrum is 1.463 This  tively rapid variation, compensating for that due to
is appreciably less than the minimum linewidt;, Zound = e*'*i—>)e/c This occurs whemw,= w. As a consequence,
using a conventional Mssbauer experimental setup. This the effective integration range can be reduced to a small
minimum linewidth naturally corresponds to the case of aregion aroundw. Therefore, both integrals can be extended
very thin absorber. As one considers thicker absorbers, lineffom —« to +% and one has

broaden as in conventional Msbauer spectroscopy. How-
ever, the lines obtained using the resonant-detector method
are narrower than those found using the conventionasdvio
bauer setup. For experiments requiring very high resolution,

L + o0 |Hk|2e*i(Xi*Xj)(uk/C
J o

the resonant-detector method outlined here is recommended. 1 2mch? ) . w—wgtie
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APPENDIX Li [Hl? i ur
li=5 7z ¢ imxgele, (A6)
Let us consider Eq.35)

The second integral in EqA5) is zero because the pole is

o 2 AikX; . L . .
(w—w'+i L) Ci(w)= L f+ [Hil"e — dk A(w) not situated inside the contour, which has to be closed in the
o 2h) 27h% ) v 0— o tie lower half plane. Ifx;>X;, the contours have to be closed
differently, so that the first integral in EQA5) is zero and
L N J‘Jroc IH /2 the second one is
Zrﬁzj:jﬂj;ﬁi —w w—wk—i-is
x eki=xj)dk C, Li [Hil?
() =< 72 el (X=X wlc (A7)

N L J*” [Hl?
2mh? | —x 0—wytis It can be shown easily that the radiative width in this ap-
proach is given by

X eki—xddk Ay(w). (A1)
Let us consider first the integral
== [Hi(w)[? (A8)
L +oo |Hk|Zeik(xi7xj) ’)/R_ﬁC k(w '
Iij:27rh2 f_oc w—wtis dk (A2) So
With
i .
|ij:£eil(xiixj)wlc for Xi<le (Ag)
we=|K|c, (A3) 2h
one hasw,=—kc for k<0 andw,=kc for k>0. or
So Eq.(A2) becomes
L 4o |Hk|2e*i(xi*Xj)(uk/C I’)/R )
= = TR AIXj—Xj)wlc . .
||] chﬁz fo Wy w_wk+|8 ||J Zh e ] fOI‘ X|>X] . (AlO)

+ Py oy (A4)  The first integral on the right-hand side of Hé1) can be

L J<+OC |Hk|2ei(Xi*Xj)wk/C
0 w—octie calculated in a similar way. One finds
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_
2h

— eixiwlc

4o |Hk|2eIkX|
'i:f B (A11)

— o O)_O)k+i8

The last integral, on the right-hand side of E41), can be
calculated similarly remembering that<xy. One finds

- L f“" [Hyl?
9 2mh? | . w—witie

iK(xj—Xq) — —i(xj—Xg)w/c
e dk >7 e '\ .
(A12)

Substituting Eqs(A9)—(A12) into Eq. (Al) gives
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(w—w6+i%)Ci(w)=—lzl;eixi“”°A(w)
LIRS et
on 2 & T G)
i YR N .
ton, 2, ¢ TG @)
+ 'Zl;e—i“i—XdWCAd(w). (A13)

This is Eq.(36) in the main text.
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