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Temperature dependence of the momentum distribution of positronium in MgF2, SiO2, and H2O
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Temperature dependence of the momentum distribution of delocalized Bloch-positronium in solids is stud-
ied. The momentum distribution of the positronium, which is proportional to the energy integration of the
spectral function weighted with the Bose distribution, is expressed in terms of the effective mass and the
deformation potential of the crystal for positronium. A simple formula for the shape of the positronium peak in
the 1D-ACAR spectrum is derived and applied to the analysis of the experimental data for MgF2 , SiO2, and
H2O in wide temperature ranges. An extraordinary broadening of the peak shape is observed for MgF2. It is
interpreted as an effect of the umklapp phonon scattering. The diffusion constants of Ps in these materials are
also estimated.
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I. INTRODUCTION

Positronium~Ps!, the bound state of a positron and a
electron, forms in various insulators.1–3 Ps is in a delocalized
Bloch-state in some single crystals: quartz, magnesium fl
ride, ice, and some alkali halides at low temperatures.4–7 In
such crystals, narrow peaks are observed in the angular
relation of 2g annihilation radiation~ACAR! spectra, a main
peak at the center and satellite peaks at the momenta c
sponding to the projections of the reciprocal lattice vecto8

These peaks, which originate from the self-annihilation
the Ps, represent the translational momentum distributio
the Ps atoms. The relative intensities of these peaks pro
information about the wave function of the Ps.9,10

The shape of the central peak enables us to discuss
renormalization and the damping of the Ps state.~We refer to
this peak as Ps peak.! The shapeN1D(px) of the Ps peak in
one-dimensional~1D-! ACAR spectra is the linear projectio
of the Ps momentum distribution. The momentum dens
distributionF(pW ) of the Ps is proportional to the energy in
tegration of the Ps spectral functionrpW (v) weighted with the
Bose distribution:11

F~pW !}E
2`

`

dv
rpW~v!

ev/kBT21
. ~1!

This shows that the ACAR data reflect the momentum asp
of the spectral function.

In previous works12,13 investigating the shape of the P
peak in terms ofF(pW ), Eq. ~1! was approximated for sim
plicity by a Gaussian function with the same full-width
half-maximum~FWHM!. This approach, however, fails fo
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magnesium fluoride where theN1D(px) at higher tempera-
tures cannot be approximated by a single Gaussian bec
of a large tail.13

In this paper, we present a formula for theN1D(px) ex-
pressed in terms of the effective mass of the Ps and
deformation potential without the Gaussian approximati
The linear projection ofF(pW ) is compared directly with the
shape of the Ps peak observed in the 1D-ACAR spectr
The 1D-ACAR of MgF2 single crystal is measured in a wid
temperature range and the formula is applied to fit the d
The formula is also applied to fit the quartz and ice d
which were previously measured. The large tail in t
N1D(px) for MgF2 at higher temperatures is well explaine
by taking into account the effect of the umklapp phon
scattering recently suggested by Bondarev.14 The diffusion
constant is also estimated for each material.

II. THEORY

Since Ps is neutral, its interaction with longitudinal acou
tic phonons is expected to be more important than that w
polar optical phonons. Our problem is simplified by cons
ering only the interaction with the former as in the theory
the exciton.15,16 Then the Ps-phonon interaction is treated
terms of the effective massM* of the Ps and the deforma
tion potentialEd . The Hamiltonian is written as

H5H01H85F(
kW

«kWckW
†
ckW1(

qW
\vqWaqW

†
aqW G

1 (
kW ,qW ,GW

gqWckW1qW 1GW
†

ckW~aqW2a
2qW
†

!, ~2!
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gqW5 iEdqA \

2vqrV
, «kW5

\2k2

2M*
, ~3!

whereaqW annihilates a phonon with frequencyvqW , ckW anni-
hilates a positronium atom with kinetic energy«kW , r is the
density of the material,GW is the reciprocal lattice vector,gqW

is the Ps-phonon coupling constant andV is the volume of
the sample. The terms withGW 50 andGW Þ0 correspond to
the normal and umklapp interactions with phonons, resp
tively. Then the spectral function is well approximated by

rkW~v!5
2GkW~v!

~v2\2k2/2M* !21@GkW~v!#2
, ~4!

with the self-energySkW5DkW2 iGkW . Substituting Eq.~4! into
Eq. ~1!, we can write the momentum distributionF(pW ) of the
Ps as

F~pW !}E
0

` GkW~v!e2v/kBT

~v2p2/2M* !21@GkW~v!#2
dv, ~5!

where the Bose statistics is replaced by the Boltzmann
tistics because there exists at most only one Ps atom at a
in the specimen.

Using the lowest~second! order perturbation theory, th
damping termG is

GkW~v!;
Ẽd

2M* 3/2kBT

A2p\3s2r
Av ~6!

with

Ẽd5AEd
21

\s2Ed
(1) 2n~v1!

v1kBT

'H Ed for T,TD5\v1 /kB ,

AEd
21~sEd

(1)/v1!2 for T.TD ,
~7!

whereEd
(1)5EdnG/2 representing the effect of the umklap

phonon interaction,14 s is sound velocity,n is the number of
the nearest neighbors in the reciprocal lattice space,n(v1)
5@exp(\v1 /kBT)21#21 is the value of the phonon distribu
tion function at the phonon frequencyv1 near the boundary
of the Brillouin zone.

In the previous works,12,13 the momentum distribution
F(pW ), derived by substituting Eq.~6! into Eq.~5! without the
umklapp effect (Ed

(1)50), was approximated by a Gaussia
function. However, it is possible to calculate the linear p
jection ofF(pW ), i.e., 1D-ACAR spectrumN1D(px) for the Ps
peaks, without using the Gaussian approximation. The i
gration over the momentapy and pz can be performed ana
lytically prior to the integration over the energy (v):

N1D~px!}E
0

`

djje2j2/kBTFp

2
1arctanS j22gpx

2

aj D G , ~8!

a5
Ẽd

2M* 3/2kBT

A2p\3s2r
, g5

1

2M*
. ~9!
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Since this expression includes only one integration and
two parametersM* and Ẽd , we can apply nonlinear leas
squares fit directly to the measured 1D-ACAR data.

III. EXPERIMENTAL

A MgF2 single crystal cut perpendicular to thec axis was
supplied by OKEN Co. Ltd. The 1D-ACAR spectra in
wide temperature range from 14 K to 573 K were measu
by using long-slit apparatus. The 1D-projection of t
electron-positron momentum distribution to thec axis of the
crystal was measured under the magnetic field of 1.5 T.
momentum resolution of the apparatus is well approxima
by a Gaussian function with the FWHM of 0.3031023mc
(m: free electron mass;c: light speed;mc5137 a.u.!. The
reason thec-axis is selected is that the narrow peaks are m
widely separated from each other, and hence the subtrac
of broad component is the easiest. The obtained data
shown in Fig. 1.

Each ACAR curve consists of a broad component w
the FWHM of ;1031023mc, a narrow strong peak at th
center, and a weak satellite peak at the momentum (28
31023mc) corresponding to the projection of the~111!

FIG. 1. The angular correlation curves along thec axis of a
MgF2 single crystal taken at temperatures from 14 K to 573 K. T
solid lines indicate the broad component irrelevant to the mom
tum distribution of the Ps.
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reciprocal-lattice vector. The narrow peaks are attributed
the 2g self-annihilation of the delocalized Ps and thus re
resent the momentum distribution of the Ps. The broad c
ponent arises from the annihilation of non-Ps positrons
pick-off annihilation of the Ps~annihilation of the Ps posi
tron with an electron other than that bound in the Ps!. This
component does not change the shape when the temper
is varied.

The Ps peaks are isolated by subtracting from the
ACAR curves the broad component which is comm
throughout the whole temperature range. Figure 2 shows
results of the subtraction.

Under the magnetic field, the ortho-Ps can self-annihil
into 2g due to the Zeemann mixture of the para-Ps and
m50 substate of the ortho-Ps,17 while 2g self-annihilation
of the ortho-Ps is forbidden in zero field. We have confirm
that the shape of the Ps peak does not depend on the
netic field. This means that the ortho-Ps, the average lifet

FIG. 2. The centralp-Ps peak for MgF2 at different tempera-
tures. The peaks are extracted by subtracting the broad compo
from the measured 1D-ACAR curves. The solid and dashed l
are the results of the nonlinear least square fits by Eq.~8!.
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of which is longer than that of para-Ps, is thermaliz
enough before the annihilation.

IV. ANALYSIS

The formulation described in Sec. II was used to analy
the 1D-ACAR data for the Ps in the MgF2 crystals. The
previously measured data for SiO2 (a-quartz!18 and H2O
~ice!19–21 were also analyzed. The momentum resolutions
the apparatus are well approximated by Gaussian funct
with the FWHM of 0.3831023mc for the measurements o
SiO2 , 0.2631023mc for H2O at 110 K and 160 K, and
0.1331023mc for H2O from 4 K to 60 K. In thecase of
H2O, only the data below 160 K were analyzed becaus
part of the Ps in H2O is trapped in thermally created vaca
cies above 180 K and is not in the delocalized Bloch-stat21

The effect of the momentum resolution of the apparatus
included by convoluting the Gaussian resolution functi
into Eq. ~8! in the fitting procedure.

We tried fitting Eq.~8! to the spectra for MgF2 with com-
monM* anduẼdu in the whole temperature range. It was n
possible to obtain the common values of the paramet
Then we tried the same fitting in a restricted temperat
range, from 14 K to 149 K. The solid lines in Fig. 2 in th
temperature range show the results of the fit. The mo
explains the data very well. The optimized values ofM* /2m

and uẼdu are 1.1060.01 and 7.6060.09 eV, respectively.
Since theTD of MgF2 is about 230 K,22 the uẼdu determined
in this temperature range representsuEdu. The sign ofEd is
probably negative since both the positron and the electro
the Ps prefer not to penetrate into a molecule and henc
likes dilated regions.

The dashed lines above 200 K in Fig. 2 show the Ps p
shape expected from these values ofM* /2m and uEdu. It is
clear that the momentum distribution broadens more as
temperature is elevated. We interpret this in terms of
umklapp phonon scattering, fitting Eq.~8! to the spectra
above 250 K with adjustableẼd and M* /2m fixed to 1.10.
The solid curves above 250 K in Fig. 2 show the results
the fit and Fig. 3 shows the optimized values ofẼd . The fits
are good. The value ofẼd increases with temperature an
saturate to about 16 eV above 355 K. This is consistent w

ent
s

FIG. 3. The temperature dependence ofẼd for MgF2 .
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the picture presented by Eq.~7!. The value forEd
(1) was

obtained to be;93107 eV/cm, usingv15kBTD /\ (TD
.230 K!.

Contrary to the case of MgF2, we can fit, in each the cas
of SiO2 and H2O, Eq.~8! with a commonM* /2m andEd in
the whole temperature range. The results of the fits
shown in Fig. 4 (SiO2) and Fig. 5 (H2O). The optimized
values areM* /2m51.5460.08 anduEdu53.660.7 eV for
SiO2, and M* /2m51.160.1 and uEdu53.360.6 eV for
H2O. The fact that one value ofEd can fit all the ice data is
in agreement with the Debye temperature being higher t
the highest temperature of the measurements.

The diffusion constantD at temperatureT is related with
G andM* as2

D;\GkW
21

~kBT!kBT/M* . ~10!

FIG. 4. The centralp-Ps peak for SiO2 at different temperatures
The peaks are extracted by subtracting the broad component
the measured 1D-ACAR curves. The solid lines are the result
the nonlinear least square fits by Eq.~8!.
re

n

The obtained values ofM* /2m anduEdu give the Ps diffsion
constant to be;0.2360.06 cm2/s for MgF2 at 300 K,
;0.660.2 cm2/s for SiO2 at 300 K and;0.360.1 cm2/s
for H2O at 100 K.

V. DISCUSSION

With the lowest order approximation of the self-energ
we have been able to explain the 1D-ACAR data for MgF2 ,
SiO2, and H2O very well in terms of the only two param
eters,M* and uẼdu. Anomalous broadening for MgF2 is in-
terpreted as the effect of the umklapp phonon scattering.
other possibility is Ps scattering with the nonpolar optic
phonons because the interaction matrix element has the s
q-dependence as the umklapp scattering with acou
phonons. The anormalous broadening is not observed
SiO2 or H2O. The reason is not clear at present. Proba
Ed

(1) for SiO2 or H2O is much smaller than that in MgF2.
Even if it is not small in H2O, we should not expect to se

m
of

FIG. 5. The centralp-Ps peak for H2O at different temperatures
The peaks are extracted by subtracting the broad component
the measured 1D-ACAR curves. The solid lines are the result
the nonlinear least square fits by Eq.~8!.
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the effect since theTD @;220 K Ref. 23# of H2O is higher
than the highest temperature of the measurements.

The diffusion constants of the Ps in SiO2 and H2O have
been estimated by using slow positron beams.24,25 Eldrup
et al.24 measured the incident positron energy dependenc
the fraction of the Ps emitted from the H2O surface. The
values ofD estimated for two different samples were 0.
and 0.30 cm2/s below 100 K, which are similar to th
present value. Sferlazzoet al.25 estimated the value ofD for
SiO2 at room temperature as 0.07 cm2 / s with a method
similar to that of Ref. 24. This is one order of magnitu
smaller than the present value. The discrepancy could be
to the differences in impurity and defect densities in t
sample used, giving rise to differences in Ps scattering
trapping and influencing the effective Ps diffusion consta
,
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e
ue
e
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It is to be pointed out that the successful fit of our expr
sion to the data for H2O shown in Fig. 5 suggests aT21/2

behavior ofD as indicated by Eq.~6! inserted into Eq.~10!,
while a variable-energy positron experiment24 reports that
the D for H2O is constant below 100 K. It would be inter
esting to do new and more detailed slow positron exp
ments on H2O.
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