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Quantum-mechanical theory of enhanced resolution in Mo¨ssbauer spectroscopy
using a resonant detector
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The quantum-mechanical theory for Mo¨ssbauer spectroscopy using a resonant detector, in which the con-
version electrons are recorded, is presented. The resonant detector consists of nuclei having the same micro-
scopic environment as the source nuclei. Fundamental equations, in the frequency domain, describing the
system formed by a source nucleus, an ensemble of absorber nuclei, and a resonant detector nucleus are solved.
The absorber is allowed to be of arbitrary thickness. The analysis includes the presence of conversion electrons
andg radiation. The full width at half maximum of a Mo¨ssbauer spectrum, using the resonant-detector scheme,
is calculated and found to be appreciably smaller than the width found using a conventional Mo¨ssbauer setup.
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I. INTRODUCTION

A conventional Mo¨ssbauer-effect apparatus1 consists of a
radioactive source, an absorber containing the same typ
nuclei in the ground state and ag radiation detector~e.g., a
proportional counter!. The intensity of the transmitted elec
tromagnetic radiation, as a function of the relative velocity
the source with respect to the absorber, is measured.
well known that the minimum linewidth in a convention
Mössbauer experiment is two times the natural linewidth
the excited state. It is also possible to count the convers
electrons produced by the absorber nuclei instead of de
ing the g radiation that is transmitted through the absorb
This is particularly useful if the conversion coefficient
high. However, in that case also, the spectral linewidth s
has a lower limit of two times the natural linewidth of th
excited state.

In a previous paper2 it has been shown that if, instead of
conventionalg radiation detector~proportional counter, NaI
detector!, one uses a ‘‘resonant’’ detector, the full width
half maximum of the Mo¨ssbauer spectrum is appreciab
smaller than two times the natural linewidth when the a
sorber is thin. The resonant detector contains nuclei wh
environment is identical with that of the source nuclei. Th
insures that the isomer shift1 of the detector’s nuclear level
with respect to the source’s nuclear levels is zero. In t
setup, as also often used in the conventional setup, the
sorber is moved with respect to the source and the dete
which are both stationary and hence in resonance. One
tects conversion electrons coming from the resonant-dete
nuclei as a function of the velocity of the absorber. In t
paper2 mentioned above, the quantum-mechanical syst
consisting of a source nucleus, an absorber nucleus, a
resonant detector nucleus, was studied. In order to obtain
minimum linewidth, a very thin absorber was consider
This corresponds to the linear absorption approximati
which simplifies the mathematics involved. In practice ho
ever, the absorber usually has a thickness that does not
PRB 620163-1829/2000/62~10!/6148~10!/$15.00
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respond to the thin absorber limit. If a thick absorber is co
sidered, multiple photon scattering processes occur in
absorber. These processes complicate the solution of
equations describing the system. In this paper we presen
general solution of the problem for an absorber of arbitr
thickness.

II. MATHEMATICAL FRAMEWORK

The general method used in this paper is discussed
Heitler,3 Harris,4 and in a more recent paper.5 The method
applies time-dependent quantum mechanics in the freque
domain, to obtain a set of coupled equations. The Ham
tonian of the system is divided into two parts.H0 is the part
describing the evolution of the nuclei, the free radiation fie
and the conversion electrons in the absence of any coup
The eigenstates ofH0 correspond to nuclear states of a
ensemble of noninteracting nuclei, the states of the free
diation field, taken here as plane waves, and the states o
conversion electrons, also taken as plane waves. Only
nuclear states are considered, namely the nuclear gro
state and the nuclear first-excited state. The part of
Hamiltonian describing transitions between the eigensta
of H0 is denoted byV.

The actual state of the system is then expressed as

uC~ t !&5(
l

al~ t !e2 i ~El t/\!uw l~0!&, ~1!

where uw l(0)& is an eigenstate ofH0 and El is the corre-
sponding energy. Solving the Schro¨dinger equation leads to
set of coupled differential equations relating the expans
coefficientsal(t)

i\
dal

dt
5(

q
aq~ t !ei ~v l2vq!t^w l~0!uVuwq~0!&, ~2!

wherev l2vq5(El2Eq)/\. It is necessary to obtain a so
lution of this system of coupled differential equations th
6148 ©2000 The American Physical Society
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FIG. 1. Geometry of the Mo¨ssbauer setup us
ing a resonant detector consisting of resonant
clei. The source is at the origin of the coordina
system. The absorber, consisting of resonant
clei i at positionsr i , is Doppler modulated. The
position of a particular resonant-detector nucleu
labeledd, is at rd .
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satisfies the initial condition that att50 the system is in a
well-defined state, sayuwn&, and all other probability ampli-
tudes are zero. This means that fort50, al(0)50 for l not
equal ton. On the other hand,an(10)51, which indicates
the result foran when t approaches zero from the positiv
side. Although a physically meaningful solution only in
volves positive times (t>0), for analytical reasons, follow
ing Heitler,3 the solution will be extended to the negativ
time axis. Theal ’s are chosen such thatal(t)5an(t)50 for
t,0. It follows thatan(t) has a discontinuity att50, which
can be represented by a step functionu(t), that must be deal
with. Heitler3 has shown that by adding an inhomogeneo
term, to the right-hand side of Eq.~2!, the initial conditions
and the discontinuity are handled correctly. The result
equation is

i\
dal

dt
5(

q
aq~ t !ei ~v l2vq!t^w l~0!uVuwq~0!&1 i\d lnd~ t !,

~3!

whered ln is the Kronecker delta andd(t) is the Dirac delta
function. Next introducing the Fourier transform3

al~ t !52
1

2p i E2`

1`

dvAl~v!ei ~v l2v!t ~4!

allows Eq.~2! to be rewritten in the frequency domain

~v2v l !Al~v!5(
q

Aq~v!
Vlq

\
1d ln , ~5!

whereVlq is the time-independent matrix element inducing
transition from theqth state to thel th state ofH0 , i.e.,

Vlq5^w l~0!uVuwq~0!&. ~6!

The integral representation of the Dirac delta function h
also been used. To obtain an equation forAl(v) we would
have to divide Eq.~5! by (v2v l). This division will not be
unique3 and it can be shown that, if theal ’s are to fulfill the
initial conditions, the result of the division by (v2v l) must
be represented by a factor

lim
«→01

1

v2v l1 i«
.

This is the proper procedure to avoid infinities in the in
grals and to choose the direction of time so that ‘‘caus
precedes ‘‘effect.’’~See below.! In fact, the replacement o
(v2v l) by (v2v l1 i«) ~« being an infinitesimal, positive
number! defines the right path of integration guarantee
causality.3 This is completely analogous to the definition
integration paths in the propagator concept of quantum e
s

g

s

-
’’

c-

trodynamics. Of course the devicei« will always disappear
from the physical answers, as will become clear later.
Eq. ~5! will be rewritten as

~v2v l1 i«!Al~v!5(
q

Aq~v!
Vlq

\
1d ln . ~7!

The advantage of the set of equations, Eq.~7!, is that it is a
linear system of coupled algebraic, not differential, equ
tions. In the next section we apply the formalism to our stu
of the interaction of radiation with nuclei embedded in
lattice.

III. FUNDAMENTAL EQUATIONS

Suppose we have an excited nucleus, the ‘‘sourc
nucleus, with energy\v0 at the origin of a coordinate sys
tem at timet50. We also have an ensemble of identic
nuclei i ~i 51 to N!, initially in the ground state, situated a
positionsr i . TheseN nuclei constitute the ‘‘absorber.’’ The
absorber nuclei have a first-excited state at energy\v08 . Fi-
nally, we consider another ground-state nucleus, the ‘‘de
tor’’ nucleus, located at positionrd . The detector nucleus
has a first-excited state at energy\v0 as does the sourc
nucleus. The detector nucleus represents the ‘‘resonant
tector,’’ which is not part of the absorber. The geometry
the setup is schematized in Fig. 1. The setup correspond
a thin source, an absorber of arbitrary thickness, and a
resonant detector. As a consequence, we can neglect mu
photon scattering in the source and in the resonant dete
but must allow for multiple scattering in the absorber. T
absorber nuclei are, obviously, situated between the so
nucleus and the resonant-detector nucleus. The evolutio
the quantum system composed of the nuclei, the radia
field, and the conversion electrons will be investigated. In
following, we will assume that the recoil-free fractions,1 of
the emission and absorption processes, are one. This is
an essential hypothesis.

The mathematical formalism, briefly sketched above, c
be applied to our system. The following amplitudes can
defined:

~i! A(v) is the amplitude corresponding to the sour
nucleus excited (\v0), the other nuclei in the ground stat
and no photon or conversion electron is present;

~ii ! Bk(v) is the amplitude corresponding to all nuclei
the ground state, a photon of wave numberk and energy\vk
present, and no conversion electron;

~iii ! Ci(v) ~i 51 to N! is the amplitude corresponding t
absorber nucleusi at position r i excited (\v08), all other
nuclei in the ground state, and no photon or conversion e
tron is present;
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~iv! Ad(v) is the amplitude corresponding to the reson
detector nucleusd excited at energy\v0 , all other nuclei in
the ground state, and no photon or conversion electro
present;

~v! Dp(v) is the amplitude for having a conversion ele
tron from the source nucleus with momentump present, all
nuclei in the ground state, and no photon present;

~vi! Eip(v), i 51 to N, is the amplitude for having a
conversion electron from absorber nucleusi present, all nu-
clei in the ground state, and no photon present;

~vii ! Fdp(v) is the amplitude for having only a conve
sion electron from the detector nucleus present, all nucle
the ground state, and no photon present.
At t50 only the source nucleus is excited. Thus we have
following set of coupled equations which satisfy the init
conditions:

~v2v01 i«!A~v!511(
k

Hk

\
Bk~v!1(

p

Hp

\
Dp~v!,

~8!

~v2vk1 i«!Bk~v!5
Hk*

\
A~v!1(

i 51

N Hk*

\
e2 ik•r iCi~v!

1
Hk*

\
e2 ik•rdAd~v!, ~9!

~v2v081 i«!Ci~v!5(
k

Hk

\
eik•r iBk~v!

1(
p

Hp

\
ei @~p•r i !/\#Eip~v!, ~10!

~v2v01 i«!Ad~v!5(
k

Hk

\
eik•rdBk~v!

1(
p

Hp

\
ei @~p•rd!/\#Fdp~v!,

~11!

~v2vp1 i«!Dp~v!5
Hp*

\
A~v!, ~12!

~v2vp1 i«!Eip~v!5
Hp*

\
e2 i @~p•r i !/\#Ci~v! i 51,N,

~13!

~v2vp1 i«!Fdp~v!5
Hp*

\
e2 i @~p•rd!/\#Ad~v!, ~14!

where we have writtenHk for the matrix element coupling
the nuclear ground state to the excited state through abs
tion of a photon having wave vectork. Hk* is the complex
conjugate ofHk . For the processes where conversion el
trons are involved, there are analogous matrix elementsHp
andHp* .

Equations~8!–~14! can be interpreted in a straightforwa
manner. For example, Eq.~9! describes the production of
photon having wave vectork. This can occur through the
t

is

in

e

rp-

-

emission of such a photon by the source nucleus. This is
first term at the right-hand side of Eq.~9!. This can also
occur through photon emission by one of the absorber nu
at positionsr i ~i 51 to N!. This is represented by the serie
on the right-hand side of Eq.~9!. Finally, this can occur
through photon emission by the resonant-detector nucl
This is represented by the last term on the right-hand sid
Eq. ~9!. The last two terms on the right-hand side of Eq.~9!
represent re-emission~or scattering! processes because th
absorber and detector nuclei are not excited att50, accord-
ing to the initial condition. The functionse2 ik"r i, i 51 to N,
and e2 ik"rd designate the phase according to the posit
where the photon emission takes place, i.e., atr i , the posi-
tion of absorber nucleusi, or at rd , the position of the
resonant-detector nucleus. The source nucleus, being a
origin, does not have such a factor. The other equations
be interpreted in a similar manner. The set of Eqs.~8!–~14!
describes the system completely.

IV. SOLUTION OF THE EQUATIONS

A. Fundamental equations in one dimension

First we will treat the conversion electrons to reduce
number of equations. Substituting Eq.~12! into Eq. ~8! and
converting the sum overp into an integral using the well-
known prescription3

(
p

→ V

~2p\!3 E E E d3p ~15!

gives

(
p

uHpu2

~v2vp1 i«!\2 A~v!

→ V

~2p\!3E E E uHpu2

~v2vp1 i«!\2 d3pA~v!.

~16!

Using the relation3

1

x2a6 i«
5P

1

x2a
7 ipd~x2a!, ~17!

whereP indicates the principal part of an integral, one ha

(
p

uHpu2

~v2vp1 i«!\2 A~v!

→ V

~2p\!3\2FPE E E uHpu2

v2vp
d3p2 ip

3E E E uHpu2d~v2vp!d3pGA~v!. ~18!

Equation~8! becomes then

~v2v01 i«!A~v!511(
k

Hk

\
Bk~v!1S d2 i

gC

2\ DA~v!,

~19!

whered is defined by
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d5
V

~2p\!3\2 PE E E uHpu2

v2vp
d3p, ~20!

andgC by

gC5
2pV

~2p\!3\ E E E uHpu2d~v2vp!d3p. ~21!

The presence ofV, a volume, in Eqs.~20! and~21!, as well
as in subsequent expressions, is only apparent becaus
matrix elementsuHpu2 contain6 1/V. When the last term on
the right-hand side of Eq.~19! is brought to the left-hand
side,d corresponds to a shift in the nuclear frequency, wh
can be incorporated intov0 , andgC gives a width due to the
interaction of the nucleus with its conversion electron. T
shift and the width are apparently functions ofv. A careful
analysis performed by Heitler3 shows that for the width and
the shift the valuev can be replaced byv0 . This shows up
only after going back to the time domain for times such t
t@1/v0 . In the nuclear realmv0>1018s21 or larger, so the
condition would bet@10218s. In all practical applications
the time scales involved are much larger than this va
therefore the condition of constant width and shift is entir
justified. With the shift incorporated intov0 , Eq. ~19! be-
comes

S v2v01 i
gC

2\ DA~v!511(
k

Hk

\
Bk~v!. ~22!

The conversion electrons, from the absorber nuclei, can
treated in a similar way. Solving Eq.~13! for Eip(v) and
substituting into Eq.~10!, making use of the same procedu
as forDp(v), gives

S v2v081 i
gC

2\ DCi~v!5(
k

Hk

\
eik•r iBk~v!. ~23!

Analogously, with Eqs.~14! and ~11!, one obtains

S v2v01 i
gC

2\ DAd~v!5(
k

Hk

\
eik•rdBk~v!. ~24!

The sole effect of considering the conversion electrons i
introduce the conversion-electron widthgC in the equations
for the amplitudesA(v), Ci(v), andAd(v). The fundamen-
tal equations describing the interaction of radiation with
nuclei are reduced to Eqs.~9! and ~22!–~24!. In order to
solve this system of equations the approach of Ref. 5 will
adopted. Reference 5 treats the problem of an excited so
nucleus andN resonant absorber nuclei in the ground state
has been shown5 that this problem has a closed-form solutio
if one restricts the calculation to forward scattering. A simp
argument can be given to show that it is reasonable to c
sider radiation only in the forward direction. If one conside
scattering in directions other than forward, one must acco
for the difference in the optical paths for all radiation reac
ing the detector. Since we must sum over all coherent
plitudes, representing the different scattering paths the ra
tion takes from the source to the absorber and then to
detector, the difference in the various optical path leng
the
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must be considered. For polycrystalline material hav
small grains only the forward direction exhibits special fe
tures, because only in this direction all optical path leng
are equal.

The fundamental equations, specialized to the forward
rection, can be written as

~v2vk1 i«!Bk~v!5
Hk*

\
A~v!1(

i 51

N Hk*

\
e2 ikxiCi~v!

1
Hk*

\
e2 ikxdAd~v!, ~25!

S v2v01 i
gC

2\ DA~v!511(
k

Hk

\
Bk~v!, ~26!

S v2v081 i
gC

2\ DCi~v!5(
k

Hk

\
eikxiBk~v!, ~27!

S v2v01 i
gC

2\ DAd~v!5(
k

Hk

\
eikxdBk~v!, ~28!

where the positions of the absorber nuclei are denoted bxi
and the position of the resonant-detector nucleus byxd . The
positions are ordered such that 0,x1,x2,¯,xN21,xN .
In our geometry we also havexi,xd for all values ofi.

B. Transformation of the equations

Solving Eq.~25! for Bk(v) and substituting into Eq.~27!
gives

S v2v081 i
gC

2\ DCi~v!

5(
k

uHku2

\2

eikxi

v2vk1 i«
A~v!

1(
k

uHku2

\2

1

v2vk1 i«
Ci~v!

1 (
j 51,j Þ i

N

(
k

uHku2

\2

1

v2vk1 i«
eik~xi2xj !Cj~v!

1(
k

uHku2

\2

1

v2vk1 i«
eik~xi2xd!Ad~v!. ~29!

By the same substitution one obtains from Eq.~28!
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S v2v01 i
gC

2\ DAd~v!

5(
k

uHku2

\2

eikxd

v2vk1 i«
A~v!

1(
k

uHku2

\2

1

v2vk1 i«
Ad~v!

1(
i 51

N

(
k

uHku2

\2

1

v2vk1 i«
eik~xd2xi !Ci~v!.

~30!

The common term

(
k

uHku2

\2

1

v2vk1 i«
.

in Eqs.~29! and~30! can be transformed into an integral. Th
prescription in the one-dimensional geometry is given4,5 by

(
k

→ L

2p E dk, ~31!

where L is a normalizing length appearing when the on
dimensional sums are transformed into one-dimensiona
tegrals. Again, using Eq.~17!, this sum will give a shift
which can be incorporated intov0 or v08 , and a widthgR ,
which is called the radiative width. The radiative width a
the width due to the conversion electron defines the t
width G

G5gC1gR. ~32!

Equation~29! now becomes

S v2v081 i
G

2\ DCi~v!

5(
k

uHku2

\2

eikxi

v2vk1 i«
A~v!

1 (
j 51,j Þ i

N

(
k

uHku2

\2

1

v2vk1 i«
eik~xi2xj !Cj~v!

1(
k

uHku2

\2

1

v2vk1 i«
eik~xi2xd!Ad~v!, ~33!

and Eq.~30! becomes

S v2v01 i
G

2\ DAd~v!

5(
k

uHku2

\2

eikxd

v2vk1 i«
A~v!

1(
i 51

N

(
k

uHku2

\2

1

v2vk1 i«
eik~xd2xi !Ci~v!. ~34!

Equation~33! gives us, after transforming the remaining(k
into integrals with the same prescription as before
-
n-

al

S v2v081 i
G

2\ DCi~v!

5
L

2p\2 E
2`

1` uHku2eikxi

v2vk1 i«
dkA~v!1

L

2p\2

3 (
j 51,j Þ i

N E
2`

1` uHku2

v2vk1 i«
eik~xi2xj !dkCj~v!

1
L

2p\2E
2`

1` uHku2

v2vk1 i«
eik~xi2xd!dkAd~v!. ~35!

It will be shown, in the Appendix, that this equation can
transformed into

S v2v081 i
G

2\ DCi~v!

52
igR

2\
eixiv/cA~v!2

igR

2\ (
j 51

i 21

ei ~xi2xj !v/cCj~v!

1
igR

2\ (
j 5 i 11

N

e2 i ~xi2xj !v/cCj~v!

1
igR

2\
e2 i ~xi2xd!v/cAd~v!. ~36!

The contribution, due to the nuclei ‘‘upstream’’ from nucleu
i, is given by the first sum on the right-hand side of Eq.~36!.
The second series in Eq.~36! and the last single term give
the contribution from the nuclei ‘‘downstream’’ from th
nucleus labeled byi. Each contribution has a different form
This is important as will be seen below.

The equation forAd(v) can be calculated form Eq.~34!
by applying the same procedure. One finds

S v2v01 i
G

2\ DAd~v!52
igR

2\
eixdv/cA~v!

2
igR

2\ (
i 51

N

ei ~xd2xi !v/cCi~v!.

~37!

With our geometry all absorber nuclei are ‘‘upstream’’ wi
respect to the resonant-detector nucleus, which is located
distancexd from the source nucleus.

The equation forA(v) can be calculated by substitutin
Eq. ~25! into Eq. ~26!. After similar algebraic manipulations
one obtains

S v2v01 i
G

2\ DA~v!511(
i 51

N
igR

2\
eixiv/cCi~v!

1
igR

2\
eixdv/cAd~v!. ~38!

With respect to the source nucleus, all other nuclei
of course ‘‘downstream.’’ The fundamental equations a
Eqs.~36!–~38! together with Eq.~25!.
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C. Solution of the equations

Equations~36!–~38! can be formally solved by means o
iteration. The first-order approximation gives

A~1!~v!5
1

v2v01 i ~G/2\!
, ~39!

Ci
~1!~v!52

igR

2\
eixiv/c

1

S v2v01 i
G

2\ D S v2v081 i
G

2\ D ,

~40!

Ad
~1!~v!52

igR

2\
eixdv/c

1

S v2v01 i
G

2\ D 2 . ~41!

Substituting Eqs.~40! and ~41! into Eq. ~38! gives the
second-order approximation forA(v). One finds

A~2!~v!5
1

v2v01 i
G

2\

1(
i 51

N S gR

2\ D 2

3
1

S v2v01 i
G

2\ D 2S v2v081 i
G

2\ D e2ixiv/c

1S gR

2\ D 2 1

S v2v01 i
G

2\ D 3 e2ixdv/c. ~42!

The first term on the right-hand side of Eq.~42! is the domi-
nant one. This can be seen easily on resonance, whev
5v0 or v5v08 . The absolute value of the ratio of a term
the series and the first term is of the order ofgR

2/G2, which,
in the case of57Fe, is about 1/100. We have the same or
of magnitude for the absolute value of the ratio of the l
term of Eq.~42! and the first term. Furthermore, and mo
importantly, the factorse2ixiv/c and e2ixdv/c are rapidly os-
cillating functions, compared to the constant 1. When go
back to the time domain one must integrate overv, wherev
will eventually be replaced by its value at the poles. Due
the rapid oscillations of these phase factors, the corresp
ing integrals will be negligible. Higher-order approximatio
will contain even more rapidly oscillating phase facto
Hence they can also be neglected.

The physical explanation corresponding to this appro
mation is as follows. The radiation, coming from the a
sorber nuclei after they have been excited by radiation c
ing from the source nucleus, has a very small probability
being reabsorbed by the source nucleus. The solid angle
tended by the source nucleus with respect to any abso
nucleus, or the resonant-detector nucleus for that matte
extremely small. Thus, also radiation coming from the re
nant detector nucleus does not re-excite the source at
time greater than zero. Using this approximation the equa
for A(v) becomes

A~v!5
1

v2v01 i ~G/2\!
. ~43!
r
t

g

o
d-

.

i-
-

-
f
b-
er
is
-
ny
n

Analogously, the second approximation forCi(v) can be
calculated. One finds

Ci
~2!~v!52

igR

2\
eixiv/c

1

S v2v01 i
G

2\ D S v2v081 i
G

2\ D
1S 2

igR

2\ D 2

(
j 51

i 21

eixiv/c

3
1

S v2v01 i
G

2\ D S v2v081 i
G

2\ D 2

2S igR

2\ D 2

(
j 5 i 11

N

e2 i ~xi22xj !v/c

3
1

S v2v01 i
G

2\ D S v2v081 i
G

2\ D 22S igR

2\ D 2

3
1

S v2v081 i
G

2\ D S v2v01 i
G

2\ D 2 e2 i ~xi22xd!v/c.

~44!

The exponential functionse2 i (xi22xj )v/c and e2 i (xi22xd)v/c

are rapidly oscillating phase factors compared toeixiv/c.
When going back to the time domain, the contribution of t
more rapidly oscillating functions again will be small com
pared to the other ones. Higher-order approximations w
contain even more rapidly oscillating functions that can a
be neglected. The approximation amounts to neglecting
second series and the last term on the right-hand side
Eq. ~36!. The physical explanation behind this approximati
is that the radiation coming from the nuclei ‘‘downstream
~with respect to the positive direction of thex axis! from
absorber nucleusi does not ‘‘return’’ to excite nucleusi. The
physics of this will be explained briefly below. When calc
lating the second and higher-order approximations
Ad(v), one finds that there are no terms that can be
glected. The conclusion of this analysis is that only radiat
coming from nuclei ‘‘upstream’’~with respect to a given
nucleus! gives a contribution.

We will briefly explain the physics behind this approx
mation. If we consider the absorber nuclei, one may ar
that the solid angle that one absorber nucleus subtends
respect to another absorber nucleus may not be very sm
the two are close together. However, suppose we conside
absorber nucleus located byi and another absorber nucleu
located atj ‘‘downstream’’ such thatj . i . If we consider all
the downstream absorber nuclei labeled byj, relative to the
absorber nucleus located ati, we see that the optical pat
length for each path fromj to i will be different. These dif-
ferent ‘‘optical paths’’ correspond to different phase facto
for the radiation coming back to thei th absorber nucleus
When summing over all these downstream absorber nu
the contribution to re-excitation of thei th absorber nucleus
by such processes is negligible. On the other hand, for
sorber nuclei located upstream fromi, i.e., j , i , all optical
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paths from the source nucleus to thei th absorber nucleus ar
equal. Naturally these processes are very important and m
be included in the calculation. It can be shown that the
proximation made here consists of replacing, everywherevk

by kc. This has already been done before,4,5 without a thor-
ough justification for this procedure.

Let us recall the equations resulting from the approxim
tions noted above

A~v!5
1

v2v01 i
G

2\

, ~45!

Ci~v!52
igR

2\

1

v2v081 i
G

2\

eixiv/cA~v!

2
igR

2\

1

v2v081 i
G

2\

(
j 51

i 21

ei ~xi2xj !v/cCj~v!,

~46!

Ad~v!52
igR

2\

1

v2v01 i
G

2\

eixdv/cA~v!

2
igR

2\

1

v2v01 i
G

2\

(
i 51

N

ei ~xd2xi !v/cCi~v!.

~47!

Going back to the time domain, using the definition Eq.~4!,
it can be shown easily from Eq.~45! that

a~ t !5e2Gt/2\. ~48!

This is nothing but the normal exponential decay of t
source nucleus. The source should, of course, have this n
ral time behavior because, essentially, no radiation from
excited absorber nuclei ever returns to re-excite the so
nucleus.

In the next section the probability of having the resona
detector nucleus excited will be calculated. This leads to
probability of detecting and recording a conversion elect
event in our conversion-electron resonant detector.

V. RECORDING A CONVERSION ELECTRON IN THE
CONVERSION-ELECTRON RESONANT DETECTOR

Applying a recursion relation to Eq.~46!, it can be shown5

that
ust
-

-

tu-
e
ce

-
e
n

Ci~v!52
igR

2\

1

v2v081 i
G

2\

eixiv/cA~v!

3F 12
igR

2\

1

v2v081 i
G

2\
G i 21

. ~49!

By defininga8(v) as

a8~v!52
igR

2\

1

v2v081 i
G

2\

, ~50!

Eq. ~49! can be rewritten as

Ci~v!5a8~v!eixiv/cA~v!@11a8~v!# i 21. ~51!

Substituting Eq.~51!, together with Eq.~45! into Eq. ~47!
gives

Ad~v!5a~v!
1

v2v01 i
G

2\

eixdv/c

3F11a8~v!(
i 51

N

@11a8~v!# i 21G , ~52!

wherea(v) is defined by

a~v!52
igR

2\

1

v2v01 i
G

2\

. ~53!

The probability of having a conversion electron produced
the resonant-detector nucleus is proportional to the proba
ity of having the resonant-detector nucleus excited, nam
*2`

1`uAd(v)u2dv. After some manipulations, this can b
transformed into a series of integrals

I ~v0 ,v08!

5E
2`

1`

uAd~v!u2dv

5
gR

2

4\2 (
p50

N S N
p DCp

3E
2`

1` 1

F ~v2v0!21
G2

4\2G2

1

F ~v2v08!21
G2

4\2G p dv,

~54!

where (p
N) is the binomial coefficient and where the consta

C is defined by

C5
gR

4\2 ~gR22G!. ~55!
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The first integral corresponds top50. Its value isp\gR
2/G3.

This constant value does not depend onv08 , the frequency
corresponding to the absorber nucleus. It therefore gives
contribution, to the conversion-electron production in t
resonant detector, due to excitation of the resonant-dete
nucleus by radiation coming directly from the source nucle
without exciting any absorber nuclei. In the detection sig
this will give a constant background analogous to the ba
ground due to source radiation in a conventional Mo¨ssbauer
experiment. The integral withp51 corresponds to the con
tribution, of conversion-electron production in the reson
detector, if the absorber could be represented as having
one ‘‘effective’’ nucleus. This would correspond to the ca
when the absorber is very thin. It has been shown previou2

that the Mössbauer spectrum is given by

I ~1!~v0 ,v08!5
pgR

3~gR22G!

4\G3

12a21Dv0
2

~4a21Dv0
2!2 , ~56!

wherea andDv0 are defined by the following expression

a5
G

2\
, ~57!

Dv05v02v08 . ~58!

The full width at half maximum of this distribution is 1.46
G. This value is close to 1.47G advanced in Ref. 7, where
heuristic approach has been used based on the calculati
the transmission integral. Also experiments7 are presented
where this narrowing effect was confirmed using119Sn.
More recently this narrowing has been observed8 again with
119Sn. Thus there is experimental and theoretical evide
that, when using the conversion-electron resonant-dete
scheme outlined above, the observed linewidth is appre
bly smaller than the minimum linewidth obtained in a co
ventional Mössbauer experiment which is, as is well know
equal to 2G.

The other integrals, corresponding to thicker absorb
can be calculated by means of contour integration. Howe
it is not possible to find a general recursion relation to c
culate all these integrals. Their expressions become v
lengthy and cumbersome even for small values ofp. We
have calculated them numerically. Figure 2 gives the sp
trum for a few selected values ofN.

It has been shown5 that there is a relation between th
parameterN representing the absorber thickness in the o
dimensional model andb, the actual resonant thickness
the absorber, which is

N5
bG

2 f gR
. ~59!

The actual absorber thickness parameterb is given by
N0f s0d whereN0 is the number of resonant nuclei/cm3, f is
the recoilless fraction,s0 is the maximum cross sectio
evaluated on resonance andd is the thickness of the sample
Figure 3 gives the full width at half maximum ofI (v0 ,v08)
as a function of the resonant thicknessb of the absorber
he

tor
s
l
-

t
ly
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e
tor
a-

,

s,
r,

l-
ry

c-
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using the one-dimensional model parameterN. One can see
that line broadening, due to thickness effects, occurs a
does in conventional Mo¨ssbauer spectroscopy. However, t
lines are narrower, using the conversion-electron reson
detector method, than those obtained using the conventi
Mössbauer setup for the same absorber. If high resolutio
required in a Mo¨ssbauer experiment, it is advantageous
use the setup with a resonant detector.

VI. CONCLUSIONS

The quantum-mechanical theory for a particu
Mössbauer-effect setup that uses a conventional sourc
conventional absorber, and a nuclear-resonant detector is
veloped. The nuclear-resonant detector is assumed to co
of ground-state nuclei having the same environment as
source nuclei. Thus the source nuclei and the reson
detector nuclei are in resonance when both are station
The absorber is moved relative to the source and detect

Starting from the Schro¨dinger equation and applying
specific Fourier transformation, one obtains a set of lin
algebraic equations for the complete system of nuclei, ra
tion, and conversion electrons. This system of equations
be solved analytically. The probability of having a nucleus
the resonant detector excited is calculated. This probabilit
proportional to the emission ofg rays or conversion elec
trons by the resonant-detector nucleus. When one counts

FIG. 2. Spectrum, obtained by counting the conversion electr
produced in the resonant detector using the geometry shown in
1, as a function of the difference in frequencyv02v08 . The reso-
nant frequency of the source nucleus isv0 and the resonant fre
quency of the absorber nuclei isv08 .

FIG. 3. The full width at half maximum of the spectrum ob
tained using the geometry shown in Fig. 1 as a function of
one-dimensional-model absorber-thickness parameterN.
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conversion electrons produced in the resonant detector,
function of the Doppler velocity of the absorber with respe
to the stationary source and resonant detector, the minim
full width at half maximum of the spectrum is 1.463G. This
is appreciably less than the minimum linewidth, 2G, found
using a conventional Mo¨ssbauer experimental setup. Th
minimum linewidth naturally corresponds to the case o
very thin absorber. As one considers thicker absorbers, l
broaden as in conventional Mo¨ssbauer spectroscopy. How
ever, the lines obtained using the resonant-detector me
are narrower than those found using the conventional Mo¨ss-
bauer setup. For experiments requiring very high resolut
the resonant-detector method outlined here is recommen
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APPENDIX

Let us consider Eq.~35!

S v2v081 i
G

2\ DCi~v!5
L

2p\2 E
2`

1` uHku2eikxi

v2vk1 i«
dk A~v!

1
L

2p\2 (
j 51,j Þ i

N E
2`

1` uHku2

v2vk1 i«

3eik~xi2xj !dk Cj~v!

1
L

2p\2 E
2`

1` uHku2

v2vk1 i«

3eik~xi2xd!dk Ad~v!. ~A1!

Let us consider first the integral

I i j 5
L

2p\2 E
2`

1` uHku2eik~xi2xj !

v2vk1 i«
dk. ~A2!

With

vk5ukuc, ~A3!

one hasvk52kc for k,0 andvk5kc for k.0.
So Eq.~A2! becomes

I i j 5
L

2pc\2 E
0

1`

dvk

uHku2e2 i ~xi2xj !vk /c

v2vk1 i«

1
L

2pc\2 E
0

1`

dvk

uHku2ei ~xi2xj !vk /c

v2vk1 i«
. ~A4!
s a
t
m

a
es

od

n,
ed.

-

v
f

Clearlye6 i (xi2xj )vk /c are rapidly oscillating functions ofvk .
Thus, there will not be an appreciable contribution to t
integral unless one of the other factors shows a comp
tively rapid variation, compensating for that due
e6 i (xi2xj )vk /c. This occurs whenvk5v. As a consequence
the effective integration range can be reduced to a sm
region aroundv. Therefore, both integrals can be extend
from 2` to 1` and one has

I i j 5
L

2pc\2 E
2`

1`

dvk

uHku2e2 i ~xi2xj !vk /c

v2vk1 i«

1
L

2pc\2 E
2`

1`

dvk

uHku2ei ~xi2xj !vk /c

v2vk1 i«
. ~A5!

These integrals depend on the positions of the nuclei. Ixi
,xj , the contour of the first integral has to be closed in t
upper half plane and this integral gives

I i j 5
Li

c

uHku2

\2 e2 i ~xi2xj !v/c. ~A6!

The second integral in Eq.~A5! is zero because the pole
not situated inside the contour, which has to be closed in
lower half plane. Ifxi.xj , the contours have to be close
differently, so that the first integral in Eq.~A5! is zero and
the second one is

I i j 52
Li

c

uHku2

\2 ei ~xi2xj !v/c. ~A7!

It can be shown easily that the radiative width in this a
proach is given by

gR5
2L

\c
uHk~v!u2. ~A8!

So

I i j 5
igR

2\
e2 i ~xi2xj !v/c for xi,xj , ~A9!

or

I i j 52
igR

2\
ei ~xi2xj !v/c for xi.xj . ~A10!

The first integral on the right-hand side of Eq.~A1! can be
calculated in a similar way. One finds
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I i5E
2`

1` uHku2eikxi

v2vk1 i«
dk52

igR

2\
eixiv/c. ~A11!

The last integral, on the right-hand side of Eq.~A1!, can be
calculated similarly remembering thatxi,xd . One finds

I id5
L

2p\2 E
2`

1` uHku2

v2vk1 i«
eik~xi2xd!dk5

igR

2\
e2 i ~xi2xd!v/c.

~A12!

Substituting Eqs.~A9!–~A12! into Eq. ~A1! gives
y

r

S v2v081 i
G

2\ DCi~v!52
igR

2\
eixiv/cA~v!

2
igR

2\ (
j 51

i 21

ei ~xi2xj !v/cCj~v!

1
igR

2\ (
j 5 i 11

N

e2 i ~xi2xj !v/cCj~v!

1
igR

2\
e2 i ~xi2xd!v/cAd~v!. ~A13!

This is Eq.~36! in the main text.
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