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Role of substrate corrugation in helium monolayer solidification

M. E. Pierce and E. Manousakis
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We investigate the first layer of helium adsorbed on graphite with path-integral Monte Carlo, examining the
role of substrate corrugations on the phase diagram. When no corrugations are present, the equilibrium state of
the system is a liquid phase, with solidification occurring only under compression but before layer promotion.
We determine the solid-liquid coexistence region and compare our results to recent Green’s-function Monte
Carlo calculations on the same system. When substrate corrugations are included, we find that the equilibrium
phase is theA33A3 commensurate solid phase that is well known from experiment. The melting behavior,
heat capacity, and single-particle binding energy are determined and compared to experiment. We further find
that for densities below the commensurate coverage, the low-temperature phase of the system consists of solid
clusters in coexistence with coalesced vacancies. We find no first-layer liquid phase and so no superfluidity in
this layer, in contrast to some rather recent suggestions.
hi
o
n
i-
b
ub

ci
d
b

s.
on

o

at
s
by
y
li
e
a
rr

th

a
th
se
io
ra
he

th
e

ti
f
l

tiv-

al
m
the
rru-
ver-
elow
of
eat

ail
dia-
we
rate.
av-

ram
cent

la-
di-

and
ith
ve
ure
all
con-
ced
ssi-

ica-
w
f

I. INTRODUCTION

Quantum films such as helium adsorbed on a grap
surface are characterized by a rich phase diagram as
varies the number of the deposited helium atoms. As a fu
tion of the helium coverage, the helium film grows in atom
cally thin layers1–3 and at least seven such layers may
clearly distinguished and studied on a well-prepared s
strate.

During the last several years, extensive heat-capa
measurements4–6 of the first six layers have been performe
and superfluidity in the higher layers has been detected
both torsional oscillator7,8 and third sound measurement
More specifically, the first layer of helium adsorbed
graphite has been the laboratory for the study of a variety
phenomena. In this layer aA33A3 commensurate solid
phase forms in which one-third of the available substr
adsorption sites are occupied.4,6,9,10For densities above thi
commensurate density, the monolayer is characterized
region of domain wall phases and at even higher monola
densities it forms an incommensurate triangular so
phase.11–13The phase diagram below the commensurate d
sity at low temperatures is not well understood and there
two competing scenarios. In one scenario this region co
sponds to a solid with clustered vacancies.14 According to
this picture, since the commensurate solid phase is in
same universality class as the three-state Potts model,15–19at
lower densities the film should consist of a commensur
solid with vacancies. When the temperature is raised,
solid melts continuously. Lowering the temperature cau
the vacancies to coalesce, which is a first-order transit
The difference between the temperatures of these two t
sitions becomes smaller as the density is lowered until t
meet at a tricritical point.

The second scenario for the low-density region of
phase diagram of the submonolayer was suggested mor
cently by Greywall and Busch5 ~GB!. GB point out that their
measured heat capacity is not linear in density for the en
region below the commensurate density, as it must be
phase coexistence. Thus, they propose that a self-bound
PRB 620163-1829/2000/62~8!/5228~10!/$15.00
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uid phase occurs at about 0.04 atom/Å2. This conclusion is
supported by two-dimensional ~2D! variational
calculations.20 However, direct measurements7,8,21 detect no
superfluidity, possibly because of poor substrate connec
ity.

In a previous publication,22 we have used the path-integr
Monte Carlo method and realistic helium-helium and heliu
graphite interactions to study the monolayer at or below
commensurate density. We found that the presence of co
gations, which causes the commensurate solid at 1/3 co
age, creates solid commensurate clusters at densities b
the commensurate density. We found that it is the melting
these monolayer clusters which gives rise to a specific-h
maximum which was incorrectly interpreted5 as the onset of
monolayer superfluidity. In this paper we examine in det
the role of substrate corrugation on the first-layer phase
gram using the path-integral Monte Carlo method. First,
present results for helium adsorbed on a smooth subst
The helium-graphite interaction is based on the laterally
eraged potential of Carlos and Cole.23 This layer exhibits
liquid and solid phases, and we calculate the phase diag
at low temperatures. These results are compared with re
Green’s-function Monte Carlo calculations.24 The second-
layer promotion density is also determined. Next, calcu
tions including substrate corrugations are discussed, and
rect comparisons of the melting behavior, specific-heat,
single-particle binding energy that we obtain are made w
experiment. Finally, having verified our method by the abo
comparisons, we examine the low-density, low-temperat
phase of the helium monolayer. We determine that for
coverages below the commensurate density, the system
sists of solid clusters in phase coexistence with coales
vacancies. No liquid phase occurs and so there is no po
bility for first-layer superfluidity.

II. SIMULATION METHOD

Our study employs a path-integral Monte Carlo~PIMC!
method for simulating Bose systems. Details on the appl
tion of this method to bulk helium can be found in the revie
by Ceperley,25 and our modifications for the simulation o
5228 ©2000 The American Physical Society
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PRB 62 5229ROLE OF SUBSTRATE CORRUGATION IN HELIUM . . .
adsorbed helium films may be found in a previo
publication.26 We briefly review the procedure now in orde
to explain the calculations presented in this paper.

PIMC evaluates properties of anN-body quantum system
at the inverse temperatureb by sampling the partition func
tion Z. Z is expanded as a path integral by insertingM inter-
mediate configurations,

Z5
1

N! (
P

E . . . E d3R1•••d3RMd3Rr~R1 ,R2 ;t!

3r~R2 ,R3 ;t!•••r~RM ,PR1 ;t!, ~1!

where r is the density matrix,Ri is a configuration ofN
particles, andt5b/M . By taking M large enough, the den
sity matrices att can be accurately approximated. The p
ticular PIMC method that we employ ergodically samp
both particle positions and particle permutations.

The key element needed in the first-layer simulation is
accurate approximation for the high-temperature density
trices. For bulk helium and helium on a smooth substrate,
starting approximation for the density matrix can be tak
with a temperature as low as 40 K. In this paper results
the first layer on a smooth substrate were obtained using
same starting approximation for the density matrix that w
used in previous calculations for the second layer.26

However, as discussed in our previous publication,26 a
helium-graphite interaction that includes substrate corru
tions makes the starting approximation used for smooth s
strates impractical, and so we must use a simpler form.
these calculations, we instead use the high-temperature
pansion of the density matrix. At sufficiently small values
the inverse temperature, the density matrix is given by
Trotter approximation,

exp~2tĤ !'exp~2tT̂!exp~2tV̂!, ~2!

whereĤ, T̂, andV̂ are the Hamiltonian and the kinetic- an
potential-energy operators, respectively, andt is the inverse
temperature. This allows us to approximate the density
trices att as

r~R,R8;t!}exp@2p~Ri2Ri 11!/lT
2

2t@V~Ri !1V~Ri 11!#/2#, ~3!

whereR andR8 are the position vectors forN-particle con-
figurations, andlT is the thermal wavelength. This is som
times referred to as the semiclassical approximation, an
accurate for sufficiently high starting temperatures. Aver
ing over the potential-energy terms is referred to as the e
point approximation. The potential energy termV(Ri) is the
sum of all helium-helium and helium-graphite interaction
The exponent of Eq.~3! is the first term in an expansion i
powers oft.27

In the semiclassical calculations, we have used 200 K
the starting temperature, meaning that 200 inver
temperature slices are required to reach 1 K. We have v
fied that this temperature is sufficiently high for the appro
mation to be accurate by comparing the energy calculate
4 K using 200 and 320 K as the starting temperatures.
energy values obtained agreed within error bars. We h
also adopted a three-level bisection,l 53, for sampling the
-
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positions. We verified that this level gave a lower energy a
K than calculations usingl 52 andl 54. The acceptance rat
using l 53 is approximately 40%. We have further verifie
that the density matrix is well approximated at 200 K by E
~3! by including the next term in the series expansion
powers oft. Energy values calculated with this starting a
proximation agreed within error bars with those that used
~3!.

We did find that higher-order terms int must be included
in the energy estimator. The values we report in Sec. IV
obtained using

^E&5
3N

2t
1^T&1^V&1t2\2/~8m!^~¹V!2& ~4!

for the energy expectation value, whereN is the number of
particles,^T& and ^V& are the kinetic- and potential-energ
expectation values, andm is the mass of the helium atom
Note that in PIMC the effective action, defined as the natu
logarithm of the density matrix, not the energy estimator
used to choose between configurations in the Monte C
procedure.

Once the machinery for the Monte Carlo method is
place, helium-helium and helium-substrate potentials are
quired for input. We use the Aziz28 potential for the helium-
helium interaction. For the helium-graphite interaction, w
have adopted the anisotropic Lennard-Jones potential
posed by Carlos and Cole.23 This potential can be expresse
as a Fourier series in the reciprocal-lattice vectorsG of the
graphite substrate. In cylindrical coordinates (r,z! the expan-
sion is

V~r !5V0~z!1(
G

VG~z!exp~ iG"r!, ~5!

whereV0(z) is the laterally averaged potential, andVG(z)
gives the corrugation strength. The mathematical forms
these terms are given elsewhere,23 and the series converge
rapidly. For the smooth substrate, we use onlyV0(z). For
calculations that included corrugations, we kept the six lo
est, equivalent values ofG in the expansion.

The limitation of our method is thus related to the acc
racy of the potentials available to us. It is possible, for
stance, that the substrate may substantially mediate
helium-helium interaction.29 This is the so-called McLachlan
interaction.30 We have performed calculations both with an
without this term. Another possible concern is the heliu
graphite potential, Eq.~5!, which may overestimate the cor
rugation strength. Lowering the corrugation height will e
fect the properties of the first layer, with the favored pha
becoming liquid instead of solid at sufficiently small corr
gations. We have examined this effect by repeating som
the calculations with the corrugation strength set to 50%
to 75% of the value obtained from the Carlos-Cole mod
Details of these tests of the limits of our interaction mod
are given below.

Particle permutations were also included in the calcu
tions and were observed in the film on the smooth subst
at low densities. However, we have found that permutati
do not play a role in the first layer on the corrugated su
strate. We have allowed for permutations at intermedi
densities for temperatures as low as 0.571 K with the leve
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5230 PRB 62M. E. PIERCE AND E. MANOUSAKIS
the path bisectioning taken as large as 5~32 beads updated in
one move! but never observed any particle exchanges. T
has been checked in calculations both with and without
McLachlan interaction.

III. RESULTS FOR SMOOTH GRAPHITE SURFACE

A. Energy calculations

In this section we report simulation results for the fi
layer obtained by using only the laterally averaged port
V0(z) of the helium-graphite potential. We ignore substra
corrugations. This system has recently been studied with
Green’s-function Monte Carlo~GFMC! method,24 so we
have the opportunity to verify that the full implementation
our method is in agreement with the results of these com
mentary calculations. The GFMC calculations employ
same helium-graphite potential as we do, but use an o
form of the helium-helium potential.31 The older form was
used since the authors wanted to make direct compari
with previous work on two-dimensional helium using th
potential.32 The newer potential that we use for the helium
helium interaction is somewhat more attractive~the well
depth is about 0.1 K greater!, so we expect the energy pe
particle to be somewhat lower near the equilibrium dens
This has been observed in recent zero-temperature cal
tions for two-dimensional liquid helium that employ th
newer potential.33

Guided by previous simulations, we expect the heliu
film to have a self-bound liquid phase and to solidify at hi
densities, before promotion to the next layer occurs. Ca
lations at low and intermediate densities are performed u
a square simulation cell, while solid phase calculations us
rectangular simulation cell that accommodates the perio
structure of the triangular solid. It is not necessary in PIM
to employ different forms for the density matrix for the liq
uid and solid phases. Liquid calculations employed 16 p
ticles, while solid phase calculations used 30 particles. B
sets of calculations were performed at 400 mK. Calculati
at 500 mK are in agreement with these results, indicating
we have converged to the zero-temperature limit. We v
fied that there were no finite-size errors in the liquid phase
repeating some of the calculations with 32 particles. T
energy values at the two temperatures were in agreem
Finite-size errors were found to be negligible for the so
phase also, since the energy value calculated at 0.0689 a
Å 2 using the rectangular simulation cell~30 particles!
agreed with the value calculated using the square simula
cell ~16 particles!.

These calculations are somewhat different from those
discuss in the other section of this paper. The potential
tween the active helium atoms and the underlying subst
is featureless in the plane of the substrate, so the size o
simulation cell may be varied continuously. This allows us
keep the number of particles constant for each phase. In
trast, other calculations we have performed~including those
with substrate corrugations taken into account! were with a
varying number of particles and a constant simulation c
size. The two methods lead to somewhat different forms
the Maxwell construction. In the present case, liquid-so
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coexistence will be characterized by a linear region in
dependence of the energy per particle on the atomic a
~inverse volume!.

Figure 1 displays our results for the energy of the fir
layer liquid. Also shown are the results obtained fro
GFMC. For all points except near equilibrium, the two ca
culations agree within error bars. Near the energy minimu
there is some disagreement, but even here the computed
ues differ only by about 0.6%. This is perhaps attributable
the different helium-helium potentials used in the two calc
lations. Figure 2 shows our results and the GFMC results
the first-layer solid phase. Again, there is excellent agr
ment between the two methods.

Following the typical procedure, we have determined
equations of state for the liquid and solid phases by fitt
our energy values to the polynomials

FIG. 1. Energy values for the first-layer liquid. The circles a
our results obtained with PIMC. The solid squares are GFMC
sults~Ref. 24!. Error bars smaller than the symbol size are omitt
for clarity. The line is a least-squares fit of the polynomial, Eq.~6!
to our data.

FIG. 2. Energy values for the first-layer triangular solid. T
symbols have the same meaning as in Fig. 2. The line is determ
from the fit of Eq.~7! to our data.
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E/N5e01BS r2r0

r0
D 2

1CS r2r0

r0
D 3

, ~6!

E/N5a1br1gr21dr3 ~7!

for the liquid and solid phases, respectively. Values for
fitted parameters are given in Table I. Errors for the liqu
phase are indicated. The values shown for the solid ph
were used in the plot of Fig. 2. The values given forb, g,
andd are accurate to one significant figure.

For the liquid phase, the parameterse0 and r0 are the
equilibrium energy per particle and the equilibrium cove
age. The equilibrium density we obtain, 0.0450 atom/Å2, is
in reasonable agreement with the GFMC value of 0.04
Below this density, the system enters gas-liquid coexiste
in the thermodynamic limit. In simulation, phase separat
will not occur immediately because of the finite cost of c
ating the phase boundary. The system will instead ent
‘‘stretched,’’ or negative pressure, state. If one continues
decrease the coverage, however, the phase separated
will eventually become the favored state, and the stretc
state will ‘‘snap,’’ forming a droplet plus vacuum. For
simulation with a constant number of particles and varia
area, this occurs when the derivative of the spreading p
sure,P5r2@]e(r)/]r#, is zero. At the spinodal point, th
sound velocity becomes imaginary and the compressib
diverges. From the equation of state, we determine that
occurs at 0.034 atom/Å2. For comparison, the spinodal de
sity has been calculated to be between 0.031 and 0.038 a
Å2 for two-dimensional helium.34,33,32

From the polynomial fits for the two layers, we can es
mate the regions of phase coexistence for the two solids
using the Maxwell double tangent construction. See Fig
Since we have a constant number of particles and a vari
density, the Maxwell construction is found from the comm
tangent of the energy per particle versus atomic area~inverse
coverage!. We determine the liquid-solid coexistence regi
to be from 0.0675 to 0.0700 atom/Å2. This is comparable to
the ranges found for both two-dimensional helium32,35 and
the helium film,24 although the onset of full solidification tha
we find is at a somewhat lower density. The solidificati
density determined in this manner is subject to error, si
our fitted parameters are not determined with a high deg
of precision.

B. Other properties

As we have seen, in the absence of corrugations, the
layer has liquid-gas, self-bound liquid, liquid-solid, and so

TABLE I. Fitted parameters for the liquid and solid equations
state. The errors in the last digits of the parameters for the liq
phase are given in parentheses.

Parameter Liquid Parameter Solid

e0 ~K! 2141.689~14! a ~K! 2157.46
r0 (Å22) 0.0450~06! b (K/Å2) 2679.83
B ~K! 2.42~27! g (K/Å4) 210504.77
C ~K! 3.29~67! d (K/Å6) 61032.24
x2/n 2.57 x2/n 1.3
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regions. The gas phase has zero density at zero tempera
We expect the liquid-gas phase to have two regions, on
which phase boundaries between these phases form, and
in which the liquid phase is artificially stretched. This
governed by the energy cost required to create the ph
boundary. The metastable liquid phase is spatially indis
guishable from the equilibrium state, but the formation
droplets can be visualized. In Fig. 4 we plot the radial d
tribution function g(r ) for the liquid at coverages in the
droplet region, near equilibrium, and near the onset of liqu
solid coexistence. Here,r is the magnitude of the projectio
of the distance vector between two particles onto the plan
the substrate. In the droplet region, the long-range tail dr
below unity, indicating the system does not uniformly cov
the substrate. Near equilibrium the first peak has about

f
id

FIG. 3. Liquid-solid coexistence regions determined with t
Maxwell construction. The dashed-dotted and dashed lines are
solid and liquid equations of state, respectively. Circles with er
bars are calculated energy values for the liquid. Squares with e
bars show values calculated for the solid phase. The unbroken
is the coexistence line. The arrows indicate the beginning and
of the coexistence region.

FIG. 4. Radial distribution function for the liquid phase at th
indicated densities, in atom/Å2.
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5232 PRB 62M. E. PIERCE AND E. MANOUSAKIS
same height as the droplet phase, but the tail goes to uni
long ranges. The peaks are located at the same valuer,
indicating that the average separation distance of nea
neighbor particles in the droplet is close to the equilibriu
value. The high-density liquid has noticeably more corre
tion. The peak height is 1.5, compared to 1.2 near equ
rium, and the peak’s position has shifted from 4.2 to 3.6
as one would expect from compression caused by increa
the density. These values are in agreement with values
ported for the helium liquid in two dimensions,32 indicating
that the first-layer liquid is very two dimensional in chara
ter.

The results for the static structure factorS(k) for the liq-
uid phase are shown in Fig. 5 and can be interpreted s
larly. At the lowest coverage,S(k) swings upward for low
values ofk instead of going to zero. This indicates the pre
ence of droplets and a nonzero compressibility. For the
uniform liquid coverages,S(k→0)→0. The structure func-
tion is more peaked for the high-density liquid. Figure 5 a
shows results for a typical solid coverage. The peak heig
for the fluid near equilibrium and for the dense fluid are 1
and 1.6, respectively. These values are in reasonable a
ment with, but somewhat below, the two-dimensional valu

Finally, we show in Fig. 6 probability contours for th
first layer for the various regions discussed above. The l
est coverage shown is below the spinodal point, and as
pected incompletely covers the substrate. Near the equ
rium density, the substrate is uniformly covered. In the de
liquid, localization can be observed. This coverage is in
liquid-solid coexistence region. Finally the system enter
triangular solid phase at the highest density.

Promotion to the second layer may be determined by
amining the density profiles for the dense solid. These
shown in Fig. 7 at the indicated coverages. The occupa
of the second layer is clearly visible at the coverages 0.1
and 0.1270 atom/Å2, while the coverage 0.1180 shows n
evidence of promotion. Integrating the profiles for the tw
largest coverages to the minimum between the peaks~4.5 Å!
gives 0.116 and 0.119 atom/Å2 for the first-layer coverage

FIG. 5. Static structure function for the liquid phase at the in
cated densities, in atom/Å2. The static structure function in the~01!
direction at a typical solid density~top! is also shown.
at
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Experimentally, estimates15,36,37,5 of first-layer completion
range from 0.112 to 0.120 atom/Å2 so our value is in good
agreement. The recent GFMC calculations24 obtain a value
between 0.115 and 0.118 for the beginning of the seco
layer promotion.

IV. RESULTS WITH CORRUGATED SUBSTRATE

In this section we compare with the results obtained
using a more realistic model of the graphite substrate. M
of the results for the corrugated substrate were obtained
a simulation cell with the dimensions 25.56322.14 Å. The
commensurate density corresponds to 36 helium atoms.

-

FIG. 6. Contour plots of the probability density in the plane
the substrate. The densities shown are, top row, left to right, 0.0
and 0.0421 atom/Å2; bottom row, left to right, 0.0689 and 0.091
atom/Å2.

FIG. 7. Density profiles near the second-layer promotion. T
coverages, in atom/Å2, are indicated. Normalization is chosen s
that integrating the profiles gives the coverage.
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riodic boundary conditions were used in the plane of
substrate. Finite-size effects were examined by repea
some calculations using a 34.08329.51 Å simulation cell,
for which the commensurate density corresponds to 64
ticles.

A. At and below commensurate density

The principal conclusion we obtain from these calcu
tions is that the low-density, low-temperature phase of
first layer consists of commensurate solid clusters, ra
than a liquid phase. In an earlier publication22 we observed
the commensurate phase and investigated its melting
both static structure and specific-heat calculations. The
culatedA33A3 commensurate solid phase and its melt w
shown in Fig. 1 of Ref. 22. At 3 K, the film has solidifie
into the commensurate structure. The solid forms a subla
that contains one-third of the adsorption sites. The remain
two-thirds of the sites form two equivalent sublattices th
are unoccupied. Raising the temperature to 4 K causes melt-
ing. At this temperature the helium atoms no longer inhab
single sublattice of substrate adsorption sites. All adsorp
sites will be occupied with equal probability if the simulatio
is run for a sufficiently long time.

In Ref. 22 we presented evidence that the low-den
~below the commensurate solid density of 0.0634 atom/2)
first layer consists of a solid cluster surrounded by a lo
density vapor at low temperatures. No liquid phase for
and so there is no possibility for first-layer superfluidit
These findings are in contrast to the most recent proposa
this region.5

The presence of a solid with vacancies and phase sep
tion was shown with contour plots of the probability dist
butions in Fig. 6 of Ref. 22. At lower temperature the vaca
cies condense into a single bubble region, while at hig
temperature, the vacancies acquire enough kinetic energ
leave the phase-separated state and diffuse into the soli

Figures 8 and 9~not shown in our earlier paper! confirm
that at density significantly lower that the commensur
density the system consists of solid clusters at low temp
tures and that these clusters exhibit the melting behavior
cussed in the preceding section. We have calculated distr
tion plots for densities as low as 0.0207 atom/Å2 and observe
solid clusters at all densities.

We have also attempted to place a vacancy in a s
cluster to see if the cluster could support an isolated vaca
and at the same time be in equilibrium with the low-dens
vapor. We found that at 0.0424 atom/Å2 and 1.0 K, the va-
cancy was spontaneously expelled from the solid cluster
ing thermalization. We conclude that at low temperatures
solid clusters will not support isolated vacancies.

Further evidence for solidification into the commensur
structure in the simulation comes from calculations of
static structure factor. Typical results for static structure f
tors for coverages at and immediately below the commen
rate solid density have been reported in our earlier pape22

The melting of the commensurate solid phase can be de
mined from the temperature dependence of the static st
ture peak height. Melting is signaled by a significant drop
the peak height and a large statistical fluctuation in a p
value near the melting temperatures. The melting temp
e
g
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tures determined in this manner are given in Table II. T
density dependence of the melting temperature is consis
with the experimental phase diagram, although our melt
temperatures are slightly higher than the experimental
ues. Heat-capacity measurements indicate that the comm
surate solid melts at about 3 K, and the low-densit
(,0.045 atom/Å2) melting peaks are at about 1.5 K.

Another way of estimating melting temperatures is fro
the temperature dependence of the energy. This is show
Fig. 10 for various densities. These curves possess inflec
points that lead to specific-heat maxima when differentiat
These peaks indicate melting. Figure 4 or Ref. 22 shows
sample calculations of the specific heat at the indicated d
sities. The peak height and location change dramatically w
density. Melting occurs at about 1.5 and 3.5 K for 0.03
~circles! and 0.0636 atom/Å2 ~squares!, respectively.

We have determined phase ranges by applying the M
well construction to the total ground-state energy. For a s
tem at constant volume with a varying number of particles

FIG. 8. Distribution plot at 0.0530 atom/Å2, T52.5 K ~top!, and
T53.0 K ~bottom!.
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region of phase separation will be signaled by an unphys
upward curvature in the total free-energy’s dependence
density. The upper and lower bounding densities of this
gion are connected by a common tangent line. The total
energy for all intermediate densities lies on or above t
line, either because creating a surface between the
phases costs a finite amount of energy or because the sy
remains unphysically homogeneous. In the thermodyna

FIG. 9. Distribution plot at 0.0424 atom/Å2, T51.0 K ~top!, and
T52.0 K ~bottom!.

TABLE II. Estimates of melting temperatures from the tempe
ture dependence of the static structure peaks.

Coverage~atom/Å2) Tmelt

0.0424 2.0
0.0530 2.5
0.0566 3.0
0.0636 3.33
al
n
-
e
s
o

em
ic

limit the system will separate into the two phases at
bounding densities.

The Maxwell construction at nonzero temperatures sho
be applied to the total free energy. This is not directly acc
sible from PIMC, however. Instead, we have used a limiti
process to determine effectively ground-state energy val
All energy calculations were performed at low temperatur
The temperature is then raised and the energy is recalcula
If the two values are the same within error bars, we conclu
that we have obtained effectively zero-temperature ene
values. This allows us to apply the Maxwell construction
the total energy, since it is the same as the total free ene
at zero temperature.

The values for the energy per particle for the first-lay
solid are given in Table III for a range of densities includin
the commensurate density. The cell dimensions used her
25.560322.136 Å2, and the number of particles varies fro
20 to 40. Using these results we have applied the Maxw
construction in Fig. 5 of our previous publication.22 Applica-
tion of this method indicated that the intermediate ene
values are unstable and will phase separate into the
stable phases~the vapor and the commensurate solid! that
bound the unstable region.

Our result for the binding energy of a single particle
the substrate isEB52143.0960.27. This value is compa
rable to the estimated values38 EB52141.7561.50 K from

-

FIG. 10. Temperature dependence of the energy per part
The coverages are 0.0353~circles!, 0.0566~triangles!, and 0.0636
atom/Å2 ~squares!.

TABLE III. Energy per particle versus coverage. The first co
umn gives the temperature of the calculation. The number in pa
theses gives the error in the last decimal place.

T ~K! s(Å22) E/N ~K!

1.00 0.0353 2143.73~8!

1.00 0.0424 2144.03~9!

1.00 0.0530 2144.31~7!

1.00 0.0566 2144.56~7!

1.00 0.0636 2145.12~8!

1.33 0.0707 2142.71~8!
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scattering39,40 and EB52142.3361.97 K from thermody-
namic analysis.41 Our value for the binding energy was ca
culated at 0.4 K and confirmed to be the ground-state va
by the limiting procedure discussed above. By subtract
this energy from the energy per particle of the commensu
solid phase, we obtain the condensation energy per par
for the two-dimensional solid,E2D522.0360.20 K. This is
higher than the two-dimensional energy (21.06 K! for the
commensurate phase found by the variational calculation
Ref. 20 for the same interaction model.

B. Above commensurate density

We have simulated the first layer~with the inclusion of
corrugations! at densities higher than the commensurate d
sity up to the density where first-layer completion occurs.
a density is increasing, we find distinct phases: a dom
wall solid phase and an incommensurate solid phase
higher densities up to layer completion.

Figures 11 and 12 illustrate the domain-wall solid a
incommensurate triangular solid phases, respectively.
domain-wall solid consists of patches of commensurate s
on different sublattices. Linear domain walls occur at t
boundaries between these regions. In the incommensu
solid, the atoms form a triangular solid that does not hav
periodic relationship with the underlying adsorption sites
length scales less than the minimum dimension of the si
lation cell.

V. TESTS OF OUR CONCLUSIONS

The applicability of our conclusions to the actual syste
may be limited by the accuracy of the interaction model t
we use. First, it is possible that the substrate may subs
tially alter the helium-helium interaction.30,29 Inclusion of
this effect, the so-called McLachlan interaction, has be
shown to change the ground-state phase from the comm
surate solid to a low-density liquid in two-dimensional var
tional calculations.20 We recalculated the low-temperatu

FIG. 11. Distribution plot of the domain-wall solid at 0.074
atom/Å2 (N542 atoms! and T51.0 K. Filled circles indicate ad-
sorption sites.
e
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density scans using the same mediated interactions empl
in these calculations.20 We found that while the energy pe
particle increases for all coverages, the commensurate s
remains the energetically favored phase. Second, ano
possible problem might arise from a helium-graph
interaction23 which could be too corrugated. We have calc
ated the total energy at low temperature, at the commen
rate density, and at 0.0424 atom/Å2 with the corrugation
strength reduced by 25%. The commensurate phase rem
energetically favored. Calculations were also performed w
the corrugation reduced by 50%, but it was found that
commensurate solid would not form for temperatures as
as 2 K, thus indicating the corrugations had been undere
mated. We note finally that the melting behavior of the co
mensurate solid phase was not sensitive to the inclusio
the McLachlan term.

The primary argument given by Greywalls and Bus
against solid-vapor coexistence was that such coexiste
should be signaled by linear heat-capacity isotherms for
entire region from zero coverage up to the commensu
density. We believe that the departure from linearity bel

FIG. 12. Distribution plot of the incommensurate solid phase
0.0994 atom/Å2 (N550 atoms! andT52.0. Filled circles indicate
adsorption sites.
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5236 PRB 62M. E. PIERCE AND E. MANOUSAKIS
0.025 atom/Å2 is caused by the presence of multiple finit
sized clusters. At low densities, solid clusters nucle
around surface defects. Initially, there are many small m
stable clusters with large perimeter-to-area ratios. Increa
the density increases the size of the clusters until the sur
is covered by a few large solid clusters with negligib
boundary effects. Thus, the heat capacity exhibits linear
havior only after the solid clusters are sufficiently large
that the perimeter-to-area ratio is small. This presumably
curs for coverages above 0.025 atom/Å2.

In addition Greywall and Busch identified coverages n
0.04 atom/Å2 as liquid. This conclusion was based partly
simulation results for 2D helium on a flat substrate, the m
relevant calculations then available. As Greywall and Bu
note, the large peak associated with the melting of the u
form commensurate solid phase first emerges above
atom/Å2. 2D helium is a liquid near this density,32 suggest-
ing that first-layer coverages below 0.04 may be liquid. U
like the purely 2D simulations, our calculations take the r
of substrate effects into account. In this paper we have
plicitly studied both flat and corrugated substrate using
method which, given the interaction potentials, treats
problem exactly within statistical and finite-size errors. W
have demonstrated that these errors are under control.
have shown that surface corrugations push the density co
sponding to the energy minimum up from about 0.04 on
flat substrate to 0.0636 atom/Å2 and produce solidification
Greywall and Busch also show that their low-density he
capacity results are in general agreement with a PIMC
culation for 2D superfluid helium,42 suggesting that there
might be a superfluid transition in the first layer. However,
we have shown in Fig. 4 of our earlier publication22 these
rounded heat capacities are produced by the melting o
solid cluster and are not associated with a superfluid tra
tion.

In closing, we would like to remark that a promising d
rection for monolayer superfluidity5,43–45 lies with helium
adsorbed on alkali-metal substrates, particularly lithium.46,44

These substrates have much smaller corrugations and a m
weaker attraction, allowing the first-layer helium film to be
liquid. The phenomenon competing with superfluidity f
these substrates is pre-wetting, rather than solidification.
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VI. SUMMARY

Calculation for the first helium layer on graphite was pe
formed both with and without substrate corrugations. Wh
corrugations are neglected, the first-layer film resemble
purely two-dimensional film. We determined that the fil
consists of gas, liquid, and solid phases. These are sepa
by coexistence regions, and we determined the cover
ranges for all phases at low temperatures by using the M
well construction. The first-layer liquid has an equilibriu
density of 0.0450 atoms/Å2. Below this density the system
phase separates. This region is divided into an unstable
gion, where liquid droplets form, and a metastable region
which the system over-expands instead of forming an in
face. These two regions are separated by a spinodal poi
0.034 atoms/Å2. At higher densities the system enters a n
row region of liquid-solid coexistence between 0.0675 a
0.0700 atoms/Å2. Above these coverages the system is in
triangular solid phase. The beginning of layer promotion o
curs between 0.116 and 0.119 atoms/Å2. All of our calcula-
tions are in agreement with recent Green’s-function Mo
Carlo results.24

When corrugations are included in the first layer, t
phase diagram is substantially altered. We find that aA3
3A3 commensurate solid occurs, in agreement with num
ous experiments. By examining the temperature depende
of the static structure function and the specific heat, we fi
that this solid melts at approximately 3.5 K, compared w
the experimental melting temperature of 3 K. We further fi
that the commensurate solid phase is energetically favo
At densities below commensuration, the system phase s
rates into commensurate solid clusters and a low-density
por. No liquid phase occurs at low temperatures.
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