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Consistent anisotropic repulsions for simple molecules
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We extract atom-atom potentials from the effective spherical potentials that successfully model Hugoniot
experiments on molecular fluids, e.g; @1d N.. In the case of @the resulting potentials compare very well
with the atom-atom potentials used in studies of solid-state properties, while thel are considerably softer
at short distances. Ground-stale<{0 K) and room-temperature calculations performed with the N-N poten-
tial resolve the previous discrepancy between experimental and theoretical results.

In recent years there has been an increasing interest in thmtentials so extracted could provide a unified description of
high-pressure properties of liquids and sofidas experi-  pure and mixed molecular solids under a variety of pressure
mental research focused on the “extreme” states of matter, iand temperature conditions.
also forced us to refine our knowledge of the relevant inter- Physically, the spherical potentials extracted from experi-
molecular interactions. In many instances, including themental data for anisotropic systems are effective interactions,
study of thermodynamic properties, such interactions can beesulting from “averaging” the anisotropy at high tempera-
described by effective two-body potentials. Because evefHres. A great deal of effort has gone into justifying and
simple molecular systems such as 8 O, can reveal be- finding procedures to construct such effective spherical inter-
wildering complexity at high pressures, developing reliableactions. In this regard, the so-called “median” potential of
potentials has proved to be a laborious task. A further diffi-Shaw, Johnson, and Holi&represents one outstanding con-
culty is that the intermolecular interactions are in most casedfibution. Subsequently, Lebowitz and Pertutarified the
anisotropic. Taking into account the anisotropy is essentialain ideas behind this approximation, which we now sum-
for an accurate description of solid phases. In general, sitenarize for the slightly more general case of a mixture.
interaction model§commonly referred to as atom-atom po-  If ¢(r,Q4,Q,) is an anisotropic potential between mol-
tential9, describing the intermolecular interaction as a sumecules of typé andj, and¢g(r) is the corresponding effec-
of the interactions between atoms residing on different moltive spherical potential, a perturbation potential
ecules, have proved to be a successful approach. B B o

Quantum mechanical calculations have been used to pro- ¢ (r,Q1,Q5)=g(r)+A,[d", 4] 1)
vide information on the intermolecular atom-atom potentials, B
which are further adjusted to reproduce measured quantitiés constructed to conneetd (r) at y=0 to ¢'/(r,Q,,Q,) at
such as virial coefficients, sublimation energy, melting pomty:; with 0<y=<1, AJ[¢",¢d]1=0, and A,[¢',¢¢]
at room temperature, low-pressure crystal SthCtUFeSZ,'g?tC- = ¢!l — ¢g3 . The first-order Helmholtz free energy correction
These experimental data are mainly suitable to constrain thgiong this path is\F = y(9F/dy)|, and is proportional to

potential in the attractive region. There are also abundarﬁ-jxixjfgﬂ-(rl,r2)(aAi7j/z9y)|0dr1dr2dﬂld92, where g2's

. . . I
high-temperature and high-pressure data which could proge the pair correlation functions of the sphericalized system
vide information on the short-range anisotropic repulsion.

. > and x;'s are the concentrations2(x;=1). It is easy to see
However, they have been mostly interpreted assuming fhat AE can be annulled independent ofgﬂ’s by requir-
spherical short-range repulsion, with the addition of a long- ' '
range van der Waals attractive t&if The main reason is ng
that the statistical mechanical theory of particles interacting
with spherical potentials is well developed, and reliable and J (ﬁAij/57)|od91d92:0 )
efficient computational tools are available. In contrast, such 7
theories for anisotropic interactions are cumbersome, requir-

i imati et . for all pairs.
ing approximations that are hard to justify and generally lim-
itegd iﬁptheir applicability’ Justity g y The disadvantage of Eq2) as a definition for spherical

The fact that the spherical short-range repulsions empotentials is thatdA%/dy)|o is, to a large extent, arbitrary.
ployed by earlier workers can successfully explain high-The median is defined byoQ)/dy)|o=sgn(@#" — ¢g) and
density, high-temperature experimental data of moleculaminimizes the integral of absolute potential deviations,
fluids suggests that the sphericalization of the anisotropid|®" — ¢¢|dQ,dQ,.** We also note that, as a consequence
repulsion is reasonable in the high-density, high-temperaturef the Gibbs-Bogoliubov inequalities, for the common case
environment. In this work we set out to investigate to whatA [ ¢, ¢ 1=y[ ¢' — ¢¢] the first-order perturbation theory
extent one can extract the anisotropic interactions, in particuprovides a rigorous upper bound on the free energy of the
lar at short range, from such spherical interactions. Considsystem of interest.While for the general case that we con-
ering the extensive database of spherical intermolecular paider here only approximate inequalities h&ldhey do lead
tentials for both like and unlike pairs, the atom-atomto useful heuristic variational principles.
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One of the main advantages of the median potential over 30
other effective spherical potentitss that it is independent
of density and temperatur@nd also concentrations in the
case of mixture€d. Despite its essentially heuristic
basis?!*this appears to be an optimal choice for the thermo-
dynamics of simple fluids such as,ldnd CQ at high pres-
sures and temperaturdsyhere the repulsive interactions
make dominant contributions. Hence, we treat the spherical
potentials derived from experimental ddsach as Hugoniot
data for N and Q) as median potentials and develop a
procedure to invert them to extract the corresponding aniso- 0 , .
tropic potentials. 1.5 2 .25 3
To illustrate the basic idea behind such an inversion pro- r(A)
cess, consider first a si_mple_r system of QUmbb_ells consisting FIG. 1. Repulsive region comparison between the present O-O
O.f two hard spheregwith cﬁameterR) Wlth their centers ._potential(circles and that of Ref. Zsolid line).
fixed at lengthL apart. In this case the equivalent problem is
to determineR by inverting an effective hard-sphere poten-
tial (with diameterR,,). Thlcg median d_efinition. oR,, is ¢(r'Ql,Qz):Z o(ri)). (5)
[sgnRqo— Ry)dQ,dQ,=0," whereR,, is the distance of ij
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closest approach between two dumbbells oriented at solig\/ :
angles(); and(,. It is fairly simple to show that this equa- e also use an exg-G .f°."'.‘ to_represemr) in Eq. (5) and
tion has a unique solutioR. recast Eq(4) as ay m|'n|m|zat|on.

Potentials that are used to model the thermodynamics of To elaborate, for a given set of exp-6 parametersy, a)
high-pressure, high-temperature fluids are more complicateﬁf ‘P(_r) [thereby aoglvenda(r,(ll,ﬂz)] we calculate the
than pure hard cores. The most successful one is the sgPherical potentiaky™(r:e,a.ro) that satisfies the median
called exponential-6“exp-6") potential condltlon, Eq.(4), at a large number of intermolecular sepa-

rations (=100), between,;, and a large cutoff separation
c ; 6 (rmay beyond which the potential can be neglected. In prac-
v(r)= —{6 exp{a 1- —) ) (3) tice we choosery,=2 A, [v(rmin/kg=10° K] and
a—6 o rmax=7 A, which is sufficient to cover the relevant poten-

. . . . tjal region up to very high densities and temperatures. We
yvh|ch combines the short-range _exponentlal repulsion .foun en minimize the function y2(erq,a)=3i[v(r;)
in ee}rly lquantum—theory calculatiolfawith a truncated dis- —(r: ;e,ro,a)]zl[v(ri)2+ei] to determine the exp-6 pa-
persive interactiol that accounts for the attraction at longer rameters ofp(r), wheree, is the well depth of ().
distances. This functional form has been found to provide a W ; ' * OZ o

. ) ) e carried out such minimizations for,@nd N,, with

good representation of the experimental Hugoniots ¢f N fixed gas-phase bond lengths kpf =1.20741 A and
0,, and other small moleculés® while satisfying to a large gas-p g 2 7 N2
extent the “law of corresponding state4.In this work we = 1.097685 A. The resulting potential parameters are the
use the potential parameters for nitrogergNz/kg  following. -
~101.9 K, r§2:4.09 A, and a"2=13.2, obtained by (i) O-O potential: e/kp=45.64 K, a=12.52, andr
Ross and Re&® and the oxygen parameters®2/k =3.480 A.

o ' _ B (i) N-N potential: e/kg=34.42 K, «=12.59, andr,
=125 K, r,?=3.86 A, anda®2=13.2, which have been _3 773 A
also successfully used to model the molecular dissociation |, Fig. 1 we compare the O-O potential with a potential
under shock compressiGii. As experimental Hugoniots are that is used to study the solid-state properties of molecular
excellent probes of the short-range repulsive interactionspxygen? The agreement is satisfactory, in particular, at short
such potential parameters are perhaps the best representati@gtances. In Fig. 2 we make a similar comparison between
of the repulsive region under the spherical approximationthe N-N potential and the so-called Etters potertiahich is
We also note that the well position, and depthe of the  idely used for the study of molecular nitrogen. Figure 2
above potentials are in very good agreement with the onegjso shows another potentfiwhich was recently used for
obtained in molecular beam scattering experiméfits.  the study of small M clusters? It is clear that the potential

The present inversion process derives an anisotropic pGhat we extracted by inverting the median is much softer at
tential ¢(r,€2,42,) that maps intw (r) (with the exp-6 po-  small separations than either of these two, the main differ-
tential parameters described abptirough the median con- ence being attributable to the exp-6 parametehat medi-
struction ates the stiffness of the repulsion.

Solid nitrogen has been the subject of numerous experi-
mental and theoretical studies in the last decades, leading to
f g b(r.€24,€22) —v(r)]dQ2,d0Q,=0 @ 5 good understanding of its phase diagram at lower
pressures:?>-2° However, questions remain regarding its
at all intermolecular distances where ¢(r,Q4,€),) is the  high-pressure behavior, i.e., abo¥€20-30 GPa. Some of
sum of interactionsy(r;;) between atomsandj residing on  these questions concern the crystal symmetry and thermody-
different molecules, namics of the high-pressure phases and others the stability of
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FIG. 2. Repulsive region comparison between the present N-N  FIG. 4. Bulk modulusB of N, extracted from molecular dynam-

potential(circles and that of Ref. 3solid line) and Ref. 20dashed  ics results obtained with the N-N potential of this wdgolid line)
line). and experimental data of Ref. Z@ircles, e-N,; triangles,s-N,).

molecular nitrogen with respect to atomic dissociation and Figure 3 compares these results with the experimental
its possible transition to a metallic state. But ultimately alldata of Ref. 27 and the results obtained with the Etters
these questions appear to be related to each aﬁ‘éx_ray potential.3o The overall agreement is remarkably gOOd, given
diffraction and Raman spectroscopy studies of solid molecuthe fact that the N-N potential has not been adjusted at all
lar nitrogen have revealed an increasing complexity of theédnd is a significant improvement over the Etters potential
phase diagram with pressure, e.g., tabl, phase, which is calculations. This demonstrates the crucial contribution of
apparently a high-pressure distortion of ie3n cubic lat-  the short-range repulsion to close-packed high-pressure
tice of 5-N,.° Calculations using a site-interaction model Structures. Our 0 K energy minimizations do not show any
such as the Etters potential have successfully described treggnificant relaxation of thé&k3c structure to a lower sym-
low-pressure part of the phase diagram. However, they shometry, higher-pressuri@3c lattice?® This may be due to the

a sharp disagreement with the experimental data at higfact that we are only considering structures with eight mol-
pressuré, which in addition to a high sensitivity of the high- ecules per unit cell and also without inclusion of the
pressure structures to the intermolecular poteffiainpha-  quadrupole-quadrupole interaction. However, such a trans-
sizes the need for more reliable interactions. To test the N-Normation is believed to occur at a still higher pressure and
potential obtained in this work, we first calculate the 0 K low temperaturé®

pressure ofe-N, (rhombohedralR3c) by minimizing at We further test the agreement of the experimental and
fixed density the energy with respect to distortions of thetheoretical results by IOOking at the iSOthermal bulk mOd.U|US
Pm3n structure consistent with thR3c symmetry?2° Be- B~ V(9P/dV)r. In order to extracB we fit both the experi-
cause experimental data are available only at room temper nental and theoretl_cal results with a modified Birch equation
ture, we correct t 0 K pressure(p,0) by adding the ther- t_at has been previously used to model t.he bulk modulus of
mal contribution 3ypkgT at each molecular densipy (y is nitrogen at pressures up to about 2 GPa:

the Grineisen parametef’ In addition, we performed iso-

; ; ; ) 3By
':E(raermal molecular dynamics simulations at room tempera P=Py+ 5 (y =y [1-&(y2—1)], (6)
60 wherey = (Vo/V)Y2. The comparison shown in Fig. 4 yields
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FIG. 3. Room-temperature isotherm of:Nmolecular dynamics V(A% molecule)
(solid line) and energy minimizatioridot-dashed lineresults ob-
tained with the N-N potential of this work, Etters potential calcula-  FIG. 5. 0 K energy calculations fer-N, with the N-N potential
tions from Ref. 30(dotted ling, and experimental data of Ref. 27 of this work (solid line) and the local-density-functional results of
(circles, e-N,; triangles,5-N5). Ref. 25.
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very satisfactory agreement. tential based on experimental data. The resulting potential is
Local-density-functional energy calculatiéhyield a re-  “transferable,” in that it can self-consistently describe ma-
liable description of molecular nitrogen, but one that is lim-terial properties of different solid phases as well as liquid
ited to O K. In order to further assess the accuracy of our N-Nohases. If desired, one can refine the attractive part of the
potential we calculate &0 K energy as a function of density potential with inclusion of additional multipolar
for a-N,. Figure 5 shows again good agreement betweefhteractions’ Such additional refinements that can effectively

these data and the corresponding local-density-functionalapture the effect of the long-range two- and three-body dis-

5 . . . .
results?® The potential obtained in the present work gives apersive interactions may be necessary to describe properties
slightly steeper isotherm at high density, producing goo

! - Yy P t low pressures and temperatures. However, at very high
agreement with experimental pressures in Fig. 3. ressures the structure and thermodynamics of the fluid are

We conclude that the N-N and O-O potentials extracteqjominated by excluded volume effects well represented by
from the median provide a good representation of the shortfwo_body potentias® that, as we show here, are also
range repulsive region. Given the fact that classical molecu-y ansferable.”
lar dynamics and Monte Carlo simulations are still the most
accurate and efficient way of studying anisotropic molecular We thank Andrew K. McMahan for kindly providing the
systems at finite temperatures, the need for reliable potentiatesults published in Ref. 25. This work was performed under
for such simulations cannot be overstated. The present worthe auspices of the U.S. Department of Energy by University
has shown that the task of constructing such anisotropic inef California Lawrence Livermore National Laboratory un-
teractions is greatly simplified by inverting a spherical po-der Contract No. W-7405-Eng-48.
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