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Order induced by dipolar interactions in a geometrically frustrated antiferromagnet
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We study the classical Heisenberg model for spins on a pyrochlore lattice interacting via long-range dipole-
dipole forces and nearest-neighbor exchange. Antiferromagnetic exchange alone is known not to induce or-
dering in this system. We analyze low-temperature order resulting from the combined interactions, both by
using a mean-field approach and by examining the energy cost of fluctuations about an ordered state. We
discuss behavior as a function of the ratio of the dipolar and exchange interaction strengths and find two types
of ordered phase. Below a certain value of this ratio, we find that the system orders in a four-sublatice Ne
state. For interaction strengths above this critical ratio, the system orders with an incommensurate wave vector.
We relate our results to the recent experimental work and reproduce and extend the theoretical calculations on
the pyrochlore compound, G@i,O;, by N. P. Raju, M. Dion, M. J. P. Gingras, T. E. Mason, and J. E.
Greedan, Phys. Rev. B9, 14 489(1999.

INTRODUCTION net. Because of the ground-state degeneracy of this system
with only nearest-neighbor exchange, dipolar interactions are
Geometrically frustrated magnetic systems have receivetnportant in establishing order even if they are weak. More-
a great deal of attention in recent years from both experimerever, the influence of dipole interactions in a pyrochlore an-
talists and theoristsSuch systems are typically composed of tiferromagnet has been probed in the compoungT&®;, "
corner- or edge-sharing frustrated units, usually triangles owhich should be well represented by an isotropic Heisenberg
tetrahedra. For example, a two-dimensional network ofmodel.
corner-sharing triangles forms th@gomelattice, while the The properties of Gi,0; have been studied both ex-
three-dimensional pyrochlore structure is composed operimentally and theoretically in a recent paper by Raju
corner-sharing tetrahedra. Magnetic systems with such stru@t al,, in which it was shown that Gdi,O; undergoes a
ture exhibit unusual low-temperature properties, which ardransition to long-range order at a temperature of about 1
not completely understood. These materials typically remaif.*? Their measurement of the high-temperature susceptibil-
disordered to a freezing temperatufg, much less than the ity gives a negative Curie-Weiss constafg,,~ —9.8 K12
magnitude of the Curie-Weiss constaft,|.}'? Indeed, the Measurements on a magnetically dilute sample show a re-
depression of the transition temperature below that expecteduction in|6cy/|, indicating that this value is predominantly
from the measured value by is often used to gauge the due to antiferromagnetic exchantféThe transition tempera-
degree of frustration in a magnetic system. ture is much lower thahécy|, indicating that the system is
The reluctance of geometrically frustrated antiferromag-frustrated. The theoretical work of these authors involves
nets to order can be understood by considering classicanean-field calculations expressed as a Landau expansion of
models, many examples of which yield macroscopically dethe free energy and taken to quadratic order. They examine
generate ground states. For instance, it has been shown ttihe ordering instabilities that occur as the temperature is low-
the Heisenberg model for spins on a pyrochlore lattice interered. With nearest-neighbor exchange and long-range dipolar
acting via nearest-neighbor antiferromagnetic exchange hasteractions, they find that order parameter fluctuations on
an extensive number of degrees of freedom in the grouneéntire branches i space along the star of the (111) direc-
state>~® The degeneracy of the ground-state manifold is notion become unstable simultaneously at the mean-field criti-
lifted in this model by thermal fluctuations, and the systemcal temperatureT . .*?> Degeneracies of this kind are often
has no finite-temperature ordering transittdhSeveral real- broken by thermal or quantum fluctuations, a phenomenon
izations of pyrochlore magnets have been studiedknown as order-by-disordéf. Raju et al. suggest that this
experimentally’’~° mechanism may operate to induce order in the model they
Classical models that include nearest-neighbor exchanggudy:?
interactions alone may not be sufficient for explaining all the In the following, we extend this mean-field description of
low-temperature properties of some frustrated antiferromagthe system with only nearest-neighbor exchange and long-
nets. For instance, the origin of the freezing transition mustange dipolar interactions to find the ordering pattern below
involve additional aspects of the system. In real materialsT.. We show that the quartic term in the free-energy expan-
several other types of interactions are present. Further neigision lifts the degeneracy of the critical modes. The ordering
bor exchange may be relevAmts may crystal-field effect§,  pattern obtained for the ratio of dipolar to exchange interac-
magnetic dipole interactior’s,or the effect of quenched tion strengths appropriate for GH,O; is a four-sublattice
disorder>!! Neel state. In addition, we analyze the low-temperature fluc-
In this paper, we focus on how the inclusion of dipolar tuations away from the four-sublattice ground state. We
forces affects the properties of the pyrochlore antiferromagshow that all distortions have a positive-energy cost. Order-
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II. MEAN-FIELD THEORY FOR INTERACTIONS
ON THE PYROCHLORE LATTICE

We consider a system of spins interacting via the Hamil-
tonian

H= SIS
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FIG. 1. Three degenerate ground states for spins on a singl@,hereczrﬁand/Jex_ The exchange interaction is between
tetrahedron. The spins in each configuration are parallel to certaigearest-neighbors only, as indicateddy. The labeld and
edges of the_tetrahedron. These eFjges gnd the spins parallel to th‘f'ﬂafer to sites in the lattice and and 3 label components of
are drawn with the same type of line, either bold or dashed. Ther e spin or spatial vectors. A mean-field treatment for Hamil-
are three other ground states, obtained from these by reversing nians of this kind has been developed by Reimers, Berlin-
SpIns. sky, and Shf For completeness, we briefly summarize their

approach. Order parameters for the system are defined by

ing in this model, therefore, has an energetic origin and is not

an example of fluctuation-induced order. Tr(p;S)=B;, (2.2
where p; is the local density matrix and is constrained by
|. SPINS ON A SINGLE TETRAHEDRON Tr(pi)=1. Expanding the free energy in a power serieB;in
Itis instryctive firs'F to (;o.nsider spins ona single tetrahe—yl(aldS
?;t?gh:g:frwg the spins hyj, the interaction energy for the E_ constt % i;;aﬁ BY(3T 6,50, +Ji‘}f°’)Bf
Jex Jua N LTS (BIB(BEAH+OEY. (29
U= 2 S-S+ 2 [S-§-3(S:1)(S: M) 20 iias

(1.)  The next step is to diagonalize the quadratic term. In systems
with n atoms per unit cell, it is convenient to divide the site
labeli into two parts: labels the unit cell and labels spins

whereJe, andJgyq are the relative interaction strengths of the i the unit cell. Making the Fourier transforms

exchange and dipolar termsddoc,uzlrﬁn, r,n is the edge
length of the tetrahedrofthe nearest-neighbor distance be- )
tween sping andu is the dipole moment. We minimize this B =2 BT, (2.9
energy using a standard numerical search and find all the q

possible ground states. These are shown in Fig. 1. In each of

the ground-state configura_tions, thg _spins are coplanar ar_1d Jeb bzi S JaabBg=id fim (2.5

are tangent to the sphere circumscribing the tetrahedron. It is mab N G

worthwhile to note that these states are also ground states for o ) ]

spins interacting via nearest-neighbor antiferromagnetic exdnd substituting these expressions into the free energy, one
change only. Without dipolar interactions, the condition for a@frives at the expression for the quadratic pait-ef/N, the
configuration to be a ground state is that the vector sum off€e energy per unit cell, used in Ref. 12:

the spins on each tetrahedron is zer%ﬁleaving two internal 1

degrees of freedom for the configuratiohDipolar interac- (2)_— aa aabBypbp

tions fix these two degrees of freedom and those arising from f 2 ab,zaﬁ Eq By (3T 0apdap 35" ")BZg. (2.6

the O(3) symmetry.

Since the interaction energy for a single tetrahedron inConsider diagonalization of thend3n matrix, J2*°#. De-
volves only nearest-neighbor dipolar contributions, onenote the eigenvalues by'q and eigenvectors bleq for i
might not expect the spin configurations in Fig. 1 to be a=1,...,3. Expanding the order parameters in the basis of
useful guide to behavior on the full pyrochlore lattice. In eigenvectors
fact, and somewhat surprisingly, the ground state for the full
lattice that we find in Sec. Il turns out to be a periodic Baa_ S iyl
repetition of that for a single tetrahedron, provided the ratio a4 =q bq. 27
of dipolar to exchange interactions does not exceed a critical
value. one obtains
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R PN ;' FIG. 3. An illustration of the eigenvectors for the soft modes
-60.0 K y along the star of th¢111) directions inq space. The vectoq is
R AR s \‘—""“""“}-’ perpendicular to the base of the tetrahedron and is shown coming
-75.0 : ‘ : out of the page. The three spins are coplanar, have equal magnitude,
—-2n T 0 T 2n and are tangent to the circle that circumscribes the base of the
a.9.9 tetrahedron. The spin on the fourth site has zero average value.

FIG. 2. Minimal eigenvalues.q/Jey along the (111) line iy o4t parts of the free energy. Consider first the quartic

space for various values of the dipole-dipole interaction strengthterm in isolation. In terms of the real space order parameters
Curve a corresponds talyq/Jex=0.2 as in Ref. 12. Curved « this is ' '

throughf havedq/Je.,=2.92, 5.63, 8.35, 11.06, and 13.78, respec- /&’
tively, (Ref. 14.

oT
. F®=25 g:ﬁ BiBLB{Bf . (2.9
2)_ i igi

f )_5 % Z (3T+Ng) bgb—q- 2.8 Its value depends on the magnitude and directioB,9f For
fixed magnitude oF,,,(B{%)?, the quartic term is minimized
To find the minimum of the quadratic term, it is necessary topy 3 state with allB,| equal. Fortunately, and apparently
determine the minimum,, for all i andgq. fortuitously, a state satisfying this condition can be con-

Specializing to the pyrochlore lattice, we follow previous structed that also minimizes the quadratic term. In detail, we
workers in using a rhombohedral unit cell containing fourproceed as follows. The eigenvector associated with one of
magnetic ions (8=12)*'? Primitive basis vectors are the modes that becomes unstabl@ ats illustrated in Fig. 3.
(a2)(j+k), (a/2)(1+k), and @?2)(i+]), wherea is the  Taking the most general combination of this eigenvector and
edge length of the cubic unit cell. Also, the four magneticits three partners, and imposing the condition that the values
ions within the cubic unit cell are located ak,y,z) of |B,,| are the same at four sites of a tetrahedron, we gen-
=(0,0,0), (0%,1), (1,0.%), and ¢,2,0). erate the configurations of Fig. 1 and no others. Tiling the

Z 1 Z 414 . . . . . .
The instability of the paramagnetic phase is analyzed b>|,att|ceT with these configurations, we obtain only states_wuh
i ordering wave vectog=0. We conclude that the ordering

considering the sign of (B+ )\'q). In the paramagnetic phase, X . A
all are positive. At the mean-field critical temperature, thepattern forT just belowT is as shown in Fig. 4.

smallest becomes negative. Using the raljg/Je.,=0.2,
Raju et al. showed that such an approach does not com- lIl. STATIC DISTORTIONS AWAY FROM
pletely determine the ordering pattéfnAt T., a star of THE ORDERED STATE
modes simultaneously becomes unstable. For the same value
of Jgq/Jex, We recover these results. By contrast, for values Finally, we investigate whether a ground state with this
of Jgq/Jex>R.=5.7, we find that a discrete set of isolated ordering pattern is stablg against thermgl fluc@uauons at onv—
modes(related by the lattice symmednpecome unstable. temperatures. To describe this calculation using the notation
To illustrate this point, we plot in Fig. 2 the minimum introduced above, we impose the constrgBy|=1 for ev-
eigenvalue of thel, matrix as a function ofj for various ~ €ry | anda. We denote the components Bf; in the ground
values ofJyq/Jey ranging from that used by Rajet all?
(based on the measured valueg &f,,| and the lattice spac-
ing and the calculated value of the magnetic moment of
Gd®**) to a much larger value. Falyy/Je <R, the mini-
mum eigenvalue is independent @falong the (111) direc-
tion. For Jyq/Jex>R., there are isolated minima located
close to(but not af q=0. These are the individual incom-
mensurate modes that become unstabld ain the case
Jada/Jex>R.. From an examination of the eigenvectors as-
sociated with the minimum eigenvalues of thg matrix at
these points, we determine that the ordering is not coplanar.
We next investigate the ordering pattern beldw for
Jyd/Jex<R.. The degeneracy of the soft modes is lifted
when we include contributions to the free energy from the
fourth-order term. At temperatures beldly, the order pa- FIG. 4. A projection of theq=0 ordering pattern found for
rameters acquire finite magnitude and one is faced with the,,/J.,<R. onto thexy plane of the cubic lattice. The spins are
problem of simultaneously minimizing the quadratic andcoplanar and form a four-sublattice’ &lestate.
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state with the ordering pattern shown in Fig. 4B . We 1.2
expand 10
0 1o 2 4 0.8
Blaa=Bjaa™ 5Blaa_§B|aa|5Bla| +0(sB%). (3.1 ‘ -, F
5 N Tl
£ 0.6 e E
Since 6B,, (when small is orthogonal toB,,, it has only g
two independent components. S D
We expand the energy to quadratic order in the distortion ~ + C
variables obtaining 0.2 | T .
1 L
H=Eot5 2 (Jihar) 3BiaudBmns— 3(|3Bial? 02
Imab, a8 -2n - 0 ) 2n
P 0,09
+1 8Bimpl?) BlzaBmpg]. (3.2

whereE, is the energy of the ground state. We then diago- F'ﬁ‘}' 5. Thedmitni:ngmtsigeggflu;sq/tqex for disror;iﬁns away
nalize the quadratic term, which involves ax 8 matrix for rom the ground state in the (001) directiongrspace. The various

each wave vector. We find the minimum eigenvalu curves correspond to different values of the relative strength of the
Q. 9 Ry dipole-dipole interactionJdyy/Jex. Curves A through E have

of this matrix as a function off. As expected, W4e recover a J4q/3.=0.0, 0.04, 0.08, 0.12, and 0.16, respectively. Cieas
flat branch of zero-energy modes whégq=0." For Jyg 3 /3 _02 asin Ref. 12
. . dd/Yex . . .
>0, we find that all fluctuations away from an ordered state
are associated with a positive energy c@sten in the long-
wavelength limit, since dipolar interactions break global ro-
tational symmetry. As an illustration, we plot the minimum ; ' - o
Y ¥ P using a mean-field treatment and by examining the stability

hg along th 1) direction i for vari . .
3;522’ gf ?hoe ?ji;o?efgi?ao)l edin?eC:;cti Org isnp?:(i:ge 5? Tﬁ eoeur? or.0f an ordered state to fluctuations. We believe that the order-

getic barriers around our proposed ground stater a0 ing we find forJyq/Jex<R. should be that associated with

mean that there is not a degenerate, connected manifold. THR&E tran_S|t|0|22thaj[ is observed experimentally at around 1 K

ordering obtained is due to energetic selection and does nét G&Ti-0;." This ordered state, shown in Fig. 4, is a four-

occur via an order-by-disorder mechanism. sublattice Nel state. For systems in which the value of the
One failure of the mean-field calculation presented in Sedatio of dipolar to exchange interactions is above the critical

Il is that it predicts a finite ordering temperature even for theratio R, we expect that the ordering will occur with an

caselyq=0, where it is known that the system remains dis-incommensurate wave vector.

ordered to zero temperatuté.In the face of this difficulty, It will be interesting to compare these theoretical predic-

we can arrive at a crude estimate of the ordering temperatut@ns with the results of neutron scattering from

from the size of the gap to static distortionsTat 0. Using  *69Gd,Ti,O,, currently in progres$’

estimated values fod., and Jyq for Gd,Ti,O; from Raju

et al,*2 we obtainT,~1.0 K. The remarkable agreement of

this result with the actual ordering temperature obtained ex- ACKNOWLEDGMENTS
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