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Ab initio calculation of the formation and migration energies for monovacancies in Mg
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Within the framework of the density-functional theory in local-density approximation and theab initio
pseudopotential method a monovacancy formation energyE1V

f of (0.8360.07) eV and migration energiesE1V
m

of (0.4760.08) eV and (0.4560.08) eV are obtained for a vacancy-mediated self-diffusion along thec axis
and in the basal plane of hexagonal Mg. The obtained migration energies fit to the experimental value obtained
when assuming that the vacancy migrates in the resistivity recovery stage III. However, both the theoretical
values forE1V

f andE1V
m as well as the experimental values~obtained by assuming a vacancy migration in stage

III ! add up to values for the activation energy of self-diffusion which are considerably smaller than the
activation energy obtained by tracer self-diffusion experiments.
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The investigation of the formation and migration prope
ties of monovacancies in Mg is interesting for the followin
reasons.

~1! There are conflicting experimental results on the f
mation energyE1V

f . The comparison of dilatometric an
x-ray thermal expansion measurements at elevated temp
tures lead to a rather low value of 0.58 eV.1 The experiments
were criticized by Tzanetakiset al.,2 because the dilatomet
ric and x-ray experiments were not performed for the sa
specimen. Indeed, electrical resistivity measurements at t
mal equilibrium or after quenching yielded considerab
larger values~see Ref. 2 and references therein!, i.e., E1V

f

50.7960.03 eV ~Ref. 2! and E1V
f 50.8360.03 eV ~Ref. 3!

when the measurements were performed under condition
very low vacancy concentrations to prevent precipitat
during the quench. Positron annihilation experiments in
are difficult to analyze: Because the binding energyEb of a
positron to a monovacancy in Mg is probably rather small4 a
trapping-detrapping model has to be fitted to the experim
tal data, and the rather large number of fit parameters in
duces an uncertainty forE1V

f . For instance, assumingEb

.0.5 eV yields E1V
f 5(0.960.1) eV whereas for Eb

50.4 eV the best fit is obtained forE1V
f 50.85 eV. An accu-

ratea priori knowledge ofE1V
f would help to fixEb . Alto-

gether, the vacancy formation energy in Mg appears to
between 0.8 and 0.9 eV~if we omit the low value from the
differential thermal dilatometry!.

~2! There is a long-standing discussion on the interpre
tion of the various recovery stages upon annealing of irra
ated or quenched metals which are denoted by numbers
V ~with stage I being subdivided into various substages!, see,
e.g., Refs. 5, 6. In the so-called one-interstitial model it
assumed that there are two elementary intrinsic point def
which exhibit long-range migration, the vacancy and t
stable interstitial configuration, whereas in the tw
interstitial model the vacancy, the stable interstitial config
ration and a metastable interstitial configuration are con
ered for long-range migration. In the one-interstitial mod
stagesI E and III are attributed to the long-range migration
the stable interstitial configuration and of the vacan
whereas in the two-interstitial model stateI E is associated
PRB 620163-1829/2000/62~9!/5489~3!/$15.00
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with the migration of the metastable configuration, stage
with the migration of the stable configuration and stage
with the migration of the vacancy. The two main recove
stages6 in Mg are stage III and stage IV. Stage III is center
at about 130 K after neutron irradiation,7 at slightly higher
temperatures~130–170 K! after electron irradiation,4,8 and it
appears between 80 and 160 K after He1 bombardment.9

Stage IV appears around 215 K after quenching,2 between
240 and 280 K after electron irradiation,8 and between 200
and 280 K after He1 bombardment.9 The question under
discussion again is whether the free migration of vacanc
should be attributed to stage III~e.g., in Ref. 8! or stage IV
~e.g., in Ref. 9!. For a vacancy migration in stage III centere
at about 130 K~Ref. 7! the migration energyE1V

m would be
about 0.45 eV. This value, however, is in conflict with th
one obtained fromE1V

m 5ESD2E1V
f which is obtained when

assuming that the self diffusion~and hence the activation
energyESD for self-diffusion! is mediated by monovacan
cies. From the experimental valueESD51.44 eV ~Ref. 10!
obtained by a tracer diffusion experiment, and insert
0.8 eV<E1V

f <0.9 eV, considerably larger migration ene
gies, 0.54 eV<E1V

m <0.64 eV, are found. The recovery a
stage IV around 215 K found by Tzanetakiset al.2 is consis-
tent with a migration energy of 0.5 to 0.6 eV and hen
compatible with the so obtained range of values for the
gration energies. When judging all these numbers it sho
be taken into account that the various experimental data
hibit a statistical error and probably also a systematic e
~for instance, related to a slight curvature of the Arrhen
plot for the self-diffusion data due to contributions of com
plex defects such as divacancies or to a temperature de
dence of the defect properties!. Therefore, it is not totally
clear whether the discrepancy betweenE1V

f 50.45 eV found
when attributing the vacancy migration to stage III and t
larger values of the migration energy obtained fromESD

2E1V
f is really decisive.

~3! For hexagonal materials the diffusion tensor in gene
is anisotropic, and two migration energiesESD

i for diffusion
along thec axis andESD

' for diffusion in the basal plane ar
expected. For Mg at most an extremely small anisotropy w
found in the diffusion experiments,10 with ESD

i
51.44 eV and
5489 ©2000 The American Physical Society



tia
a

r

se

e-
ty
l
r

pe

o-
,’
u
th
l
w

ur
%
r
gl
n

-
nc
f
n

he
th
ith
fo

on
ion

fo

o

th
r

o
in

on
-

er-

re-
r of

e
l
and
the
in-
xi-

the

is
for

for
ike.

er-
of
It
on
ergy
e,

r a
the
si-

be

e
hs

ed

5490 PRB 62H. KRIMMEL AND M. FÄ HNLE
ESD
' 51.43 eV and with more or less identical preexponen

factors. For comparison, in hexagonal Be there is indeed
anisotropy,11 with ESD

i
51.71 eV andESD

' 51.63 eV.
In the present paper the energies of formation and mig

tion of vacancies in Mg are calculated by theab initio elec-
tron theory. There are only fewab initio calculations of the
vacancy formation energy in hexagonal metals. The pre
authors considered the case of Be~Ref. 12! and Le Bacq
et al.13 the hexagonal phases of Ti, Zr, and Hf.

The calculations were performed within the fram
work of the density-functional theory in local-densi
approximation14 and the ab initio pseudopotentia
method.15,16 A supercell formalism is used, i.e., large supe
cells containingN sites and one vacancy were arranged
riodically, and the formation energy was calculated from17

E1V
f 5E~N21,1,V8!2

N21

N
E~N,0,V!, ~1!

whereE(N21,1,V8) is the energy of the supercell withN
21 atoms and one vacancy at the equilibrium volumeV8
andE(N,0,V) is the energy of the perfect supercell withN
atoms at the equilibrium volumeV. Both the ‘‘structural
relaxation,’’ i.e., the individual relaxation of the atomic p
sitions around the vacancy, and the ‘‘volume relaxation
i.e., the change in the supercell volume due to the introd
tion of the vacancy, were taken into account. Due to
nonidealc/a ratio of Mg ~see below! a vacancy in the basa
plane has six nearest neighbors outside the basal plane
nearest-neighbor distance which is slightly smaller thana
and six neighbors in the basal plane with distancea. The
nearest neighbors of the vacancy exhibit an inward struct
relaxation of 1%, the neighbors in the basal plane of 0.6
the relaxations of all the other atoms are at least an orde
magnitude smaller. The volume relaxation has only a ne
gibly small effect onE1V

f , no matter whether we allow for a
isotropic or an anisotropic~because of the hexagonal sym
metry! change of volume due to the vacancy. The vaca
migration energyE1V

m is calculated within the framework o
the transition state theory18 as the energy difference betwee
two static, fully relaxed configurations, the first one with t
moving atom in the saddle point configuration between
initial and the final state of the jump and the other one w
the atom in the initial state. According to our experience
Li, Na, K, and Mo we assumed that the difference in volum
for the supercell with the vacancy in the initial configurati
and with the moving atom in the saddle point configurat
has only a negligibly small effect onE1V

m , and we therefore
calculated the energy of the saddle-point configuration
the equilibrium volume of the initial configuration.

We considered all diffusion paths with jump distanceL
<c ~Fig. 1!.

~1! Jump of an atom from the basal plane to a vacancy
a nearest-neighbor site in a parallel neighboring plane.

~2! Jump of an atom in the basal plane to a vacancy on
nearest-neighbor site in the same plane. The jump vecto
slightly larger than for diffusion path 1, see above.

~3! Jump of an atom from the basal plane to a vacancy
the next-nearest-neighbor site in a parallel neighbor
plane.
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~4! Jump of an atom from the basal plane to a vacancy
the nearest-neighbor site along thec axis, i.e., the nearest
neighbor in a parallel next-nearest-neighbor plane.

Our calculations yieldeda53.12 Å, c55.06 Å, andc/a
51.62. The experimental values are19 a53.20280 Å, c
55.19983 Å, andc/a51.62 at 298 K.

The vacancy formation energy was calculated for sup
cells with N516, 36, and 54 sites. ForN554 we obtained
E1V

f 50.83 eV with an estimated numerical error of60.03
eV due to a nonperfect convergence of the results with
spect to the supercell size and with respect to the numbe
plane waves used in the basis and the number ofk points
used for the sampling of the Brillouin zone. From th
comparison20 of ab initio data with the best experimenta
data for the case of other simple metals such as Li, Na,
Al we estimate the uncertainty resulting from the use of
local-density approximation to be smaller than 5%. The
fluence of nonlocal corrections to the local-density appro
mation has been investigated within the framework of
generalized-gradient approximation by So¨derlind et al.21 for
the case of bcc transition metals. It turned out that there
only a weak influence on the vacancy formation energy
4d and 5d metals and a stronger influence for 3d metals
~especially Fe! with the strongly localizedd states. We think
that these nonlocal corrections are not important for Mg
which the valence states are much more free-electron-l
We thus finally obtainE1V

f 5(0.8360.07) eV, whereby to
our feeling the error limits have been chosen rather gen
ously. This formation energy is consistent with the range
values 0.8<E1V

f <0.9 eV found experimentally, see above.
would fit to a binding energy of 0.4 eV between the positr
and the vacancy, see above. The vacancy formation en
of Mg is smaller than the vacancy formation energy of B
which is 1.13 eV.12 For the vacancy formation volumeV1V

f

5V82V1V0 we obtainedV1V
f 50.76V0 whereV0 is the

equilibrium atomic volume of the perfect material.
The vacancy migration energy first was calculated fo

supercell containing 36 sites. We thereby assumed that
saddle-point configuration corresponds to the midpoint po
tion of the jumping atom. For path 2 which turned out to
energetically most favorable one~see below! we have con-
firmed this assumption by an explicit calculation of th
whole diffusion path. It turned out that for the diffusion pat

FIG. 1. The jump vectors for the four diffusion paths consider
in this paper.
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3 and 4 the migration energies are a factor of about 5 an
larger than for the diffusion paths 1 and 2. We therefore h
redone the calculations for the diffusion paths 1 and 2 fo
supercell containing 54 sites. Thereby the migration ener
changed by less than 2%, i.e., we can assume that they
well converged with respect to the supercell size. We
tainedE1V

m 5(0.4760.08) eV andE1V
m 5(0.4560.08) eV for

diffusion path 1 and 2, where the estimated error lim
~again generously chosen! encompass the numerical erro
and the errors from the application of the local-density
proximation. Because the diffusion path 1 exhibits a d
placement along thec axis it may mediate a self-diffusion
along thec axis with an activation energy ofESD

i , whereas
the diffusion path 2 with the slightly smaller migration e
ergy will be favored for the diffusion in the basal plane, a
we denote the corresponding activation energy withESD

' .
For the activation energies for self-diffusion via monovaca
ciesESD5E1V

f 1E1V
m , we thus obtainESD

i
51.3 eV andESD

'

51.29 eV. The calculations thus reproduce the experime
result that very similar activation energies are found for
diffusion along thec axis and in the basal plane, withESD

i

slightly larger thanESD
' .

Our values forE1V
f , E1V

m and ESD5E1V
f 1E1V

m are com-
pared with experimental values in Table I. The calcula
value ofE1V

m 50.45 eV fits to the experimental value of 0.4
eV which is obtained when assuming that the vacancy
grates in the recovery stage III. In spite of this clear sta
ment, we want to mention that we run into the same pr
lems as experimentalists when we try to understand not
one or the other experiment but all available experiments
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the basis of this assignment. We just discuss two of th
problems and refer to a critical discussion of all experime
in Ref. 6. First, if we take our values forE1V

f andE1V
m seri-

ously, we end up withESD'(1.360.15) eV. The most prob-
able value of 1.3 eV is considerably smaller than the exp
mental value of 1.44 eV. We therefore must conclude t
either our error estimates for the calculation are too optim
tic ~although to our feeling they are already rather generou
chosen! and that in reality the migration energy and/or t
formation energy are larger than obtained by our calcu
tions, or that the experimental value for the activation ene
is too large. It therefore would be highly desirable to redo
diffusion experiment. Second, the fact that the recovery s
IV occurs after quenching~where mainly vacancies are pro
duced! is more naturally explained by assigning the vacan
migration to stage IV.

TABLE I. Comparison of theoretical results with experiment
data~in eV!. The experimental data forE1V

m depend on the assign
ment of the vacancy migration to stage III or stage IV of the res
tivity recovery, see text.

Present Work Experiment
stage III interpret. stage IV interpret

E1V
f 0.8360.07 0.79–0.9~Refs. 2–4!

E1V
m 0.47

0.45
60.08 0.45~Ref. 7! 0.5–0.6~Ref. 2!

E1V
f 1E1V

m 1.3060.15 1.24–1.35 1.29–1.5
ESD 1.44 ~Ref. 10!
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