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Quantum phase transition in the random antiferromagnetic spin-1 chain
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We study the random antiferromagnetic spin-1 chain following the evolution of the bond probability distri-
butions under a renormalization group transformation. We use a mapping of the spin-1 chain into an effective
spin-1/2 chain with both ferromagnetic~odd bonds! and antiferromagnetic~even and odd bonds! interactions.
We obtain a recursion relation for the coupling constants, solving exactly up to a four-spin cluster. Our
improved perturbation treatment on these larger clusters shows that the random singlet phase in the spin-1
chain, differently from previous results, is obtained only when 100% of the odd bonds are strong ferromag-
netic, i.e., larger than the even antiferromagnetic bonds. Otherwise the ground state is that of a dimerized
spin-1/2 chain.
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I. INTRODUCTION

In this paper we study the one-dimensional spin-1 qu
tum Heisenberg antiferromagnetic with randomly distribu
interaction strengths. This system is defined by the follow
Hamiltonian for a chain ofL spins:

H5 (
i 51

L21

JiSW i•SW i 11 , ~1!

where SW i are spin-1 operators andJi are positive random
nearest-neighbor interactions.

The study of low-dimensional disordered magnetic s
tems has become an important area of research which
attracted the attention of many physicists in recent years1–3

Among the various works developed to study random qu
tum chains, we point out that by Ma, Dasgupta, and
~MDH!.1 They studied the properties of random antiferr
magnetic Heisenberg chains~RAFCs!, with S51/2, using a
real-space renormalization group approach~MDH!. The
MDH scheme has been very successful in explaining
low-temperature thermodynamics of the spin-1/2 RAFC s
tems which are described by power law behavior and g
erned by a fixed point with universal properties. La
Fisher3 solved the MDH renormalization group equations e
actly and clarified the structure of the ground-state proper
of this new phase which has since been called the rand
singlet phase~RSP!.

Recently we presented an extensive theoretical and
perimental study4–6 of strongly disordered one-dimension
antiferromagnetic Heisenberg spin-1 systems. Here, str
disorder is defined as very broad bond probability distrib
tions on a logarithmic scale. The main result which h
arisen from the magnetic measurements and theoretical
culations is that the strongly disordered spin-1 chain beha
similarly to the spin-1/2 RAFC, with low-temperature pow
law thermodynamic behavior but weaker singularities.
fact we have generalized the MDH scheme to study sp
chains and demonstrated that the Haldane gap7 present in the
pure system is suppressed by strong disorder, being fille
low-energy excitations, in agreement with experimental
servations. We pointed out that, although our approac
PRB 620163-1829/2000/62~9!/5541~5!/$15.00
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suitable to describe the system with strong disorder, it fails
describe the weak-disorder regime.

A modified version of the MDH method8,9 has been pro-
posed to deal with both regimes. It consists in mapping
spin-1 chain to an effective spin-1/2 model with both ferr
magnetic and antiferromagnetic bonds.2 With this mapping
the authors of Refs. 8,9 claimed to have obtained a seco
order transition separating the RSP from a weak disorde
phase.

The effect of randomness on the Haldane phase was
studied by Nishiyama10,11who carried out exact diagonaliza
tion and quantum Monte Carlo simulations, and by Hid12

using density matrix renormalization group~DMRG! tech-
niques. They observed that the Haldane phase is quite ro
against randomness and found no random-singlet phase
for the case of strong disorder. On the other hand, To
et al.13 using also a Monte Carlo simulation predicted t
possibility of a random-singlet phase for strong enough d
order.

In the present work we use the extended version of
MDH scheme developed in Ref. 8 to study the phase d
gram of the disordered spin-1 chain. We have obtained
plicit recursion relations for the coupling constants, taki
into account up to six-spin clusters, differently from Hyma
et al., where only four-spin clusters were considered. By
ing numerical procedures we carried out our recursion re
tions directly and followed the evolution of the bond dist
bution functions. We found no evidence of the unstable fix
point, in the moderate disorder regime, separating a rand
singlet phase from a randomly dimerized phase, obtaine
Refs. 8 and 9. Our improved perturbation treatment sho
that the mapping of the antiferromagnetic spin-1 chain t
random spin-1/2 chain with ferromagnetic and antiferrom
netic bonds gives rise only to the randomly dimerized pha
In order to obtain the random-singlet phase all ferromagn
bonds should be strong and in this case we are back to
original random spin-1 chain studied previously. Cons
quently the above mapping does not shed any additional l
on the controversy of the existence of the RSP in spi
chains.

The remainder of this paper is organized as follows.
Sec. II we outline the formalism and discuss some techn
5541 ©2000 The American Physical Society
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points, in Sec. III we present the results, and in the l
section we summarize our main conclusions.

II. FORMALISM

We use the effective spin-one-half~ESH! chain of Hyman
and Yang8 which is a model for the random antiferroma
netic spin-1 chain. Briefly, in this model the chain consists
half spins only. The even bonds are taken from an antife
magnetic~AF! bond distribution whereas the odd bonds a
taken from a distribution containing both antiferromagne
and ferromagnetic~F! bonds. Hence we can rewrite th
model Hamiltonian, Eq.~1!, in the form

H5 (
i 51

L21

~J2i 21SW 2i 21•SW 2i1J2iSW 2i•SW 2i 11!, ~2!

whereJ2i 21 are positive and negative random variables d
tributed according to a probability distributionPodd(J2i 21)
and J2i are only positive random variables distributed a
cording to a probability distributionPeven(J2i). HereSW i are
spin-1/2 operators and we are interested in the limitL→`.

The ESH model can be studied by using an exten
MDH method, which properly accounts for strong ferroma
netic bonds. This generalized MDH procedure works in
following way. At any stage of the decimation, the ener
scaleV is set by the strongest antiferromagnetic bond in
system, so that the odd bonds separate into two gro
group A consists of all AF bonds and those F bonds that
weaker thanV, while group B consists of F bonds that a
stronger thanV. The even bonds are always AF bon
weaker thanV. After identifying the strongest AF bond,Ji
5V, we have to distinguish three types of renormalizat
rules.

~1! If i is odd or if it is even and both neighbors belong
group A, then we directly apply the MDH procedure as ori
nally proposed by Ma, Dasgupta, and Hu.1 The method con-
sists in eliminating the pair of spins with the strongest an
ferromagnetic (J25V) coupling in the random chain b
considering the interaction (J1 andJ3) with the neighboring
spins of this pair as a perturbation~see Fig. 1!.

We must then solve the spectrum of the unperturb
Hamiltonian for the strongly coupled pair of spinsSW 2 andSW 3,
which is given by

H05J2S2
W
•SW 3 . ~3!

FIG. 1. Spins and couplings constants involved in the elimi
tion transformation of a two-spin cluster, which transforms~a! to
~b!.
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The ground stateus& for H0 is a singlet, and there are thre
excited statesut& forming a triplet. The energies areEs5
2 3

4 J andEt5
1
4 J.

The spinsSW 2 andSW 3 are weakly coupled to the neighbo
via

H15J1SW 1•SW 21J3SW 3•SW 4 . ~4!

We next calculate the correction to theH0 ground-state en-
ergy due to the effect ofH1 by perturbation expansion. In
second order,Es is given by

Es1^suH1us&1(
t

u^suH1ut&u2

Es2Et
[E81J8SW 1•SW 4 , ~5!

which provides the following recursion relations:

J85
J1•J3

2V
. ~6!

~2! If i is even and if one of the neighboring bonds, sa
Ji 11, belongs to group B, we eliminate the spinsSi , Si 11 ,
Si 12 and replace them by a single spin-1/2,SW i8 ~see Fig. 2!.

In order to find the modified couplingsJ18 andJ48 we first

solve the three-spin cluster problem ofSW 2 , SW 3 , SW 4. If we
ignore the influence of their neighborsS1 and S5, then the
Hamiltonian for the trio would be

H05J2SW 2•SW 31J3SW 3•SW 4 . ~7!

The ground stateud& for H0 is a doublet. The energy is

Ed52J22J322AJ2
22J2J31J3

2. ~8!

As in the last case, the spinsSW 1 andSW 5 are weakly coupled to
the neighbors by the following Hamiltonian:

H15J1SW 1•SW 21J4SW 4•SW 5 . ~9!

Within the degenerate subspace of the doublet, first-or
perturbation theory shifts the ground-state energy ofH0 by

l52A2~B11!~BJ1SW 11J4SW 5!, ~10!

where

B5
2J32AJ2

22J2J31J3
2

J2
~11!

and

- FIG. 2. Spins and couplings constants involved in the elimi
tion transformation of a three-spin cluster, which transforms~a! to
~b!.
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A5
1

A2~B21B11!
. ~12!

On the other hand, we use the idea that the perturba
H1 is equivalent to

H185J18SW 1•SW 281J48SW 5•SW 28 , ~13!

whereSW 28 is a single spin-1/2 operator. After calculating,
this last case, the first-order perturbation we obtain

l85
A3

2
~J18SW 11J48SW 5!. ~14!

The identification of Eq.~10! with Eq. ~14! provides

J185
2

A3
A2~B11!BJ1 , ~15!

J485
2

A3
A2~B11!J4 . ~16!

So we remove the spinsSW 2 , SW 3, andSW 4, and replace them by
another spin 1/2,SW 28 , which couples to the rest of the cha
throughJ18 andJ48 .

~3! If i is even and both neighbors ofJi belong to group
B, we solve the four-spin cluster including spinsSi 21 , Si ,
Si 11, andSi 12. After removing these spins we end up wi
an effective AF coupling between spinsSi 22 andSi 13 ~see
Fig. 3!.

The Hamiltonian for the six-spin cluster, shown in Fi
3~a!, is given by

H5H01H1 , ~17!

where

H05J3SW 3•SW 41J4SW 4•SW 51J5SW 5•SW 6 ~18!

is the unperturbed Hamiltonian of the four-spin cluster, a

H15J2SW 2•SW 31J6SW 6•SW 7 ~19!

represents a perturbation induced by the presence of ne
bor spinsSW 2 andSW 7.

The ground stateus& for H0 is a singlet, and there are 1
excited states which are all obtained. The ground-state
ergy is given by

FIG. 3. Spins and couplings constants involved in the elimi
tion transformation of a four-spin cluster, which transforms~a! to
~b!.
n

h-

n-

Es52
1

4
~J31J41J5!

2
1

2
~J3

21J4
21J5

22J3J42J4J512J3J5!1/2. ~20!

The displacement inEs generated byH1 is given to second-
order perturbation theory by

Es1^suH1us&1 (
n51

15 u^suH1un&u2

Es2En
[E81J8SW 2•SW 7 ,

where the statesun& and energiesEn are, respectively, the
eigenvectors and eigenvalues of the unperturbed Ha
tonian H0. Again, the procedure outlined above easily pr
vides the recursion relation forJ8 which is too lengthy to be
explicitly written here. Formally it can be expressed as

J85 f ~J3 ,J4 ,J5!•J2J6 ~21!

We point out that in the limitJ3 ,J5→`, f (J3 ,J4 ,J5)
→4/3J4, which recovers our previous result for the origin
spin-1 chain.4 The spinsSW 3 , SW 4 , SW 5, and SW 6 are removed,
yielding an effective couplingJ8 between spinSW 2 and SW 7
neighbors of the four-spin cluster. The extended MDH p
cedure described above keeps the original structure of
system; i.e., even bonds are AF and odd bonds are F or
These recursion relations can be iterated by direct nume
simulations. We consider the spins arranged in a line
choose at random the exchange couplings according to p
ability distributions Peven(J2i) and Podd(J2i 21). We then
find the pair of spins with the strongest antiferromagne
coupling in the chain and address the corresponding re
malization case. As the decimation proceeds, the orig
probability distributions are modified. Critical points are th
evaluated as nontrivial fixed points of these distributions a
phases are identified according to the attractor of their poi

III. RESULTS

We have performed extended numerical simulations
iterate the generalized MDH recursion relations. The chai
composed ofn spin-1/2 objects with periodic boundary con
ditions (n5100 000, for example!. In this work the starting
even exchange coupling distributionPeven(J2i) is always
taken as a uniform distribution with 0<J2i<V such that
Peven(0)Þ0. This is the distribution which is considered
most of the studies of random chains and we refer to it as
strongly disordered case. The distribution for the odd c
plings,Podd(J2i 21), consists of one partPodd8 of bonds with
2V<J2i 21<V and another partN(J2i 21) with strong fer-
romagnetic bonds, i.e.,J2i 21,2V. The normalization con-
ditions for those distributions are

E
0

V

Peven~J2i !dJ51 ~22!

and

E
2V1

2V

N~J2i 21!dJ1E
2V

V

Podd8 ~J2i 21!dJ51, ~23!

-
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whereuV1u.uVu.
WhenPodd8 (J2i 21)50 and all theJ2i 21→`, the original

S51 chain is recovered. For the strongly disordered c
corresponding toPeven(J2i) defined above, successive elim
nation transformations give rise to weaker and weaker c
plings, as the cutoff decreases. For sufficiently smallV, the
distributionPeven(J2i) becomes peaked atJ2i50 approach-
ing the fixed point, power law behavior,

P* ~J2i ,V!'
a

V S J2i

V D 211a

, ~24!

and the Haldane gap present in the pure system is
pressed, being filled by low-energy excitations. The fix
point form P* (J2i ,V), Eq. ~24!, leads to a low-temperatur
behavior of the thermodynamic quantities described also
power laws,1,4,5

F}T112a, Cv}Tgc ~25!

and

x}T211gs, m}Hgh, ~26!

whereF is the free energy,Cv is the specific heat, andx is
the susceptibility.H and m are, respectively, the uniform
external field and magnetization. The exponentsgc , gs , and
gh are related to the exponenta of P* (J2i ,V) and of the
free energyF. Since the power law distribution is not th
exact fixed point distribution for the elimination transform
tion, a and consequentlygc ,gs , andgh depend on the tem
perature and cutoff. Thus, the disordered spin-1 chain gro
state resembles the disordered spin-1/2 ground state, kn
as the random-singlet phase, but with weak
singularities.1,4,5 These are in fact the results we have o
tained previously using a direct approach to the spin-1 ch

Let us now consider more general situations. For con
nience we have chosen to study the evolution of the pr
ability distribution P̄(xi ,V) of the variablexi defined by

xi5
uJ2i /J2i 21u

uJ2i /J2i 21u11
. ~27!

In order to identify the different phases of the random cha
it is sufficient to follow the flow of the mean value of th
P̄(xi ,V) distribution

^x&5E
2`

1`

xP̄~xi ,V!dx. ~28!

In the random-singlet phase all odd bonds are strong
romagnetic, i.e., much larger than all antiferromagnetic e
bonds. The spin 1/2’s are combined into spin-1 obje
which eventually form singlets. In this case the mean va
^x& goes to zero becauseJ2i /J2i 21→0. On the other hand
in the random dimerized phase the odd bonds~AF or F!
become much weaker than the even AF bonds. Only s
1/2’s, weakly coupled, remain in the chain, forming single
over even bonds~decoupled dimers!. In this case the ratio
J2i /J2i 21→`; hencê x& goes to unity. In order to study th
competition between these two phases, we have carried
the iteration of the recursion relations, considering two typ
of initial distributions for N(J2i 21): delta and rectangula
e
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functions. The important physical ingredient separating
two phases lies on the presence of strong odd ferromagn
bondsN(J2i 21) in the chain. The results we have obtain
are the same for both distributions,N(J2i 21), indicating that
they are insensitive to any specific realization of disorder

In Fig. 4 we present the results for the delta function ca
Podd8 (J2i 21) is taken as a uniform distribution with2V
<J2i 21<V and Peven(J2i) a gapless uniform distribution
with 0<J2i<V. The important parameter is the relativ
weight between strong ferromagnetic bonds and the t
number of odd bonds, i.e., the ratioN/(P81N). The plot
shows the evolution of the first moment of the probabil
distribution, given by Eq.~28!, for different values of this
ratio. For the two initial distribution of odd bonds,N(J2i 21),
considered here we have obtained a different flow diagr
from the previous study by Hyman and Yang.8 In their work
they find the existence of the random-singlet phase in
chain when 50% or more of the odd bonds are strong fe
magnetic. Our numerical results indicate that the rando
singlet phase is only reached when we have 100% of the
bonds are strong ferromagnetic. Otherwise we are alway
the random dimerized phase. The ESH model with 100%
odd bonds strong ferromagnetic just recovers the rand
spin-1 chain which has been investigated previously.5 These
results show that the mapping of the antiferromagne
spin-1 chain to a random spin-1/2 chain with both ferroma
netic and antiferromagnetic bonds does not allow any d
nite conclusion on the crossover from strong to weak dis
der in the random spin-1 chain.

For completeness, the random-singlet phase was
characterized by the power law behavior obtained for
probability distribution Peven(J2i ,V) of antiferromagnetic
bonds in the low-energy limit@see Eq.~24!#. This is the fixed
point form, for whichPeven(J2i) evolves after a sufficiently
large number of iterations. Actually this is a characteristic
the random-singlet phase that, independently of the form
the original distribution, it always flows to the power la
behavior. Although the exact form ofN(J2i 21) is not rel-
evant to the overall qualitative features of the phase diagr

FIG. 4. Evolution of the first moment of the probability distr

bution, P̄(x,V) as a function of the spin population during th
renormalization process. Each curve corresponds to a different
tial percentage of strong ferromagnetic odd bonds.
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this is not the case for the power law exponent of the ren
malized Peven(J2i). We found that althoughPeven(J2i) al-
ways becomes a power law in the random-singlet phase
exponent is not universal and depends on the form of
initial distributionN(J2i 21). In Fig. 5 we present this powe
law behavior, with exponenta50.54, obtained for an initia
distributionN(J2i 21)5d(J2i 212V1).

FIG. 5. Power law behavior of the probability distributio
Peven(J2i ,V) in the low-energy limit. This plot was obtained for
initial distributionN(J2i 21)5d(J2i 212V1). Inset: the log-log plot
of Peven(J2i ,V) yields the exponenta50.54.
a

lid

ys
r-

he
e

IV. SUMMARY

In this work we have investigated the random antifer
magnetic spin-1 chain by means of a real-space renorma
tion group method. We have obtained explicit recursion
lations for the coupling constants of the EHS chain, witho
any approximation, up to four-spin clusters instead of
two-spin clusters usually considered. Our improved pert
bation scheme, applied on larger clusters, allows for a m
rigorous treatment of the strong ferromagnetic bonds.
have obtained, differently from previous claims,8 that only
when 100% of the odd bonds of the random spin-1/2 cha
on which we mapped the spin-1 system, are strong ferrom
netic does the random-singlet phase appear. At this po
however, we are back to the original random spin-1 ch
investigated previously by us.4,5 Consequently the mappin
of the spin-1 chain into an effective spin-1/2 model does
provide any additional information to that already found
Refs. 4 and 5. In particular it does not shed light on t
nature of the crossover from the strong to weak disor
regime. The ground state of the EHS model with less th
100% of odd bonds strong ferromagnetic is that of a rand
dimerized spin-1/2 chain.
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