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Phonon self-energy in superconductors: Effect of vibrating impurities
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The phonon self-energy due to the interaction with electrons is studied for superconductors withs- and
d-wave pairing. Addition of impurities not only changes the electronic states, but it also generates a channel of
the electron-phonon interaction due to electron scattering from vibrating impurities. Impurity-induced electron-
phonon coupling results in significant modifications of the phonon self-energy. For ad-wave superconductor
the phonon attenuation coefficient~the imaginary part of the phonon self-energy! has been calculated in the
Born approximation and in the unitary limit for electron-impurity scattering. In the case of weak electron-
impurity potential, the attenuation decreases if temperature reduces belowTc , while an increase of the attenu-
ation in the superconducting state has been found in the unitary limit. The theory shows a good agreement with
measured disorder-dependent coupling of theB1g phonon mode to superconducting electrons in high-Tc

samples: the Born approximation well describes temperature dependence of the attenuation in YBaCuO single
crystals, the unitary limit corresponds to polycrystals and twinned crystals.
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I. INTRODUCTION

Since the discovery of high-temperature superconduct
the interaction of optical phonons and electrons in these
terials has been attracting much attention. Due to the
concentration of charge carriers,c-axis polarized optical
phonons can be observed in Raman scattering and infr
reflection. Raman and IR spectroscopy make it possible
determine the spectrum and the attenuation of pho
modes, the superconducting gap position, and also s
characteristics of electron states~such as electron scatterin
rate!. These measurements turned out to be a very us
probe of phonons, the electron-phonon interaction, and
perconductivity. Up to now there are many papers devote
these and related topics.1–6

In this paper, we will focus on impurity-induced couplin
of optical phonons and electrons. Because the high-Tc oxides
become superconducting under doping, the electron-impu
scattering generated by the substitutional disorder is v
important even in single crystals. Impurities play a twofo
role in the electron-phonon interaction. First, addition of i
purities modifies the electron states in a superconductor.
modification of electron states results in significant chan
in the superconductivity-induced phonon self-ener
effects.2 Second, electron scattering from vibrating impu
ties ~inelastic electron-impurity scattering! generates a new
channel of the electron-phonon interaction. Note, that in
normal state impurity-induced coupling of acoustic
phonons and electrons drastically changes all transport c
ficients ~temperature-dependent resistivity, thermopow
thermal conductivity! and electron-phonon dephasing rate7,8

Due to the two different effects of impurities, one shou
distinguish between impurities vibrating with a given phon
mode, and impurities, which are external with respect to
phonon mode. External impurities may only change elect
states due to elastic electron-impurity scattering. The ef
of modification of electron states on optical phonons h
been considered for a superconductor withs pairing in Refs.
2–4. This effect is expected to be more significant in
PRB 620163-1829/2000/62~9!/5896~8!/$15.00
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d-wave superconductor, where the density of electron st
is very sensitive to the electron-impurity scattering.9

The effect of vibrating impurities on phonon damping w
studied in Ref. 10. If all impurities vibrate with the phono
mode under consideration, it is convenient to treat
electron-phonon interaction in the frame of reference, m
ing together with the lattice.11 In this frame, impurities are
motionless and therefore calculations are simplified.10 How-
ever, such an approach is not applicable in the general c
and we should return to the description of the electro
phonon interaction in the ordinary frame.

In the present paper we study the phonon self-energy
to inelastic electron-impurity scattering fors- and d-wave
superconductors~the modification of electron states is als
taken into account!. The paper is arranged as follows. In th
next section we consider the impurity-induced interaction
normal electrons and optical phonons. In Secs. III and IV
calculate phonon attenuation due to vibrating impurities ins-
and d-wave superconductors, correspondingly. In the C
clusions, we summarize our main results and suggest an
terpretation of experimental data. In the Appendix, we sh
that a set of results may be reproduced in the comov
frame.

II. NORMAL STATE

Employing the Keldysh diagrammatic technique, we d
scribe the electron system by the matrix Green function w
retarded (G215GR), advanced (G125GA), and kinetic
(G225GK) components. If elastic electron-impurity scatte
ing is taken into account, electron Green functions are

G0
R~p,e!5@G0

A~p,e!#* 5~e2jp1 i /2t!21, ~1!

G0
K~p,e!5S0~e!@G0

A~p,e!2G0
R~p,e!#, ~2!

where jp5(p22pF
2)/2m, and S0(e)52tanh(e/2T) is the

equilibrium distribution function, andt is the electron-
momentum relaxation time due to elastic electron-impur
scattering. We will calculate the phonon-electron self-ene
5896 ©2000 The American Physical Society
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in the first order in the electron-phonon interaction, the
fore, phonon corrections in the electron Green functions m
be ignored.

Inelastic electron-impurity scattering~electron scattering
from vibrating impurities! is described by the
Hamiltonian12,13

Hint5 (
p,k,q,n,R0

g in~k,q,n!cp
†cp2k~bq,n1b2q,n

† !

3exp@2 i ~k2q!R0#, ~3!

wherecp
† is the creation operator of an electron with mome

tum p, bq,n
† is the creation operator of a phonon with a wa

vector q and polarization indexn, R0 are the equilibrium
impurity positions. The vertex of the inelastic electro
impurity scattering~see Fig. 1! is

g in~k,q,n!52 iVe2 im

ken

~2rv!1/2
, ~4!

where Ve2 im is the impurity scattering potential,en is the
phonon polarization vector,r is the density. In the Keldysh
technique the vertexg in(k,q,n) is multiplied by the tensor
Ki j

k @Ki j
1 5d i j /A2, andKi j

2 5(sx) i j /A2# with an upper pho-
non index and lower electron indices. Note, that the inela
electron-impurity scattering is characterized by a large va
of the transferred momentum (k;pF), while the transferred
energy is the same as in the ‘‘pure’’ electron-phonon int
action. It is convenient to introduce the effective vertexĜ
shown in Fig. 2, with the matrix components

G22
1 52G11

1 52G,

G11
2 5@S0~e!2S0~e1v!#G,

G12
1 5S0~e!G,

G12
2 5G21

2 5G22
2 50,

G21
1 52S0~e1v!G, ~5!

and

FIG. 1. Vertexĝ in taking into account electron scattering fro
vibrating impurities. In self-energy diagrams the solid, wavy, a
dashed lines represent the electron, phonon, and impurity prop
tors, correspondingly.
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2t̃~rv!1/2
. ~6!

Here we express the electron-impurity potential through
corresponding electron-momentum relaxation rate

t̃215pn~0!NimVe2 im
2 , ~7!

where n(0) is the two-spin electron density of states, a
Nim is the concentration of impurities vibrating with the ph
non mode under consideration.

The phonon attenuation coefficienta is given by the re-
tarded phonon self-energyPR asa522 Im PR. We will cal-
culate the attenuation coefficient of phonons with a sm
value of the wave vector,q,q05v/vF . Due to the vector
character of the vertexĜ, it is not renormalized by the
electron-impurity interaction and also is not screened.

The phonon self-energy diagrams generated by elec
scattering from vibrating impurities are shown in Fig. 3. T
contribution of the first diagram in the normal state to t
attenuation coefficient is independent on the parametervt
and it is given by10

a15
pF

2n~0!

3t̃r
. ~8!

In the normal state the second diagram with effective ve
cesĜ is formally given by

PR522i E dp

~2p!3

de

2p
G22

1 ~q,v!G0
A~p,e!

3G0
R~p1q,e1v!G11

2 ~2q,2v!. ~9!

Evaluating Eq.~9!, we find that the contribution of the sec
ond diagram is

a-

FIG. 2. Effective vertexĜ, taking into account electron scatte
ing from vibrating impurities.

FIG. 3. Phonon self-energy diagrams due to vibrating impu
ties.
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a252
pF

2n~0!

3rt̃

t

t̃
Re~11 ivt!21. ~10!

Thus, the attenuation coefficient given by both diagrams

an5
pF

2n~0!

3rt̃
F12

t/ t̃

11~vt!2G . ~11!

In the pure case,vt@1, a2 is negligible and the phonon
attenuation due to electron scattering from vibrating impu
ties is given by Eq.~8!. If vt!1, and all impurities vibrate
with the phonon mode under consideration (t5 t̃), the at-
tenuation coefficient is

an* 5
pF

2n~0!tv2

3r
. ~12!

For completeness, we mention that, if impurities do not
brate with the phonon mode under consideration, the s
energy of optical phonons has the Drude form, i.e., it is p
portional to2n(0)/(12 ivt).2–4

III. ISOTROPIC s-WAVE SUPERCONDUCTOR

In the superconducting state the electron Green functio
given by

Ĝ0
R,A5

1

jp
22~jR,A!2

~2jpŝz2eR,Aŝ01DR,Aŝx!, ~13!

wheres ’s are the Pauli matrices in the Nambu space.
For ans-wave superconductor, electron-impurity scatt

ing is taken into account by the equations

eR5e1 i eR/~2tjR!,

DR5D1 iDR/~2tjR!,

~jR!25~eR!22~DR!2. ~14!

As in the normal state, in the pure case,v,D@1/t, the
main contribution to the phonon attenuation is given by
first diagram in Fig. 3. In the superconducting state the v
tex g in carries the Nambu matrixsz . Therefore, the corre
sponding equation forPR in the superconducting state ha
the form

Im PR5Sp Re
1

2E dp

~2p!3

dp8

~2p!3

de

2p
~S12S!ug inu2

3ŝz@Ĝ0
Aŝz~Ĝ0

R!12ĜRŝz~Ĝ0
R!1#, ~15!

where (Ĝ0)15Ĝ(p8,e1v), andS15S(e1v).
Taking into account thateR/jR5e/j and DR/jR5D/j,

where j5(e22D2)1/2sgn(e)Q(ueu2uDu), we find the at-
tenuation of the optical phonon in ans-wave superconducto
as ,
-

-
lf-
-

is

-
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as

an
5S E

2`

2v2D

1E
D

`

1u~v22D!E
2v1D

2D D de

3
S2S1

2v S ee1

jj1
2

D2

jj1
D , ~16!

wheree15e1v, j15j(e1v). The attenuation coefficien
in the normal statean is given by Eq.~8!.

As it is seen from Eq.~16!, the impurity-induced attenu
ation of optical phonons is described by the same equatio
the high-frequency ultrasonic attenuation.14 For comparison
with d-wave pairing, which will be discussed in Sec. IV, w
present the ratio ofas /an , as a function of frequency in Fig
4. A discontinuity in the attenuation of phonons appea
when the frequency is equal to the energy gap.

Now we consider the impure case:v,D!1/t. Here we
have to take into account also the second diagram in Fig
The matrix elements of the effective vertexG in the super-
conducting state are

G22
1 5~1/2!~G11G!,

G22
2 50,

G12
1 5S0~e!G,

G12
2 5~1/2!~G12G!,

G21
1 52S0~e1v!G1 ,

G21
2 52~1/2!~G12G!,

G11
1 52~1/2!~G12G!,

G11
2 5G12

1 1G21
1 , ~17!

where

G~e!5S e

j
ŝ01

D

j
ŝxD pen

2t̃~rv!1/2
, ~18!

andG15G(e1).
Therefore, the contribution of the second diagram

found to be

FIG. 4. Frequency dependency of the attenuation coefficien
the Born limit for s-wave symmetry of the order parameter.
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Im P2
R5Sp Re

1

4E dp

~2p!3

de

2p
~S2S1!@~ Ĝ11Ĝ !

3Ĝ0
A~ Ĝ11Ĝ !~Ĝ0

R!12~ Ĝ12Ĝ !

3Ĝ0
R~ Ĝ12Ĝ !~Ĝ0

R!1#, ~19!

where (Ĝ0)15Ĝ(p,e1v).
In the general case the equation foras is complicated. If

all impurities vibrate with the phonon mode under consid
ation (t5 t̃), the large contribution of the first diagram@Eq.
~15!# is canceled by the leading term of the second diagr
The rest of the second diagram is

as

an*
5S E

2`

2v2D

1E
D

`

1u~v22D!E
2v1D

2D D de

3
S2S1

2v S ee1

jj1
1

D2

jj1
D , ~20!

wherean* is given by Eq.~12!. As it is seen, Eq.~20! differs
only in a sign in the coherence factor from Eq.~16!. So the
impurity-induced attenuation of optical phonons in the lim
iting cases is described by BCS relations with different
herence factors. The function given by Eq.~20! is well
known ~see Ref. 15!.

IV. d-WAVE SUPERCONDUCTOR

Keeping in mind that the momentum relaxation rate
high-Tc oxides corresponds to the pure case (v,D0@1/t),
we consider here only this limit. We assume pairing
d-wave symmetryD(p)5D0 cos(2f) in planes, which are
perpendicular to thec axis.

In this model the angular averaged value of the or
parameterD is zero, andD is not renormalized by electron
impurity scattering (ImD50). This simplifies the calcula
tions significantly. The Born approximation for electro
impurity scattering results in the relations16

eR5e1~ i /2t!^e/j&,

FIG. 5. Frequency dependency of attenuation coefficient in
Born limit for d-wave symmetry of the order parameter.
-

.

-

f

r

DR5D,

jR5j1~ i /2t!~e/j!^e/j&, ~21!

where^ & stands for averaging over the direction of the ele
tron momentum.

In the pure case, again the attenuation coefficient is de
mined by the first diagram in Fig. 3. For a phonon wi
polarizationen parallel to thec axis, it may be presented a

ad

an
5

t

2E de
~S2S1!

v
~r1g1rg1!, ~22!

whereg5Im eR, andr5Re(eR/jR) is the dimensionless su
perconducting density of states. In the Born limit, we obta
the attenuation coefficient given by

ad

an
5

1

2vE de~S2S1!r~e!r~e1v!, ~23!

where the density of states for ad-wave superconductor is

r~e!5
2

p H ~eD0!K~eD0!, if e,D0

K~D0e!, if e.D0 ,
~24!

whereK(x) is the complete elliptic integral of the first kind
Frequency and temperature dependencies of the attenu
coefficient are presented in Figs. 5 and 6. The kinks in
frequency and temperature dependencies correspondv
52D0(T).

For resonant electron-impurity scattering~the unitary
limit !, the phonon self-energy diagrams are shown in Fig
The self-energy may be presented again by Eq.~22! through
the electron density of statesr, and the electron damping
g(e)5Im eR where one has to take into account that t
resonant electron-impurity scattering results in the resid
superconducting density of states at the Fermi energy:9,17

e FIG. 6. Temperature dependency of attenuation coefficien
the Born limit for d-wave symmetry of the order parameter.

FIG. 7. Phonon self-energy diagrams in the unitary limit f
electron-impurity scattering.
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5900 PRB 62A. SERGEEV, CH. PREIS, AND J. KELLER
r~0!5~2g0 /pD0!ln~4D0 /g0!, ~25!

where

g0
25~pGD0/2!/ ln@4~2D0 /pG!1/2#, ~26!

and 2G is the electron-momentum relaxation rate in the n
mal state in the unitary limit. In the energy scalee<g0, the
self-consistent solution of the Dyson equation gives5

eR5~1/2!e1 ig02 i ~e2/8g0!. ~27!

For higher energiese>g0, the self-consistency is not impor
tant, andg(e)5G/r(e), wherer(e) is approximately given
by Eq. ~24!. The energy dependence of the electron den
of states for different values ofG has been calculated nu
merically in Refs. 18 and 19. Using results for the electr
density of states, we obtaing(e), and calculate frequenc
and temperature dependencies ofad /an . The results are
shown in Figs. 8 and 9, respectively.

For small values of the electron-momentum relaxat
rateG, the regione<g0 gives the main contribution toad .
At T50 we obtain the ratio ofad /an to be larger than 1,
which means a broadening of the phonon linewidth in

FIG. 8. Frequency dependency of attenuation coefficient in
unitary limit for d-wave symmetry of the order parameter.

FIG. 9. Temperature dependency of attenuation coefficien
the unitary limit ford-wave symmetry of the order parameter.
-

ty

n

n

e

superconducting state. Moreover, we find a nonmonoto
temperature dependence of the attenuation in the uni
limit.

V. CONCLUSIONS AND COMPARISON
WITH EXPERIMENT

To summarize, we have studied the effect of vibrati
impurities on the attenuation of optical phonons especially
the superconducting state. Inelastic electron scattering f
vibrating impurities creates a channel of the phonon atte
ation. Vibrating impurities result in significant change of th
phonon self-energy and provide an important channel
phonon attenuation. This effect is thought to be relevant
high-Tc copper oxides.

We have found that in the normal state the attenuat
induced by the vibrating impurities depends on the param
vt @Eq. ~11!# due to elastic electron-impurity scattering.
the pure case,vt@1, the attenuation coefficient is indepe
dent on the phonon frequency.8 Attenuation decreases wit
addition of external impurities. If all impurities vibrate wit
the phonon mode under consideration, the attenuation c
ficient is proportional tov2 in the dirty limit vt!1 @Eq.
~12!#.

Our calculations show that for thes-wave superconducto
the impurity-induced attenuation in the limiting cases is d
scribed by BCS relations with different coherence fact
@Eqs. ~16! and ~20!#. In the pure case the coherence fac
corresponds to the sound attenuation in the BCS theory. P
non attenuation in the impure case depends on the char
and position of impurities. If all impurities vibrate with th
phonon mode under consideration, the coherence facto
the same as for electron interaction with an electromagn
field. In the ordinary frame of reference~Sec. III!, it is non-
trivial consequence of the quantum interference betw
electron-phonon and electron-impurity scattering. Transf
mation to the comoving frame simplifies calculations~see
the Appendix!. The corresponding vertex of the electro
phonon interaction brings the same matrix in Nambu sp
as the interaction with an electromagnetic field.

In a d-wave superconductor the impurity-induced atten
ation strongly depends on the value of the electron-impu
potential. In the case of weak electron-impurity scatter
~the Born approximation! the attenuation coefficient at low
temperatures decreases due to the superconducting tran
~Figs. 5 and 6!. Therefore, the phonon should acquire narro
linewidth in the superconducting state. However, in the c
of strong electron-impurity scattering~the unitary limit! this
result is altered. Strong scattering ind-wave superconductor
simultaneously creates an impurity-induced channel of
tenuation and modifies the electron states. In the unitary li
the attenuation increases in the superconducting state~Figs. 8
and 9!.

The main features of our theoretical curves are suppo
by available data. The most significant changes in the p
non self-energy in the superconducting state are observe
a 340-cm21 B1g-like mode in YBaCuO samples.1 This is not
surprising, since O2–O3 plane-oxygen vibrations domin
in this mode. It is expected in our model that coupling of t
340-cm21 mode with superconducting electrons is extrem
sensitive to disorder. Raman measurements do show

e

in
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intriguing behavior. The phonon linewidth in single crysta
exhibit tremendous sharpening belowTc ,20,21 while a sig-
nificant broadening is observed in polycrystalline samp
and twinned crystals1,21 ~see Fig. 4 in Ref. 21!.

Our interpretation of experimental results is as follows.
single superconducting YBaCuO crystals electrons sca
from the oxygen vacancies in CuO chains. The oxygen
cancy is known to present a weak scattering potential
electrons confined in the Cu-O plane.9 Therefore, we expec
that our results obtained in the Born approximation@Eq. ~23!
and Figs. 5 and 6# are applicable to this case. As we me
tioned, the measured attenuation of theB1g mode drastically
decreases below the superconducting transition. Tempera
dependencies observed in Refs. 20 and 21 are in a g
agreement with our curves on Fig. 6. Note also, that acco
ing to Figs. 5 and 6 the effect of superconductivity on hig
frequency modes is negligible. For this reason, theA1g plane
oxygen mode (440 cm21) in single crystals does not chang
within the precision of measurements.21

Polycrystals and twinned crystals of YBaCuO are w
described by the resonant electron-impurity scattering.9 For
such samples our theory predicts the significant enhancem
of the attenuation belowTc ~see Figs. 8 and 9!, which is in
agreement with numerous experimental results.1 At the same
time, a relative change of the attenuation and a form of
temperature dependence show considerable changes
sample to sample.1,21 In our formalism, this sensitivity to the
sample quality results from the strong dependence of
superconducting density of states on elastic electron sca
ing in the unitary limit~Fig. 8!.

By way of illustration we apply our model to experime
tal data from Ref. 21, Fig. 4. We rebuilt the experimen
temperature dependencies of the YBaCuO 340-cm21 phonon
linewidth, a(T), in dimensionless coordinatesa/an versus
T/Tc , where an5a(Tc). Figure 10 shows the relativ
change of the attenuation coefficient~phonon linewidth! for
different samples: the perfect~detwinned! crystal (d), the
crystal with large untwinned areas (h), the heavily twinned
sample (l), and a few theoretical curves of impurity

FIG. 10. Temperature dependency of attenuation coeffic
measured in the detwinned crystal (d), the crystal with large un-
twinned areas (h), the heavily twinned sample (l) ~all data from
Fig. 4 of Ref. 21! and theoretical curves of impurity-induce
phonon attenuation in the superconductor withd pairing ~Figs. 6
and 9!.
s
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induced phonon attenuation in the superconductor withd
pairing ~Figs. 6 and 9!. As seen, the temperature dependen
of the phonon linewidth in the perfect crystal is well d
scribed by our model with weak electron-impurity scatteri
~the Born approximation!. Note that we choose the value o
D0 to be 200 cm21 that was reported in many papers. W
do not use any fitting parameters for this theoretical cur
As we discussed, heavily twinned samples should be
scribed by the unitary limit for electron-impurity scatterin
According to our results~Figs. 8 and 9!, in the unitary limit
the linewidth depends on the parameterG. The theoretical
curve with G/D050.06 is in good agreement with data o
tained atT.0.5Tc . At the same time, with this value ofD0
we cannot explain low-temperature data. In the frame of
model, the nonmonotonic temperature dependence ofa may
be obtained only forv<D0 ~see Figs. 8 and 9!. This leads to
relatively large values ofD0. Although such values have
been reported, most experiments give the value ofD0 in the
range from 170 to 250 cm21. As it is seen in Fig. 10, our
model describes the transition from sharpening to broaden
of the 340-cm21 phonon line due to disorder enhancement
gives a correct scale of the observed effects. More deta
theory should take into account energy dependence of s
tering and density of states in the normal state of highTc
materials.

The next important fact in favor of the impurity-induce
electron-phonon coupling in high-Tc materials is that the
oxygen disorder in chains has a very similar effect on
phonon linewidth as an introduction of heavy-metal impu
ties substituting Cu in the chains.22,23

To the best of our knowledge, there is no theory conne
ing the observed sharpening and broadening of phonon l
with quality of superconducting samples. The broadening
lines in the superconducting state is usually related to
Zeyher-Zwicknagl theory, which predicts superconductivi
induced coupling of theB1g mode with electrons.2–5,24 As-
suming zone-center photons withq50, this theory does no
allow any phonon line to sharpen belowTc . In Ref. 6 the
sharpening of some lines in single crystals is associated
nonzero wave vectors of phonons measured in Raman
periments.

We would like to note that in the current paper we ha
considered only the imaginary part of the electron-phon
self-energy in the superconducting state. Addition of imp
rities also significanly changes a spectrum of the latt
vibrations.25 Calculating the phonon linewidth, we assum
that the effect of impurities on the phonon spectrum is
ready taken into account. We also ignore additional mod
cation of the phonon spectrum in the superconducting st
Experiments show that the relative spectrum changes du
superconductivity are small; in particular, for the 340-cm21

line, the shiftDn is 8 cm21. Additional corrections to the
imaginary part of the self-energy due to the shift of phon
frequency may be obtained in first order in small parame
Dn/n;0.02.

The vibrating potential of impurities, defects, and boun
aries plays an important role in many nonequilibrium a
transport phenomena, such as electron cooling
dephasing,13,26 electrical conductivity,7 Kapitza resistance,8

and thermopower.8 Arguments presented in this section sho
evidence about significant electron-phonon coupling due

nt
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5902 PRB 62A. SERGEEV, CH. PREIS, AND J. KELLER
vibrating dopants and defects in high-Tc superconductors. In
order to differentiate between different mechanisms
electron-phonon coupling in copper oxides, more theoret
and experimental investigations have to be done. In part
lar, study of the phonon linewidth depending on the electr
momentum relaxation rate and the residual superconduc
density of electron states would be useful to evaluate par
eterG and impurity-induced electron-phonon coupling.
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APPENDIX: COMOVING FRAME

As we discussed in the Introduction, using the comov
frame provides us with a convenient description of t
electron-phonon interaction in an impure system, if all imp
rities vibrate with the phonon mode under considerationt

5 t̃).
The bare vertex of the electron-phonon interaction in

comoving frame has a form10,11

G~p,q!5G1~p,q!1G2~p,q!, ~A1!

G1~p,q!52 i
~p"q!~p•el!

m~2rvq!1/2
ŝz , ~A2!

G2~p,q!52 i
v~p•el!

~2rv!1/2
1̂. ~A3!

VerticesG1 andG2 carry different matricesŝz and 1̂ in the
Nambu space due to their different symmetry under
transformationp→2p. For acoustic phonons the vertexG2
is small compared withG1. However, for optical phononsG2
gives the leading contribution, whenq,q05v/vF (vF is the
Fermi velocity!.

Due to the vector character of the vertexG2, it is not
renormalized by the impurity ladder, ifq,q0. For the same
reason, screening of the interaction described byG2 results in
small corrections. Therefore, whenq,q0, the attenuation of
M

.

,

f
al
u-
-

ng
m-

,
is

g
e
-

e

e

optical phonons is given by the phonon self-energy with t
verticesG2. The corresponding equation has the form

Im PR5Sp Re
1

2E E dp

~2p!3

de

2p
G2~p,q!2~S2S1!

3@Ĝ0
A~Ĝ0

R!12Ĝ0
R~Ĝ0

R!1#. ~A4!

Integrating the products of Green functions in Eq.~A4!
over jp , we get

SpE djp Ĝ0
A~Ĝ0

R!15
p i

j1
R 2jA S 11

eAe1
R

jAj1
R 1

DAD1
R

jAj1
R D ,

~A5!

SpE djp Ĝ0
R~Ĝ0

R!15
p i

j1
R 1jR S 12

eRe1
R

jRj1
R 2

DRD1
R

jRj1
R D .

~A6!

For a s-wave superconductor,eR/jR5e/j and DR/jR

5D/j, therefore, Eqs.~A5! and ~A6! may be presented as

SpE djp Ĝ0
A~Ĝ0

R!15
p i

v S e1

j1
1

e

j D S 11
i /t

j12j D 21

,

~A7!

SpE djp Ĝ0
R~Ĝ0

R!15
p i

v S e1

j1
2

e

j D S 11
i /t

j11j D 21

.

~A8!

Then calculating ImPR @Eq. ~A4!# we obtain the phonon
attenuation coefficient given by Eqs.~16! and ~20!.

To calculate the phonon attenuation coefficient in t
d-wave superconductor it is convenient to simplify Eqs.~A5!
and ~A6!, using the following relations, which are valid i
the case of ImD50:

11
eAe1

R

jAj1
R 1

D2

jAj1
R 5S e1

R

j1
R 1

eA

jAD j1
R 2jA

e1
R 2eA , ~A9!

12
eRe1

R

jRj1
R 2

D2

jRj1
R 5S e1

R

j1
R 2

eR

jRD j1
R 1jR

e1
R 2eR . ~A10!

Using Eqs.~A9! and ~A10!, one can obtain the attenuatio
coefficient given by Eq.~22!.
s-
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