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Effect of a point impurity on the vortex bound states in an s-wave superconductor:
A self-consistent analysis
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On the basis of self-consistent numerical solution of the Bogoliubov—de Gennes equations on a finite-size
lattice, we study the variation of the vortex bound state when an impurity potential is added to the core of an
isolated vortex line in as-wave superconductor. The local density of states is investigated at both the core and
its neighbor site. By analyzing the impurity-induced increase of the pair potential near the vortex core, we
elucidate the mechanism of the vortex pinning in detail.

In recent years, the vortex physics of type-1l supercon+esults about the quasiparticle scattering and vortex pinning,
ductors has drawn much attention both theoretically and exespecially at lower temperatures where the GL description
perimentally. One of the most fascinating properties of themay no longer be appropriate.
vortex state is the quasiparticle bound states localized in the The system we study is an isolated vortex line in a simple
vortex cores, which were predicted decades ago by Caroli, digght-binding model with ars-wave pairing interaction on a
Gennes, and Matricdnby solving the Bogoliubov—de two-dimensional2D) lattice with the impurity located at any
Gennes(BdG) equation§. Yet it was not until recently in given site. The model Hamiltonian can be writteri’as
1989 that the experimental confirmation of such quasiparticle
state was observed in the vortex core of Nb®y Hess _ t Im
etal® who applied the scanning-tunneling microscopeH__t<%:(, Ci"Ci"_’“% ni"_VSZ n”nilJr% ViThig,
(STM) technique for measuring the differential tunneling (1)
conductance. Triggered by the experimental progress, self- + _ .
consistent numerical methods to solve the BdG equation&/Neren;,=c;,Ci, is the electron number operator on site
have been developed on the context of both contifuama (i) denotes nearest-neighbor pairs in the lattice, @sithe
lattice modelS:® All these theoretical efforts have been ap- chemical potentialVs>0 is the on-site attractive potential,
plied to study the electronic properties for both isolatedwhich gives rise to the pairing in trewave channelVv;™" is
vortex"® and vortex line lattic&, attempting to explain the the impurity potential at the sitg for simplicity, we will
experimental data. Recently, the numerical techniques hawudy a single impurity with @-function potential; i.e.yi'mp
been extended to the casedsivave® 8 high-T, cuprates and is finite on some given site and zero on other sites.

interesting features different from the conventiosalave By defining a mean-field pair potentialy(r;) as
superconductors have been predicted.
On the other hand, the problem of vortex pinning has Ag(ri) =V«CiCiy), 2

been attracting great theoretical and practical interest. For

. . with (- --) denoting the thermodynamic average, and per-
conventionals-wave superconductors, a traditional mecha- . . .
. o . forming the Bogoliubov transformation
nism assumes that a void pins a vortex by attracting the

vortex core in order to avoid loss of condensation enérgy. c u(r:) v (1)
This effect is dominant for defects of large size. For the case ( 'TT) => Vi v I it } 3)
of small defects, Thunebergt al!° established a micro- Ciy/ “n va(r)] M —uk(ry)

scopic theory and found how small pinning centers can be . h h ivarticl litud h .
taken into account by adding extra terms to the Ginzburgy"It Un, v the qua3|pa_1rt|ce amplitudes ang, t € quasil-
Landau(GL) free-energy functional. However, the conclu- particle operator, the eigen-problem of the Hamiltonian

sions obtained from the GL theory are restricted to the vicin-can be solved from the following BdG equatioh’s:
ity of the critical temperaturf .. In the present work, we

un un

Un Un

report a microscopic study of the interaction between a point
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impurity and an isolated vortex line by applying the BdG
theory. By analyzing the effect of the impurity on the vortex
bound state and the pair potential, we obtain some interestinghere
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. @
Eun(r)=—t2 Un(ri+7)+(V{™P—pm)un(ry),
Rvp(r))=Agrpon(r),
andA(r;) is obtained by the self-consistent condition ¢ B 7

Al(r) ==V up(rvk(rtaniE /2kgT).  (5)

In the above equations:=*X, +y with the lattice constant
taken to be unity and thereforg+ = are the four nearest-
neighbor sites of sitg E,, is the eigenvalue of the quasipar-
ticle staten of the Hamiltonian(1).

In the study of the isolated vortex state, the boundary
condition will be different from that of the homogeneous
case because of the phase winding of the pair potential. Botl
open boundary condition and modified periodic boundary
condition have been employed. For the former condition, the
pair potential varies not smoothly along the boundary be-
cause quasiparticles are forbidden from hopping outwards
Therefore we apply the modified periodic boundary condi-
tion for improvement. To construct modified periodic bound-
ary conditions fom,, v, properly, a lattice area accommo-
dating at least onelectronicflux quantume¢y,=hc/e (thus
two superconductindlux quanta®,=hc/2e) must be used
becauseu,, andv,, describe the behaviors of the quasielec-
tron and quasihole, respectively, which have charge®
We emphasize that the existence of two vortices will not
have remarkable effects on the vortex bound states of each FIG. 1. (a) lllustration of the (2.+1)x (4L +1) lattice contain-
other as long as the two cores are separated far enough. iimg two vortices with cores denoted by A and C, one of which, A,
this paper, the lattice consists of two connected square areds selected as the origin. Site B is at the middle of the two cdh®s;
each containing a vortex core at the center as shown in Figpatial variation ofA|.

1(a). From now on, the lattice site will be represented by

(p,q) (p.q are integers with one of the two vortex cores tial Ag is shown. It is seen that over 2—4 lattice spades
sitting on (0,0). The system size isl(2 1) X (4L+1), with  reaches its bulk value indicating that the coherence letigth
L half of the width of the lattice. We choose a special gaugds of the order of lattice constanegwhich is consistent with

as in Ref. 12, wherd ¢ satisfies the condition an estimate obtained from the BCS formulafive/mA
. ~Eg/Aoke~4kg*~2/2a. The short¢ results in an un-
Ag(L,aq)=A4(—L,q)expli2mq/L), equally spaced energy levels of the bound states. We find
that the distribution of the lowest seven bound-state eigen-
As(p.3L)=A4(p,—L), values nomalized byA, is E/A,=0.22,0.43,0.53,0.60,

with the corresponding boundary conditions tgrandv,: 0.66,0.72,0.76, which is quite different from the constant
spaced energy levels found in Ref. 1 Whé%kgl was as-

un(L,g)=—up(—L,q)expimqg/L), sumed, but in good agreement with the results of the con-
_ tinuum model® when &< &<8k:!. Figure 2 shows the
vn(L,@)=—va(—L.q)exp(—imq/L), spatial variation of the quasiparticle amplitudaf and|v|?
corresponding to the lowest bound state, which indicates
Un(P,3L) =~ Un(p,— L), strong localization around the vortex cote)? has a high

v(p,3L)= v, (p,—L) peak at the site (0,0) and decays exponentially over a dis-

me me ' tance of¢; |v|? has zero amplitude at the vortex center and
With the above boundary conditions, the resultinghigh peaks at the (1,0) and (1,1) sites. For higher bound-
quasiparticle-excitation spectrum is obtained by repeated dstate energy level$u|? and|v|? behave similarly except that
agonalization of the Hamiltonian and iteration of the pairthe site positions of their high peaks move farther from the
potential. The BAG Eq4) is studied under the following set central site (0,0). Furthermore, of all the vortex bound state,
of parameters: The size of the lattice isX33 (L=8); u  only the|u|? corresponding to the lowest bound state with
= —2t (with the band bottom at-4t) gives rise to a band eigenvalueE/A,=0.22 has nonzero amplitude at the site
filling factor (n)=0.38; V =3t corresponds to the bulk (0,0), which leads to the high peak structure of local density
value of the pair potential ;=0.45 at zero temperature and of states(LDOS) at the vortex core and its sensitivity to the
T.=0.26. The system temperature is set to @.0lh Fig.  existence of the impurity sitting on the core site as discussed
1(b), the spatial variation of the amplitude of the pair poten-below.
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FIG. 3. LDOS atT=0.01 on site (0,0)(solid line) and (1,0)
(dotted ling. From (a) to (f), V'™P=—3t,—2t,— 1t,0,0.8,2t, re-
spectively.

LDOS peak at site (1,0) is only about 23% of that at site
(0,0) due to the rapid decay &fi|> as shown in Fig. @).
Above A, the LDOS is finite owing to the contribution from
the extended states. All these results are qualitatively consis-
FIG. 2. Spatial distribution of the quasiparticle amplitugeg €Nt with those of the continuum m(_)d]@IAIthough for our
and|v|? within one square lattice area corresponding to the lowesfliSCrete lattice geometry, the cylindrical symmetry is broken,
bound state with eigenvalug=0.10. yet fourfold rotation symmetry can still be employed to label
the core states conveniently. As previously pointed out in
First, we consider the impurity-induced variation of the Ref. 5, when the fourfold rotational symmetry of the under-
low-lying excitations around the vortex core. The local den-lying lattice is taken into account, the quasiparticle ampli-

sity of stateLDOS) defined by tudes have the following relations under an elementatg
rotation:

N(pvquE):; [|Un(puq)|2f'(E—En) u(_q,p) _ u(p7q)ei(V*1/2)7T/2 ,

v(—q,p)| |v(p,qetrtiam| )

2¢7

T loa(p @) (E+Ey)] © where v=+1/2+3/2 corresponds to the four irreducible
is studied, which is proportional to the differential tunneling representations of th€, rotation group. Therefore we can
conductance of the scanning tunnel microsc@p&M) ex-  conveniently classify the vortex core bound state according
periments. Heref,(E) represents the usual Fermi distribution to its v. Similar to the continuum model, we find that for the
function. For a simpler case witi'™P=0, Fig. 3d) shows v=1/2 statesuy,(0,0)#0u,0,0=0 and for the v=
the LDOS at the vortex center (0,0). Clearly, there is a high—1/2 statesu_4,5(0,0)=0,v _1,5(0,0)#0, which implies a
LDOS peak right above the Fermi level at aboutfinite probability of the quasiparticle appearing at the core;
0.1@ (0.224,), arising from the lowest bound state. Within while for the quasiparticle excitations with labels
the energy gap, this is the only LDOS peak at the vortex *=3/2, u.35(0,0)=v.3,,(0,0)=0. We find that the lowest
core because the quasiparticle amplityd€0,0)|? of other  bound state hag=1/2 and eigenvalué&,,=0.1Q and it
bound states vanish as stated above. On the site (1,0), therentributes to the high LDOS peak at OtX#3 shown in Fig.
are four LDOS peaks, which arise from the contributions of3(d); its time-reversal counterpart has= —1/2 andE_ 4,
|u(1,0)|2 and|v(1,0)|? of the bound states with eigenvalues = —E,,. Due to its much greater probability at the core, the
E=0.1a@ and E=0.19. At E=0.1Q, the height of the lowest bound state will be more sensitive to the existence of
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FIG. 4. Variation of the lowest six bound state witi™?. (a) v

shift of the eigenvalues E versid™P. Filled circles, stars, dia- FIG. 5. Variation of the pair potential s with V'™P at the neigh-
monds, up triangles, down triangles, and open squares correspol@r sites of the vortex core, (1,0), (1,1), and (2,0). The lines are
to the bound states with eigenvalud?slt=0.10,0.1950.24,0.27, guides for eyes.
0.30,0.32, respectively, wheN'™P=0; (b) |u;(0,0)|?, versus . . .
VIMP The fiIIedp circlesydenote the resuﬁts? f||rorl;12(the)Lelf-consistenPther states will be absorbled py_the impurity state and ap-
calculation while the lines from approximate method. proach to zero for the largé™” limit. The abnormal behav-

ior of the LDOS for weak attractive’'™P is attributed to the
impurity potential than other states. Figure 3 shows how firsasymmetric distribution of the=1/2 states below and above
few bound states are affected whet'P+0. For an increas- the Fermi level. In our case whege= — 2t, there are more
ing repulsive impurity potentialy'™P>0, Figs. 3d)—(f) in- v=1/2 states above the Fermi level than those below. To
dicate that the core state is “repulsed” by the impurity to examine our thought that the impurity potential affects
higher level away from the Fermi energy; its time-reversalmainly the states which have larger probability at the core,
state shifts downward accordingly satisfying the relationwe have performed an approximate computation in which
E_.»=—Ey,. Together with the lifting of eigenvalue, the only excitations with |u(0,0)|/|u(0,0)|a=0.01 are in-
LDOS peak at the core lowers. The shifting of the eigenvalueluded. The comparison of the results of such approximate
and decreasing of the LDOS can also be seen for high-energyethod with those of the self-consistent calculation is shown
extended states abovg,. The bound states with=+3/2  in Fig. 4. ForV'™P>0, we find that the approximate method
have no remarkable variation, which is consistent with thecan well describe the lifting oE4, and the reducing of
fact that their wave functions have zero amplitude at theu,,(0,0)|? with the increasing of the intensity of the impu-
vortex center. For the case whev&"P<0, the results are a rity potential. ForV'™P<0, the discrepancy is large, yet
little complex. As shown in Figs.(8)—(d), with the descend- qualitative trend still can be given.
ing of the eigen-energy, the LDOS peak first increases for The straightforward consequence of the impurity-induced
weak attractive potential and then reduces for strong enougkffect on the quasiparticle excitations at the vortex core will
V!MP, Figure 4a) gives the variation of the lowest six bound- be the variation of the pair potential at the neighbor sites.
state eigenvalues as a function\8f"P. Clearly, the vortex From Fig. 5 we see that for larg¢/™P, A, at the neighbor
core state withE,,=0.1Q varies strongly while the other sites rises and such rising of the pair potential is only re-
bound states with higher energies keep almost contant.markable at the nearest neighbors: (1,0), (1,1) and their
When|V!™P|>t, a localized impurity state will appear with equivalent sites. As discussed above, for e+ 1/2 states,
|u(0,0)|~1; for V'™P>0Q, it is a hole state below the Fermi eitheru(0,0) orv(0,0) of the two quasiparticle amplitudes
level while for V'MP<0, it is an electron state above the will be zero at the vortex core, which results in the other
Fermi level. Therefore all the nonzertd0,0) belonging to nonzero one “useless” to the formation &f; according to
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Eq. (5). After an impurity potential is added to the core, the 06 ———r——————7————
unused amplitude will be squeezed out to the neighbor sites I

which gives rise to the increasing df; at these sites. And &—OF ..
this mechanism can also be used to explain the reducing o I &----8 conden.
A for weak attractiveV'™P now that|u(0,0)| increases as 03 | EF" &--=Okine.

shown in Fig. 4b). The variation ofA ¢ near the vortex center
can be used to explain the weakness of the above approxi
mate method in quantitatively describing the behavior of the
E1, bound state for weak attractiné™. Due to the varia- =
tion of Ag, states having zero amplitudes at the vortex core ¢
will no longer be orthogonal to the=1/2 states and there-
fore they will take part in the coupling, which makes our
approximate method have larger discrepancy whenAhe
varies greatly fol/'mP~ —t.

At last, we discuss the pinning ener@yinning Which is
the energy saved when the vortex core is located at the im-
purity site.Einning IS defined as

_0'6 L L M L 1 L L M L 1 L L L M 1 L L L M
Epinning:<H>impurity atcore <H>impurity at « -10 -5 0 5 10
Imp
Q<H>impurityatsiteA_<H>impurityatsite B (8) Vi

where the sites A and B are shown in Figa)l We have FIG. 6. Pinning energyEyinning as a function ofV'™P. The
approximately treated site B as, which is valid when the contributions from the condensation ener@pnden). and the su-
system size is sufficiently largéH) is given by percurrent kinetic energgkine.) are plotted as well.

=S E u.(p,q)|2f(E that an impurity potential at the vortex core can drive the

(H) En: ”% Hun(p.@)*F(En) lowest bound state away from the Fermi level to higher en-

2 ergy. At the same time, its LDOS at the vortex core reduces.

—lvn(p,@)[[1-f(En)]}. ©) Although these results are obtained for superconductors with
In Fig. 6 we show the relation df i,ning With VI™P. In the  short coherence length, yet we believe the conclusion can
strongV'™P limit, both attractive and repulsive impurity po- still be applied qualitatively t&-wave superconductors with
tentials can pin vortex by lowering the average total energylonger coherence length such as NpS&~70 k;l) and
For weak attractive/'™P, pinning at the impurity site of the V3Si (6~ 1z<;1),13 when the temperature is low enough.
vortex core i_s not favqrable from the _considerati_on Qf en-Recent progres&!” in atomic-scale STM measurements
ergy. From Fig. 6 we find that the dominant contribution to yight make the experimental observation of such impurity-
Epinning IS from the condensation energy. As discussednqyced vortex bound state shifting feasible. Atomic scale
above, a strong impurity potential at the vortex coré Caryefects can be deposited onto the surface of the supercon-
drive out the extra quasiparticle amplitudes which have n%ucting sample right from the STM tip. If a single vortex line

ey S e v s s s o aqEoUd e stccessfly ped by sueh defets, e obseation
y ' ' of the variation of the LDOS at the vortex core as a function

disappear when the impurity is on site B. Therefore existenc%]c impurity potential strenath will be easier by introducin
of the impurity at the core site will lower the condensation purity p 9 y 9

energy more than at other sites. Again, the exception is fog|fferent |mpur|t|§s from the STM t!ps made of Au, W, etc.
weak negativeV'™P where the pair potential is somewnhat For_the n_1echan|sr_n O,f vortex pinning, we havg shown how
destructed due to the attraction of the wave amplitude fronf"! IMPUrity potential increases the condensation energy by
the neighbor sites to the core site. Moreover, Fig. 6 indicate§Ving the extra density of states at the vortex core into its
that the supercurrent kinetic energy increases WitAP nearby_ sites resulting in the increase of the pair potential at
which is not in favor of the pinning. These results are con-Such sites.

sistent with those from the GL thedRwhere the enhance-

ment of the pair potential and supercurrent near the pinning<0ng under Nos. HKU 7116/98P and HKU 7144/99P a

center is also found. : .
In summary, we have analyzed a pinning problem byCRCG grant at the University of Hong Kong, and a grant

solving the BAG equations self-consistently. We have found©M the National Natural Science Foundation of China.
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