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Analytic model for the development of bamboo microstructures in thin film strips
undergoing normal grain growth

W. R. Fayad, M. J. Kobrinsky, and C. V. Thompson
Department of Materials Science and Engineering, Massachusetts Institute of Technology, 77 Massachusetts Avenue,

Cambridge, Massachusetts 02139
~Received 27 January 2000!

The kinetics of the transformation of polygranular thin film strips to bamboo structures through two-
dimensional~2D! normal grain growth are studied. A differential model for the evolution of the polygranular
cluster length distribution is developed. It is observed, and demonstrated using a dimensional analysis, that the
rate of bamboo-segment nucleation per unit time and unit of untransformed length is proportional tom/w3, and
is negligible in the growth-dominated steady state. It is also demonstrated that the cluster shrinkage velocity
reaches a constant steady-state value proportional tom/w ~assuming constant and uniformm!. This is shown to
lead to a time-invariant, steady-state exponential cluster length distribution with an average cluster length
proportional to the strip width, and a cluster length fraction decaying exponentially witht5mt/w2. The
analytic model is validated through comparison with data generated using a 2D computer simulation of grain
growth. The distribution of grain lengths in the resulting final bamboo grain structure is well fit by a log-
normal distribution, with a median grain length scaling with the linewidth, and a linewidth-independent nor-
malized deviation in the grain length.
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I. INTRODUCTION

It has been well established in experiments that the ge
etry and microstructure of on-chip integrated-circuit A
based interconnects have a direct impact on th
electromigration-limited reliability.1–4 Interconnects can
have polygranular structures for which there are continu
grain boundary paths along the length of the interconn
~see the first figure in Fig. 1!. This is likely when the median
in-plane grain size of the film from which an interconnect
patterned,D50, is smaller than the linewidth,w. Post-
patterning annealing can lead to grain growth that result
bamboo structures for which all grain boundary planes
normal to the direction of the interconnect length~see the
last figure in Fig. 1!. At intermediate stages, interconnec
can have near-bamboo structures for which polygran
clusters with grain boundaries along the interconnect len
are separated by one or more grains which span the widt
the line ~see Fig. 1!. Lengths of line in which one or more
neighboring grains span the linewidth constitute bamb
segments.

In interconnects with near-bamboo structure
electromigration-induced diffusion occurs much faster alo
grain boundaries in the polygranular segments than in
bamboo segments, where diffusion occurs primarily alo
the Al-oxide or Al-intermetallic interfaces.5,6 Because grain
boundary diffusivities are orders of magnitude higher th
diffusivities in bamboo segments, the magnitudes and sta
tics of electromigration-induced failure times and statist
depend strongly on the distributions of the lengths
polygranular clusters and bamboo segments.7,8 As the ratio
of the linewidth to the median grain size of the initial me
film decreases, the polygranular clusters in as-patterned fi
become shorter and an increase in the median time
electromigration-induced failure is observed, along with
increase in the deviation in the time to failure.4,7,8 However,
if such lines are annealed, their reliability can be improv
by orders of magnitude due to post-patterning gr
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growth.9,10 This improvement is related to the change in m
crostructure outlined above, during which polygranular clu
ters shrink through formation of new spanning grains in
cluster interiors, and through motion of the boundaries at
edge of the clusters. In recent work,7,8 Knowlton et al.used a
2D computer simulation of grain growth,11,12 in conjunction
with an electromigration computer simulation,13 to build a
quantitative analysis of the impact of cluster length and cl
ter spacing, and the associated statistics, on electromigra
failure time statistics. More specifically, they were able
reproduce the experimentally observed dependence of fa
time statistics on the linewidth and on the post-pattern
annealing history. Post-patterning annealing-induced g
structure evolution has also been observed in experiment
scanned laser annealing of Al interconnects, and was
cessfully predicted using the grain growth simulation.14

Although reliable in its grain structure prediction capab
ity, the grain growth simulation used is, as simulations
general are, limited in speed, especially for the generatio
large populations, necessary to obtain reliable statistics.
goal of this paper is to develop an analytic model for t
evolution from polygranular to bamboo structures in strip
Such compact analytic models are needed for efficient g
eration of large populations of realistic process a

FIG. 1. Evolution of the grain structure within a strip wit
w/D5053.0. w is the linewidth andD50 is the median grain size in
the film from which the line is etched.t5mt/w2 is the normalized
dimensionless time.
5221 ©2000 The American Physical Society
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geometry-sensitive interconnect structures, in order to p
dict the effects of geometry and processing on the rate
electromigration-induced damage and on interconnect
ability.

In the following sections we will first present a Johnso
Mehl-Avrami analysis in which the formation of a linewidth
spanning grain is treated as a nucleation event and
shrinkage of polygranular segments corresponds to growt
bamboo segments. After discussing the limitations of t
approach, we will develop a differential model which allow
line-geometry-sensitive prediction of the evolution of t
polygranular-cluster-length distribution during normal gra
growth. Finally, we will use data generated with a 2D gra
growth simulation to validate our analytic models.

II. NUCLEATION AND GROWTH
JOHNSON-MEHL-AVRAMI ANALYSIS

Figure 1 depicts the transformation in which we are int
ested. As grain growth proceeds, a few grains grow to s
the width of the line, forming bamboo grains and corr
sponding to ‘‘nucleation’’ of bamboo segments. The boun
aries shared with grains in polycrystalline segments conti
to move and the bamboo grains continue to grow unless
growing bamboo grains meet. From this perspective, the
netics of the bamboo segment formation can be treated u
a Johnson-Mehl-Avrami~JMA! analysis of one-dimensiona
~1D! nucleation and growth.15 Taking L to be the total line
length, Lc the total length of polygranular segments in t
line, and Lb the total length of bamboo segments (Lb5L
2Lc) with an initial value Lb0 , we can apply the JMA
analysis to the portion of the line, of lengthL2Lb0 , initially
available for nucleation and growth. We define the exten
bamboo lengthLb

e as the bamboo length expected to be c
ated when the effects of impingement of growing bamb
segments are ignored. Ifn(t) is the rate of bamboo nucle
ation per unit time and untransformed lengthLc , so that
nLcdt new nuclei form between timest and t1dt, v(t) is
the velocity at which bamboo segments grow, andt0 is the
time at which the transformation starts, then, following t
JMA analysis,

Lb
e5E

t0

t

~L2Lb0!l t~ t !n~t!dt, with l t~ t !5E
t

t

n~t8!dt8.

~1!

l t(t) is the length at timet of a bamboo segment nucleated
time t. The actual bamboo lengthdLb created in an interva
dt is only a fraction (L2Lb)/(L2Lb0) of the extended one

dLb5
L2Lb

L2Lb0
dLb

e , ~2!

which after integration gives

12LI b5~12LI b0!expS 2
Lb

e

L2Lb0
D , ~3!

where LI b5Lb /L and LI b05Lb0 /L are the bamboo length
fractions, initially and at timet. When the initial condition is
characterized by a value ofLI b0 different from zero, and an
e-
of
li-

-

he
of
s

-

-
n

-
-
e
o
i-
ng

d
-
o

t

initial number of bamboo segments~or, equivalently, number
of polygranular clusters!, N0 ~not equal to zero!, the nucle-
ation raten(t) is given by

n~ t !5
N0

L2Lb0
d~ t2t0!1a~ t !, ~4!

where d(t) is the zero-centered Dirac distribution an
a(t)@L2Lb(t)#dt is the number of bamboo nucleatio
events occurring betweent.t0 and t1dt. The first term in
the expression ofn(t) accounts for the growth of the bambo
sections present initially. In the special case that the nu
ation rate ‘‘a’’ as well as the growth rate ‘‘v ’’ are constant,
Eqs.~1!, ~3!, and~4! lead to

12LI b5~12LI b0!expS 2
N0

L2Lb0
v~ t2t0!2 1

2 va~ t2t0!2D .

~5!

It is also possible to evaluate the evolution of the number
bamboo grainsNb (Nb is larger, and generally strictly large
than the number of bamboo segments and the numbe
polygranular clusters,N!. Using a similar analysis, we obtai

Nb5Nb01E
t0

t

~L2Lb!a~t!dt, ~6!

whereNb0 is the initial number of bamboo grains. The JM
analysis allows characterization of the evolution of the to
length fraction of bamboo or cluster regions, but does
allow characterization of the evolution of the statistical ch
acteristics of individual cluster lengths, which is essential
the prediction of the impact of grain structure on interco
nect failure-time statistics. In the following section, we w
present a geometry-sensitive model that can accomplish
task.

III. DIRECT DIFFERENTIAL MODEL FOR CLUSTER
STATISTICS EVOLUTION

The guide to the development of our analytic model is
front-tracking 2D simulation of boundary-curvature-drive
grain growth.16–18The velocity of points on grain boundarie
is taken to be proportional to the local curvaturek, such that
v5mk, where the mobilitym is the temperature-depende
product of the grain boundary mobility and the grain boun
ary energy. At grain boundary triple junctions, a local for
balance is enforced so that grain boundaries meet at 1
Normal 2D grain growth in thin film or cellular structure
has been investigated elsewhere,16–19 and Ref. 19 demon-
strates the detailed quantitative agreement between qu
ideal systems such as froths and our simulation. It has b
shown that 2D normal grain growth leads to a uniquely d
fined grain structure, evolving in a geometrically and sta
tically self-similar fashion, with an average grain area
creasing linearly with both timet and mobilitym ~assuming
thatm is uniform and constant!. The transition to this steady
state regime occurs soon after growth has been initia
typically before the grains have undergone a 20% increas
area.

2D normal grain growth in strips is simulated by requirin
the contact angles of grain boundaries with strip edges to
90°.11 This leads to the evolution of a bamboo structure
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illustrated in Fig. 1. Two strips of different width etche
from a film with a pre-etching grain size smaller than t
linewidths will undergo similar grain structure evolutio
~their initial structure is similar to a 2D cellular structure!.
Differences in grain structure evolution in strips of differe
widths can be accounted for through kinetic and geome
scaling. As suggested by Fig. 1, the evolution towards ba
boo is governed by three phases. During a firstincubation
phase, grains in the initially polygranular structure grow to
size comparable to the strip width. As the evolution p
ceeds, some grains grow large enough to span the widt
the strip, creating sections of the strip with a bamboo str
ture. This is thenucleation period, during which bamboo
sections continue to form, increasing the number
polygranular clusters, until these polygranular clusters se
rating the bamboo segments achieve geometrically st
configurations with grains having four sides within the st
interior and one side defined by the strip edge. The struc
then undergoes agrowth-dominatedevolution during which
almost no nucleation is observed, with the evolution occ
ring exclusively at the boundaries between grain clusters
bamboo segments, with the bamboo segments growin
consume the polycrystalline clusters. Given the growth c
ditions discussed previously and the fact that in polygranu
lines the initial structures have an average area that is n
gible compared to the square of the widthw, the duration of
these phases will be proportional tow2/m. We can therefore
define a dimensionless timet5mt/w2 that unifies the kinetic
analysis for strips with different widths. The grain structur
of two lines with different widths will be statistically identi
cal at a givent, after accounting for geometric magnifica
tion. It is therefore also possible to define reduced dim
sionless variables to account for geometric scaling in
evolution of the number of bamboo grains in a lineNb (NI b
5Nbw/L), the total cluster length in a lineLc (LI c
5Lc /L), the total number of clusters in a lineN (NI
5Nw/L), the average cluster lengthl av5Lc/N ( lIav5 l av/w
5LI c /NI ), and the average bamboo lengthl b ( lIb5 l b /w). All
of these geometric parameters scale as a function of the
duced timet5mt/w2. The evolution of these dimensionles
variables is expected to be independent of line geome
provided the initial width is larger than the pre-etching gra
size.

In previous work,12 Waltonet al. analyzed the kinetics o
the transformation of the structure of a polygranular strip
a bamboo structure. The three phases of evolution were i
tified, and it was argued that bamboo ‘‘nucleation’’ occurr
randomly within the polygranular regions, leading to an e
ponential distribution of polygranular cluster lengths. Walt
et al. then focused on the growth-dominated phase to sh
that it was characterized by an exponential decay ofN and
Lc , as well as by a constant value for the average clu
length in the strip. This behavior is consistent with an exp
nential distribution for the length of clusters, and with clus
shrinkage at a constant ratev.12 Although it is true that the
growth-dominated phase is the one that governs the kine
of the bamboo transformation through the shrinkage
elimination of polygranular clusters, knowledge of the rate
polygranular cluster shrinkage alone does not allow comp
characterization of the evolution of the grain structure sta
tics. To accomplish this, one also needs to know the clu
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statistics~number and length! at the beginning of the growth
dominated phase. This, in turn, depends on what happ
during the nucleation phase.

To capture the essentials of the structural evolution dur
both the nucleation and growth-dominated phases, we
first show that at any time during the evolution, the gra
structure statistics are well described by exponential dis
butions. We will then develop a simple analytic model of t
cluster length and number evolution that allows the pred
tion of cluster and bamboo length statistics at any point
time during post-patterning annealing.

Figure 2 shows an exponential plot of the polygranu
cluster length distribution for a strip with a linewidth-to
initial-median-grain size ratiow/D5051.0, at many different
times during all phases of the evolution. When plotting t
cluster lengthl c as a function of2 ln@12F(lc)#, whereF( l c)
is the proportion of clusters shorter thanl c , data that fall on
a straight line are fit by an exponential distribution functio
Figure 2 shows that the polygranular cluster length distri
tion is well fit by an exponential distribution function at a
times. The lines overlap fort.0.5, which indicates a con
stant average cluster length in this regime.

If we consider that during annealing-induced evolutio
the polygranular cluster length distribution is, and remai
exponential, the problem of predicting the structure statis
is reduced to the determination of the evolution with time
both the average cluster lengthl av(t) and the total number o
clustersN(t), or equivalently, one of these variables and t
total cluster lengthLc(t). Assuming that the effect of bam
boo nucleation on the total cluster length is negligible, on
cluster shrinkage will account for the variations inLc , so
that

dLc

dt
52v~ t !N~ t !, ~7!

wherev(t) is the average value of the rate of polygranu
cluster shrinkage at timet. The variation in the total numbe
of clusters is caused by the increase due to bamboo nu
ation inside a polygranular cluster, or, equivalently, clus

FIG. 2. Exponential plot of cluster length distributions at va
ous times during simulated evolution of the grain structure in a t
film strip with w/D5051.0. Solid lines represent the best-fittin
exponential distributions. The plot is consistent with the struct
reaching a steady state where the average cluster length is con
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splitting events, and the decrease following cluster dis
pearance by shrinkage. Ifa(t) is the rate of splitting events
per unit cluster length at timet, as defined previously, the
assuming an exponential distribution of cluster leng
f t( l c)5@1/l av(t)#exp@21c /lav(t)#, the number of clusters
that disappear by shrinkage betweent and t1dt can be
evaluated to bev(t)N(t)dt/ l av(t), which leads to the secon
evolution equation:

dN

dt
5a~ t !Lc~ t !2v~ t !

N2~ t !

Lc~ t !
. ~8!

These equations can be recast in terms of the reduced di
sionless variables previously defined and two dimension
parameters,vI 5(w/m)v and aI 5(w3/m)a. At this point,
knowledge of the initial conditionsLI c(0) andNI (0) and the
profiles ofaI (t) andvI (t) allows solving Eqs.~7! and ~8! to
determineLc(t) and N(t). It is important to note that, a
mentioned earlier in the section, the evolution of the norm
ized variables in the casew/D50@1 is independent of line
geometry, which implies thataI and vI depend on geometry
only throught. This, in turn, proves that the rate of clust
splitting ‘‘a’’ is proportional tom/w3 and the shrinkage ve
locity v is proportional tom/w.

The rate of cluster shrinkage has been investiga
previously.12 In the growth-dominated regime, mo
polygranular clusters are bound by pairs of four- and fi
sided grains~counting the strip edge as a side! with a series
of five-sided edge grains between them. The Mullins–v
Neumann law can be used to show that the rate of clu
shrinkage is constant and proportional to 1/w:

v52
1

w

dA4

dt
5

2p

3

m

w
, ~9!

whereA4 is the area of a four-sided edge grain and wher
should be noted that when using the Mullins–von Neuma
analysis for the rate of shrinkage of individual grains
strips, the strip edge counts as two sides.20 The time evolu-
tion of the normalized velocity as defined in Eq.~7! is de-
picted, for several linewidths, in Fig. 3. The plot confirm
that the average shrinkage rate is constant in the steady-
regime, and the fact that all curves overlap confirms that
rate is proportional tom/w. The average value of the shrink
age rate in the steady state exceeds the predictions of Eq~9!
by about 20%, a difference that is accounted for by the h
velocities associated with bamboo nucleation at the edge
cluster. At the early, nucleation-dominated stage, the va
of v are variable and higher, which is expected since,
lowing Eq. ~7!, it is v and not a that accommodates th
topology-driven cluster length variations due to rando
nucleation events.

An analytic assessment of the rate of cluster splitting
unit time and unit length,a(t), is more complex. This rate i
expected to depend on the average grain size at a given
as well as on the deviation in the grain size, since it is
number of grains that are bigger than a certain width-rela
threshold that affects the number of nucleation events. H
ever, as can be seen in Fig. 4, and will be discussed in
next section, simulations indicate that significant clus
splitting through nucleation occurs only during thenucle-
ation period, and is essentially absent during the steady-s
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growth regime. This behavior is expected since during
steady-state phase, clusters have stable geometries whic
immune to an internal bamboo nucleation. Therefore, a r
tively good approximation would be to takea(t) to be con-
stant during the nucleation period in the time interv
@ t0 ,t1#, and zero at other times. This is confirmed by t
data in Fig. 4, for the evolution of the simulated normaliz
bamboo nucleation rate (1/LI c)dNI b /dt, an overestimate of
the normalized cluster splitting rateaI 5(w3/m)a, as a func-
tion of t5mt/w2. The plots coincide within statistical varia
tions for initially polygranular lines (w/D50.2), confirming
that the nucleation rate is proportional tom/w3.

Using, as a simplification, a cluster-splitting ratea(t)
such as the one defined above, and a constant shrinkag
locity, the coupled equations~7! and ~8! can be solved ana
lytically to obtain the following:
for t0,t,t1 ,

Lc5Lc0 expS 2
1

l av0
v~ t2t0!2 1

2 va~ t2t0!2D ~10!

FIG. 3. Evolution of the normalized cluster shrinkage ratevI
52(1/NI )dLI c /dt with t5mt/w2. The plots coincide for initially
polygranular lines (w/D50.2), confirming that the shrinkage rat
is proportional tom/w.

FIG. 4. Evolution of the normalized bamboo nucleation ra
(1/LI c)dNI b /dt with t5mt/w2. These plots have been obtained a
ter averaging highly variable instantaneous rates over longer tim
The plots coincide within statistical variations for initiall
polygranular lines (w/D50.2) showing that bamboo nucleation
only significant during the nucleation phase and that the nuclea
rate is proportional tom/w3.
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and

l av~ t !5S 1

l av0
1a~ t2t0! D 21

, ~11!

and for t.t1 ,

Lc5Lc~ t1!expS 2
1

l av1
v~ t2t1! D ~12!

and

l av~ t !5 l av~ t1!. ~13!

That the average cluster length reaches a constant valuelIav
reaching a constant value means also thatl av reaches a con
stant value proportional tow! is in agreement with Walton’s
results.11 We also note, as a final remark before discuss
simulation results, that Eq.~5! obtained through the JMA
analysis and Eq.~10! above are identical, as would be e
pected for nucleation at a constant rate and growth at a
stant velocity.

FIG. 5. Evolution of the normalized total cluster lengthLI c

5Lc /L with t5mt/w2. The plots coincide for initially polygranu-
lar lines (w/D50.2). Solid lines represent the evolution predict
using the analytic model.

TABLE I. The parameters for simulations of grain structu
evolution in lines with different widthsw that minimize the error
e5^ log2(LI c/LI c2fit)&1^ log2(lIavlIav2fit)&1^ log2(NI /NI fit)&.

w/D50 t05mt0 /w2 t15mt1 /w2 vI 5vw/m aI 5aw3/m. Error

7.05 0.16 0.75 3.96 0.74 0.02
5.81 0.16 0.75 3.84 0.66 0.02
5.0 0.18 0.75 3.88 0.64 0.02
4.0 0.15 0.75 3.50 0.80 0.01
3.0 0.12 0.75 3.76 0.84 0.01
2.0 0.0 0.75 3.38 0.60 0.018
1.25 0.0 0.45 3.34 0.78 0.02
1.0 0.0 0.40 3.84 0.70 0.035
0.75 0.0 0.35 4.44 0.52 0.05
0.5 0.0 0.35 4.92 0.28 0.096
g

n-

IV. SIMULATION RESULTS AND DISCUSSION

We have used the grain growth simulation discussed
Ref. 11, 12, and 20 to generate grain structures in strips w
different widths, and compared the evolution of th
polygranular cluster statistics observed using the simula
with predictions made using the analytic model deriv
above. Table I shows values for various error-minimizi
parameters obtained using the simulation.

The simulation shows that during 2D normal grain grow
in strips, the incubation periodt0 is approximately 0.15w2/m
for wide, initially polygranular lines (w/D50>3.0). The in-
cubation time decreases rapidly with strip width, and is
ready zero forw/D50<2.0. The nucleation period lasts unt
t1'0.75w2/m for all polygranular lines. The fact thatvI and
aI have constant values (vI '3.860.2 andaI '0.760.1) for
all polygranular lines (w/D50>3.0), regardless of the line
width in the growth-dominated regime, validates the assum
tions of the analytic model. The value ofvI is consistent with
the Mullins–von Neumann analysis described above a
accounting for the high velocities associated with bamb
nucleation events. Figures 5, 6, and 7 show the evolution

FIG. 6. Simulated evolution of the normalized number of clu
ters NI 5Nw/L with t5mt/w2. The plots overlap for initially
polygranular lines. Solid lines represent the predictions of the a
lytic model.

FIG. 7. Simulated evolution of the normalized average clus
length lIav5 l av/w with t5mt/w2. Solid lines represent the predic
tions of the analytic model.
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LI , NI , andlIav for both simulation data and model predictio
in lines with different widths. We note the exponential dec
of LI andNI during the steady-state phase (t.t1), while lIav
reaches a constant value of about 2~corresponding to an
average cluster length of twice the linewidth!. The coinci-
dence of the curves for the wide lines (w/D50>3.0) is a
validation of the geometric scaling analysis presented ear
The time to reach 90% bamboo structure~in terms of length
fraction! for wide lines is about 1.85w2/m, and the final
bamboo structure has grains with an average length of a
2.1 times the linewidth. Figure 8 shows that the distribut
of the final bamboo grain lengths normalized by the lin
width is width-independent for initially polygranular lines, a
expected with geometric scaling, and is well fit by a lo
normal distribution. Figure 9 shows the normalized to
number of bamboo nucleation events (Nb2Nb0)w/L as a
function of w/D50, demonstrating that the total number
bamboo nucleation events is proportional toL/D50 for ini-
tially near-bamboo lines (w/D50,2.0) andL/w for initially
polygranular lines (w/D50.2.0), the latter result being con
sistent with the geometric scaling discussed earlier.

Because cellular evolution in froths and grain growth a
both driven by capillary forces, studies of froth evolutio
have been extensively compared to simulations of 2D g
growth.19,21,22 We have recently completed experimen
studies of froth evolution in rectangular prisms, in whi
detailed agreement is demonstrated with both simulation
sults and the analytic model developed above, when 2D e
lution occurs.23

FIG. 8. Log-normal plot of normalized bamboo grain leng
l b /w distributions in the bamboo structures, resulting from sim
lated prolonged annealing of polygranular strips with differe
widths. The overlapping curves for different values ofw/D50 show
that the distribution of the values ofl b /w is linewidth-independent.
The solid line represents the best-fitting log-normal distribution
s
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V. SUMMARY

We have developed a geometry-sensitive analytic mo
for the evolution of the grain structures of initiall
polygranular thin film strips to bamboo grain structures. T
model is in agreement with the partial results predicted us
a modified Johnson-Mehl-Avrami analysis of the transform
tion. The model predicts the line-geometry dependence
the two transformation parameters, the bamboo nuclea
rate and the polygranular cluster shrinkage velocity. T
model also allows prediction of the time and geometry d
pendence of the polygranular and bamboo segment le
distributions. For initially near-bamboo lines (w/D50,2.0),
the model’s predictions are still in agreement with the sim
lation, but the geometry dependence of the nucleation
and the cluster shrinkage velocity is expectedly not the sa
as for initially polygranular lines. Evolution from the nea
bamboo regime can be analyzed using parameters der
from simulations.24 With these compact analytic models it
possible to generate appropriately varying grain structu
for simulations of interconnect reliability, eliminating th
need for time-consuming multiple simulations of grain stru
ture evolution.
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