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Analysis of direct correlation measurements from adsorbed atom fluctuations
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Despite its importance in theoretical studies of surface diffusion there has been limited experimental
progress in developing methods to measure the dynamic structure factorS(q,t). In this work we study gases
adsorbed on single-crystal surfaces and show that their equilibrium dynamics is measurable in a diffraction
experiment through density fluctuations described by the dynamic correlation function^S(q,t)S(q,0)&. Using
a lattice-gas model with nearest-neighbor repulsive interaction, we demonstrate how to separate out the mi-
croscopic dynamics caused by diffusion and adsorption-desorption from the form of^S(q,t)S(q,0)&. Our
analytical results show that^S(q,t)S(q,0)& decays as an exponential with a time constantt(q). Significant
deviations from the hydrodynamic dependence of 1/t(q)5Dcq

2 are found with and without desorption. These
deviations have important consequences in extracting diffusion constants from experiments.
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I. INTRODUCTION

The use of atomic imaging techniques~i.e., Scanning
Tunneling Microscopy~STM! and Field Electron Micros-
copy ~FEM! has demonstrated how information about s
face adatom mobility can be obtained by following in det
the diffusive path of a few adatoms in well defined config
rations ~single atoms, dimmers, etc.!.1 This information in-
cludes the determination of the energy barrier, diffus
mechanism, etc., of the configuration under investigati
However, these experiments are limited to regimes of eit
low adsorbate coverage or in conditions far from equilibriu
~i.e., low temperatures!. The reason for this is that the tim
scale set by the experiment selects processes with the fa
rate while other microscopic processes corresponding to
slower rates ‘‘freeze’’ out. Because of these limits, the d
namics of these systems are parametrized by the so-c
tracer diffusion coefficient,Dt . In the opposite limit of finite
coverage~high particle densities! and/or at high temperature
~when many microscopic processes are operating!, collective
effects become more relevant~e.g., formation of ordered
phases, long-range correlations in the atom motion, etc.!. In
these limits the system’s dynamics require a different
scription of the diffusion process that is based on the col
tive or chemical diffusion coefficient,Dc . At a finite cover-
age,Q, the degree of mass transport in the system depe
on the differences in energy costs when an atom occu
various sites~i.e., chemical potential differences!. These dif-
ferences arise from both interactions between the adsor
atoms and/or the substrate atoms and thus also depend o
local adsorbate distribution. Measurements of the collec
diffusion coefficient reveal important information not on
about the adatom-substrate interactions but also a
adatom-adatom interactions. Methods for measuringDc(Q),
however, are much more difficult to implement than metho
for measuringDt .

To measureDc , one must be able to detect sma
amplitude, thermally produced concentration fluctuations
the adsorbate under equilibrium conditions. So far, attem
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to make these measurements have been based on ele
emission techniques@FEM and STM~Refs. 2 and 3!#. The
high spatial amplification of the electron emission process~a
result of the exponential dependence of emission on chan
in the local adatom concentration! provides the necessar
gain to magnify the small equilibrium density fluctuation
These techniques measure density fluctuations over a
able diameter of 30–300 Å depending on the magnificat
factor in the emission geometry. A serious problem w
these methods is that the electron emission process req
the presence of a high electric field~typically 0.5 V/Å!. De-
pending on the system under study, field effects can mo
the diffusive motion of the atom. If the diffusing atom has
sufficiently high polarizability or permanent dipole momen
the electric field can change normal diffusion to a bias
random walk.3 In addition, depending on temperature dens
fluctuations can be extremely fast~much faster than seconds!
so that processes faster than the integration time consta
the electronics cannot be followed~typically video rates!.

Despite the success of these methods in measuring su
diffusion coefficients in numerous systems, there are mot
tions to use a reciprocal space method~i.e., surface diffrac-
tion! to measure the density fluctuations. Besides the elec
field and the limited time resolution problems mention
above, there is an impetus to developing temporal diffract
methods because they measure quantities more intima
related to those derived by theoretical analysis of adsorb
dynamics in surface diffusion.

In a diffraction experiment, the quantity measured is t
structure factor,I (q,t). For an adsorbate withN possible
adsorption sites, of whichQN are occupied, the structur
factor from the adsorbate is defined as

I ~q,t !5
1

~NQ!2 E r~r 8,t !r~r 81r ,t !exp~2 iq•r !dr 8dr ,

~1!

wherer(r ,t) is the local adsorbate concentration at positi
r and timet, andq is the momentum transfer vector. Fluc
tuations about the time-averaged mean value ofI (q,t),
4672 ©2000 The American Physical Society
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PRB 62 4673ANALYSIS OF DIRECT CORRELATION MEASUREMENTS . . .
^I (q)& t , are measured as a function of time and are use
construct the autocorrelation function,

C~q,t !5^@ I ~q,t !2^I ~q!& t#@ I ~q,0!2^I ~q!& t#&. ~2!

The averaging procesŝ& means an ensemble average ov
different configurations of the system but in practice it
carried out as a time average since systems in equilibrium
ergodic and the two averaging processes are equivalent

As we will show in the next section, a measurement
C(q,t) is equivalent to a measurement of the dynamic str
ture factor,S(q,t), defined as

S~q,t !5
1

~NQ!2 E dr~r 8,0!dr~r 81r ,t !exp~2 iq•r !dr 8dr ,

~3!

wheredr(r ,t)5r(r ,t)2^r&. The average adsorbate conce
tration ~averaged over space and time! is ^r&5Q.

Theoretical progress in recent years has developed
pressions that relate the collective diffusion coefficient
equilibrium thermodynamic quantities such as the aver
jump rate,G, and a thermodynamic factor analogous to t
Darken equation relatingDc(Q) to the tracer diffusion coef-
ficient Dt :2,4

Dc~Q!5Dt

]~m/kT!

] ln Q
, ~4!

wherem is the chemical potential,k is Boltzmann’s constant
a is the lattice constant, andT is the temperature.

The reason a measurement ofS(q,t) is so desirable is
because the thermodynamic factor is related to the dyna
structure factor in the limit that botht andq go to zero,1

S ]~m/kT!

] ln Q D 21

5^S~0,0!&. ~5!

If it is possible to measure the full decay of the structu
factorS(q,t), then the collective diffusion coefficient can b
extracted from the expression forS(q,t) in the hydrody-
namic regime (q→0): S(q,t) '

t→0
S(q,0)(12Dcq

2t).1

Despite the importance of the dynamic structure facto
theoretical studies of surface diffusion and the developm
of different methods for its calculation, there is limite
progress in developing experimental methods to mea
S(q,t). In part this is because the small-amplitude dens
fluctuations give rise to correspondingly small variation
I (q,t), making them difficult to detect. However, this pro
lem has been overcome recently,5,6 making the possibility of
measuringDc(Q) a reality.

A direct measurement ofS(q,t) can be carried out with a
diffraction technique if two experimental conditions are r
alized: first the instrument should have highq resolution so
measurements can be carried out at well-defined wave
tors q, and second the acquisition speed should be su
ciently fast compared to the time constant of the phys
process under investigation. The first restriction is requi
because integration over a finite window in reciprocal sp
Dq, can average out the time structure. This follows from
fact that fluctuations with different wave vectors within th
to
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resolution window are not in general correlated. The sec
restriction prevents sampling time broadening of the t
time constant.

As demonstrated recently~e.g., Refs. 5 and 6! both con-
ditions are met with a high-resolution low-energy-electro
diffraction ~HRLEED! diffractometer~with resolution better
than 0.001 Å21!. Since signal acquisition in HRLEED is
based on pulse counting using a high gain Channeltron
tector, the sampling gate time can in principle be as low
0.1 ms ~limited only by the pulse width in the Channeltron!.
However, the diffracted count rate may place a practical lim
of ;1–10ms on the gate time. The successful use of hig
resolution LEED to measure temporal fluctuations has b
shown in recent experiments that monitored thermal equi
rium step fluctuations on a high-index stepped W~430! sur-
faces in the temperature rangeT5700– 900 K.5 I (q,t) was
measured at different diffraction conditions by varying t
normal component of the momentum transfer,qz . Strong
fluctuations were observed at the out-of-phase conditionqz
5(2l 11)p/d, whered is the step height andl is an integer.
At this qz , I (q,t) is maximally sensitive to the step positio
because neighboring steps scatter destructively. No fluc
tions were observed at the in-phase-condition,qz52lp/d,
whereI (q,t) is insensitive to step position~i.e., neighboring
steps scatter constructively!.

For the case of step fluctuations, the form ofI (q,t) has
been derived from a continuum model for different step
netics. These calculations predict strong differences in
time structure of the diffraction signal depending on whi
physical process dominates the kinetics. It is possible to h
more than one microscopic process present in a system
the resulting fluctuations originating from competing pr
cesses. An example would be low-temperature inert gas
sorption on a surface where both the desorption and diffus
barriers are sufficiently low~several millivolts! so that both
processes contribute to the adsorbed atom den
fluctuations.7,8 In this example, dynamic equilibrium exist
between the rate of adsorption of gas-phase atoms from
incident flux and the rate of desorption of atoms in the s
face lattice gas. In addition to these dynamics, it is poss
for the adsorbed atoms, during their residence time on
surface, to diffuse to different sites, nucleate islands, a
generate domains of the ordered phase as a result of
mutual interactions. Atoms desorbing from the tw
dimensional~2D! ordered phase back to the lattice-gas ph
give rise to density fluctuations with different dynami
compared to the adsorption-desorption process.

Under these conditions, when two microscopic proces
operate with possibly different time constants, what det
mines the fluctuations inS(q,t)? Stated another way, what i
the form of the measured autocorrelation from fluctuations
I (q,t) due to different combinations of diffusion an
adsorption-desorption rates? We would like to answer
question as well as to be able to extract the physical sign
cance of the measured time constant ofC(q,t) for different
combinations of desorption versus diffusion rates. To be a
to do this, as shown in the next section, we need to calcu
S(q,t) for both processes. These calculations show that thq
dependence is markedly different depending on which p
cess is involved in the kinetics. Therefore, by comparing
measuredS(q,t) from a diffraction experiment with the re
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4674 PRB 62Z. CHVOJ, E. H. CONRAD, AND M. C. TRINGIDES
sults of our calculations, not only can the dominant proc
be identified, but it should be possible to deduce energe
parameters such as activation energies for diffusion and
sorption as well as adatom-adatom interactions.

Our analysis is based on a lattice-gas model with rep
sive nearest-neighbor interactions. Depending on the lo
environment of the atom, the interactions will affect t
single-atom rate for both desorption and diffusion and lead
rates that are coverage-dependent.

II. RELATIONSHIP OF THE DIFFRACTION
AUTOCORRELATION FUNCTION TO S„q,t…

Although we will derive the relation between the me
sured quantity,C(q,t), and the theoretically more relevan
quantity,^S(q,t)&, within the lattice-gas approximation, th
derivation that follows is general enough to be applicable
the continuum case. The expression forC(q,t) in Eq. ~2! can
be rewritten as

C~q,t !5^I ~q,0!I ~q,t !&2^I ~q!&25C0~q,t !2^I ~q!&2.
~6!

Clearly the first term in this expression fully determines t
time dependence of the autocorrelation function. The
term ensures that the correlation function will decay to ze
The expression forC0(q,t) in Eq. ~6! can be rewritten in
terms of site-occupation variables using the definition
I (q,t) in Eq. ~1!.

Before continuing, note that we neglected explicitly t
bulk contribution to the structure factor in Eq.~1!. However,
if we assume that the adsorbed overlayer is ordered, c
mensurate, and forms a nonprimitive superstructure c
pared to the substrate, we can ignore the substrate cont
tion to I (q,t) if we chooseq properly. Specifically, this type
of discrete lattice gas will produces a structure factor w
nonzero intensity at wave vectors parallel to the surface
qi5bn/2 ~n an integer!. Hereb is a reciprocal-lattice vecto
of the substrate surface lattice, andb5h(2p/ax) x̂
1k(2p/ay) ŷ ~h and k integers!. For n odd, the intensity at
theseq’s only has a contribution from the adsorbate ato
and not the substrate atoms. Generalization to the case w
both adatom and substrate atoms contribute to the struc
factor ~as would be the case forn even! is straightforward.

For a discrete lattice gas,r(r ,t) can be written in terms o
the occupation variables,pl , for each point on the lattice
(pl51 if the site is occupied andpl50 if the site is empty!,

r~r ,t !5(
l

N

pl~ t !d~r2 l!, ~7a!

where l is the position vector of an adsorption site on t
surface,l5nax1may with n andm integers. The correspond
ing Fourier transform ofr(r ,t) is

r̃~q,t !5(
l

N

pl~ t !exp~2 iq• l!, ~7b!

dr̃~q,t !5(
l

N

@pl~ t !2Q#exp~2 iq• l!. ~7c!
s
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Substitution of Eq.~7a! for the adsorbate concentration in
Eq. ~1! and using Eq.~6! gives an expression forC0(q,t) in
terms of the discrete occupation variables:

C0~q,t !5
1

~nQ!4 (
l1 ,l2 ,l3 ,l4

^pl1
~0!Pl3

~0!pl2
~ t !pl4

~ t !&

3exp@2 iq•~ l22 l11 l42 l3!#. ~8!

One clearly sees the difficulty in writing an analytic e
pression forC0(q,t) since we must derive expressions f
the four-point correlation functions that depend both
space and time. To do this, we must know the conditio
probabilities to occupy sitespl2

and pl4
at time t given the

occupation of sitespl1
and pl3

at an earlier timet50 when

these sites are separated by a distancel12 l3 and l22 l4 , re-
spectively. This conditional probability, and thusC0(q,t),
will depend on the extent that correlations develop in
system as a result of the interactions between the adat
and will be a strong function of temperature.

It is a general result in statistics that higher-order corre
tion functions can be expressed in terms of lower-order c
relation functions by employing the cumulant expansion.9 If
at a temperatureT the distributionP$pl(t)% is a normal dis-
tribution @where$ % denotes specific configurations of the sy
tem’s occupation variablespl(t)#, then there is a well-
defined expression for the four-point correlation functions
a combination of three- and two-point correlation functio
and the averages ofpl(t).

9 Similarly, the three-point corre-
lation functions can be expressed in terms of two-point c
relation functions and the averages. Details of the calcula
will be given elsewhere10 but the reduction process i
straightforward and gives

C~q,t !5^S~q,t !&2@11F2~2q2b!#12^S~q,t !&J~q2b!

3@11F~2q2b!#, ~9a!

J~q2b!5
1

N2 (
l1 ,l2

N

exp@2 i2q•~ l12 l2!#, ~9b!

F~2q2b!5
1

N (
l1

N

exp@22q• l1#. ~9c!

The functionJ andF have simple analytical expressions11

but are essentiallyd functions inq5b and 2q5b, respec-
tively. They simply reflect the fact that, at any time, atom
are found only on lattice sites.

Equation ~9a! shows that the measured autocorrelati
function in a diffraction measurement is determined by
dynamic structure factor. In the next section, we der
^S(q,t)& for the case of an adsorbate where both diffus
and adsorption-desorption cause local fluctuations in the
sorbate density.

III. DETERMINATION OF THE DYNAMIC STRUCTURE
FACTOR ŠS„q,t…‹

For simplicity, we will assume that the adsorbate rests
a square lattice and that the overlayer has a nonprimitive
cell @e.g., ac(232) structure, whereQ50.5#. It is easily
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shown that interference between the substrate and the o
layer adds an additional term to Eq.~9a! proportional to
;( f B / f A)2^S(q,t)&d(q2b) ~wheref B and f A are the atomic
structure factors of the substrate and adsorbate atoms
spectively!. Since the main objective in the current paper
to determine both theq and t dependence ofS(q,t) for dif-
ferent microscopic processes, we will ignore the subst
contribution in further discussions.

In the limit of no evaporation or adsorption, atoms c
hop to nearest-neighbor sites at a ratew(T,Q). In the ab-
sence of interactions, and at zero coverage, the hopping
is simplyw(T,Q50)[W0(T)5Dt(T,0)/a2, whereDt(T,0)
is the tracer diffusion coefficient whenQ50. In the presence
of interactions, the hopping rate will be modified by the loc
adatom concentration. In the subsequent discussion, w
low only nearest-neighbor interactions with a strengthdE
(dE.0 for repulsive interaction!. Even with this simple in-
teraction, the transition dynamics become sufficiently co
plicated because they cause long-range correlations betw
atoms to develop, especially at low temperatures. Wit
nearest-neighbor approximation in mind, the ratewl,l1sA

to

jump from a sitel to a nearest-neighbor sitel1sA is influ-
enced, at finite coverage, by the occupation of the f
nearest-neighbor sites at positionsl1si as well as the occu
pation of the sitel1sA ,

wl,l1sA
~pl!5W0~12pl1s A

!expS dE

kT (
i 51

4

pl1si D . ~10!

We are implicitly assuming that the diffusion energy barr
is changed bydE if an adjacent site is occupied and that t
total interaction is a simple additive sum of interactions fro
all occupied adjacent sites.

In the opposite limit, when diffusion is zero, the dynami
of the overlayer is described by adatom adsorpti
desorption. In this limit, when the coverage is zero, the s
tem is parameterized by the rates of desorption,WD, and
adsorption,WA. The two ratesWD andWA are not indepen-
dent but are related by a detailed balance because in equ
rium the average coverage is constant.10 As for diffusion
alone, we use the same dependence on the local environ
of the atom~i.e., nearest neighbors! and repulsive interac
tions to describe the adsorption-desorption rates at finite c
erage,

wl
D~pl!5WD expS dE

kT (
i 51

4

pl1si D , ~11!

wl
A~pl!5WA expS 2

dE

kT (
i 51

4

pl1si D . ~12!

In general, we will have contributions from bot
adsorption-desorption and diffusion. This mixed dynam
situation will be parametrized byW0 , the ratioWD/W0 ~i.e.,
the ratio of desorption to diffusion!, the ratiodE/kT, and the
coverageQ. We can define a dynamic operator,L, that gov-
erns the equation of motion of the occupation variablespl at
site l due to all three processes:
er-
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Lpl[
dpl

dt
5(

si

NN

$pl1si
wl1si ,l~pl!2plwl,l1si

~pl!%

1~12pl!wl
A~pl!2plwl

D~pl!, ~13!

where NN denotes the summation over four nearest-neigh
positions,si . The first term in Eq.~13! describes the prob
ability of an atom already present at one of the four neig
boring sitesl1si to hop to sitel. The second term describe
the probability of an atom already at sitel to hop to one of
the four nearest-neighbor sites. The third term describes
probability of an atom in the gas phase to adsorb into
empty sitel and the last term describes the probability of
atom at sitel to desorb back into the gas phase.

The local jumps described by Eq.~13! will change the
instantaneous occupation of any sitel at time t. Since the
occupation of the sitesl determines the global quantit
S(q,t) according to Eqs.~3! and~7!, fluctuations in the local
occupation variables will generate fluctuations inS(q,t).
There is a standard method~described elsewhere12! that can
be used to write an equation of motion forS(q,t). To do
this, we start by using Mori’s projection operator method
write the equation of motion for the Fourier coefficients
the local concentrationdr̃(q,t) given by Eq.~7c!:

]dr̃~q,t !

]t
5

^dr̃~2q,0!Ldr̃~q,0!&

^dr̃~2q,0!dr̃~q,0!&
dr̃~q,t !

2E
0

t

dr̃~q,t2t1!M ~q,t1!dt11B~q,t !.

~14!

B(q,t) are the Fourier coefficients of some stochas
driving force that lead to fluctuations indr̃(q,t). Note that
the residual forces,B(q,t), are perpendicular todr̃(q,t) and
therefore do not contribute tôS(q,t)&. M (q,t) is referred
to as the ‘‘memory’’ term and contains information abo
how the jump of an atom at timet depends on all previous
jumps. In other words, it describes correlations between p
and future jumps. These correlations develop either beca
of adatom-adatom interactions or because of the slow eq
bration time to the substrate phonon bath. Because of th
memory effects, the assumption of statistically independ
successive jumps is never strictly valid.

Equation~14! is derived from the Liouville equation an
is completely general in that it applies to all forms of th
dynamic operator and not just theL derived from our model.
By using standard Laplace transform techniques~see Ref.
12!, the Laplace transform̂S(q,z)& of ^S(q,t)& can be writ-
ten

^S~q,z!&5
^S~q,0!&

z1V~q!1M ~q,z!
. ~15!

The termV(q) is the frequency matrix that depends on t
dynamic operatorL @defined in Eq.~13!#:

V~q!52
^r̃~2q,0!L r̃~q,0!&

~NQ!2^S~q,0!&
. ~16!
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In order to proceed towards finding an expression
^S(q,t)&, we must make a simplifying assumption to E
~15!. We will follow the ‘‘standard’’ approximation and ne
glect the memory effect and assume that successive ju
are statistically independent~i.e., a Markovian diffusion pro-
cess!. Inclusion of memory effects remains an important u
solved problem in diffusion. Within the standard assumpti
the expression for̂S(q,z)& is easily transformed back int
the time domain sinceV(q) is not a function ofz. The result
is an exponentially decaying function of time,

^S~q,t !&5^S~q,0!&e2V~q!t, ~17!

where the characteristic decay time of a fluctuation
^S(q,t)& is given by the inverse of the frequency matrix.

It is important to notice that by neglecting memory e
fects, the decay of the structure factor^S(q,t)& from an equi-
librium fluctuation isalwaysexponential in time regardles
of whether or not these fluctuations are due to diffusi
adsorption-desorption, or a combination of the two. The
tial magnitude of the fluctuation att50 is given by the static
structure factor or wave-vector-dependent ‘‘compressi
ity,’’ ^S(q,0)&. Becausê S(q,t)& decays as an exponentia
it follows from Eq. ~9a! that the diffraction autocorrelation
function C(q,t) also decays as an exponential forq5(2n
11)b/2 ~or the sum of two exponentials forq5nb!.

It is obvious from Eq.~13! that L is a simple linear op-
erator and thereforeV(q) will be a sum of two terms, one
from diffusion kinetics and one from adsorption-desorpti
kinetics. SinceL depends on each microscopic proce
V(q) will in turn depend on which process is operatin
specifically through itsq dependence. Therefore, an expe
mental measurement of theq dependence ofV(q) should
allow the active dynamic process to be identified. This w
be demonstrated in Sec. IV.

To evaluate Eq.~16!, we begin by defining the paramete
s6[exp(6dE/kT)21, which will allow us to rewrite the ex-
ponential terms in Eqs.~10!–~12! as the product of combi
nations of the occupation variablespl . The dynamic operato
L can also be written in terms of these combinations. Si
the p’s are discrete variables~0 or 1!, we can write

expS 6
dE

kT (
s

pl1sD 5)
s

~s6pl1s11!. ~18!

With this identity, V(q) can be rewritten as a series
multiterm correlation functions since the correlation functi
^r̃(2q,0)L r̃(q,0)& is a sum of terms of the form̂pkLpl&.
For example, the second term in Eq.~13! would lead to a
term in V(q) proportional to

V~q!}¯1W0K plpk~12pl1s! )
s8Þs

~s1pl1s811!L 1¯ .

~19!

Therefore, the evaluation of the frequency matrix,V(q),
requires one to calculate correlations between simultane
occupation of positions in clusters containing up to six sit
The largest clusters require the evaluation of six-point co
lation functions of the form^pjplpl1s1

pl1s2
pl1s3

pl1s4
&,

wherej ,l range over the entire lattice. Thepl1s1
term is the
r
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-
,

,
-

l-

,
,

l

e

us
.
-

ending site of the jump and the other threepl1s1
are the

neighboring sites that interact with it. There are no ex
expressions for these correlation functions. However, as
scribed in Sec. II, we can again use a cumulant expansio
reduce the problem to one of solving only two-point corr
lation functions,^plpj&, and averages@with the assumption
that deviations from the most probable configuration
$pl(t)% are normal#. What then remains is a method fo
evaluating these two-point correlations.

Without loss of generality@as far as the relation betwee
the different microscopic processes and the shape ofS(q,t)
is concerned#, we examine the dynamics of an adsorbate
the caseQ50.5 @e.g., the coverage for an idealc(232)
overlayer#. The static analysis of this problem is complete
defined from the well-known solution of the Ising model a
we will make use of some of those results.13 The exact so-
lution of the 2D Ising model dynamics, however, and t
calculation of the time-dependent correlation functions
still an open question. To proceed with our problem of fin
ing an expression forV(q), we must introduce some ap
proximation for the functional decay of^plpj& on the sepa-
ration distanceu l2 j u. Whatever the approximate form for th
two-point correlation we use, its validity will depend on th
correlation length,j(T), in the adsorbed film. For example
at temperatures wherej(T) is small, longer-range correla
tions will be unimportant and a short-range approximation
^plpj& will be adequate.

As a first drastic approximation to simplify the algebr
we have carried out the summation in Eq.~16! within the
quasichemical approximation to the Ising model.14 In this
approximation the two-point correlations become

^plpj&55
Q, l5 j

Q2
2Q~12Q!

A114s2Q~12Q!11
, l,j are NN

Q2 otherwise,
6
~20!

wheres2 is defined before Eq.~18!. Equation~20! expresses
the statistical independence of sites that are further a
than nearest neighbors. We point out that such a drastic
proximation suppresses long-range correlations~especially
whenT/Tc,1! and can underestimate some of the obser
effects discussed in the next section.

Within the quasichemical approximation, the decay co
stantV(q) is fully determined by the static equilibrium two
point correlation functions. This result is fully legitimate b
cause the system is in an equilibrium configuratio
Although a closed-form solution to Eq.~16! can be devel-
oped in this approximation, the final expression is cumb
some and will not be reported here. For the purposes of
discussion, we will instead simply display results forV(q)
that were calculated based on the outline given above.
reader is referred to Ref. 10 for details of these calculatio

IV. RESULTS

Since the decay of̂S(q,t)& is always exponential when
memory effects are neglected, the distinction between wh
microscopic mechanism is operating in a system canno
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determined from the time dependence ofC(q,t) alone. This
is in contrast to the kinetics of steps where the time dep
dence of C(q,t) was directly related to the microscop
mechanism responsible for step fluctuations.15 However, in
an adsorbate system, the microscopic kinetics leading to
sity fluctuations in the film can be distinguished by theq
dependence ofV(q). To illustrate this point, we calculat
V(q) ~with repulsive interactions! for several limiting cases
of diffusion and adsorption-desorption.

A. Adsorption-desorption: W0Ä0

We begin by looking at the case of pure adsorptio
desorption~no diffusion,W050!. The ordered phase of th
adsorbate will have a critical temperature,Tc , that we will
use to define the relative strength of the adatom interact
@for the Ising modeldE51.76kTc ~Ref. 13!#. Figure 1 shows
V(q) versusq for the case of pure adsorption-desorption
two limits: ~a! no interactions~which is parametrized by
the limit T/Tc→`! and~b! for temperatures below the criti
cal temperature of the ordered phase formationT/Tc
50.766. Note thatq lies along thex axis defining one side o
the c(232) unit cell.

For the case of no interactions,V(q) is independent of
the wave vector over the whole Brillouin zone@see Fig.

FIG. 1. Theq dependence ofV for Q50.5 in the limit of a pure
adsorption-desorption. The wave vector is in theqx direction (qy

50). ~a! No interactions withWA/WD51; ~b! strong interaction
(T/Tc50.766) with WA/WD5100. Note the minimum atqa
5p/2.
n-

n-

-

ns

1~a!#. This is because the probability to desorb from, or a
sorb at, any site on the lattice is constant, independent of
local environment of the atom. With interactions this is
longer true. In Fig. 1~b!, when interactions have been in
cluded, we see a strongq dependence inV(q): a maxi-
mum atq50 and a minimum nearq'p/2a.

This change in theq dependence ofV(q) with interac-
tions is related to the formation of thec(232) structure.
Since both desorption and diffusion are local processes,
local energy barrier is affected by the occupation of neig
boring sites according to Eqs.~11! and ~12!. For long-
wavelength fluctuations (q→0), changes in site occupatio
relative to equilibrium values are far apart. Therefore,
these types of fluctuations, nearest-neighbor sites remain
cupied, thus maximizing the effect of the repulsive intera
tion and increasing the difference between desorption
adsorption rates. This in turn minimizes the relaxation tim
of the fluctuation@or makesV(q) a maximum#. Such effects
are expected to be more pronounced at even lower temp
tures. The largest change in nearest-neighbor concentra
occurs for fluctuations with wavelengths betweenl'3a
→4a ~or qa/p' 1

2 → 2
3 !. This will produce many empty

neighboring sites leading to a subsequent decrease in
repulsive interaction for this wavelength disturbance. This
turn increases the adsorption rate and decreases the de
tion rates, thus increasing the relaxation time of the fluct
tion. SinceV(q) is the inverse of the relaxation time, it mu
be a minimum nearqa/p'0.5→0.7.

B. Diffusion: WDÄWAÄ0

In the limit of pure diffusion (WD5WA50), theq depen-
dence ofV(q) is very different. This is because, unlike fo
adsorption-desorption, there is a conservation law for the
cupancy of sites~i.e., the hop to a neighboring site can occ
only if the site is empty!. In the absence of interactions, E
~16! can be solved without any approximations:

V~q!52W0$22cos~qxa!2cos~qya!%. ~21!

This result is plotted in Fig. 2~a!. For fluctuations with
wavelengthl/25a (qa5p), the relaxation time is a mini-
mum @V(q) maximum# because diffusion need only procee
through neighboring sites. Long-wavelength fluctuationsq
→0) take forever to decay@V(q)50# because the atoms i
a chain 2p/q long must all diffuse in a correlated fashion
For small values ofq, Eq. ~21! has the approximate form
V(q) lim q→0'W0(q•a)2. This is the expectedq dependence,
characteristic of diffusion in the long-wavelength hydrod
namic regime,16

V~q! lim q→0'Dcq
2. ~22!

In other words, the collective diffusion coefficient is define
as the curvature of theV versusq curve. Equation~22! is
plotted as the dashed line in Figs. 2~a! and 2~b!. Thus the
curvature in Fig. 2~a! definesDc(Q) for the noninteracting
model: Dc(Q)5Dt as expected.

If we allow interactions in the pure diffusion limit, theV
versusq curve~nearq50! becomes steeper as shown by t
dashed curve in Fig. 2~b!. Since the curvature ofV versusq
is proportional to the collective diffusion coefficient@Eq.
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~22!#, repulsive interactions have increasedDc as expected.
From the curvature nearq50, a value ofDc517Dt is found
~i.e., 17 times greater than in the noninteracting limit!. This
increase is consistent with Monte Carlo simulations result17

It is worth emphasizing that, althoughV(q) shows the
expectedq2 behavior, the parabolic form is not valid ove
the entire Brillouin zone. Instead, it is a reasonable appro
mation only up to some characteristic wave vectorqc . As
seen in Figs. 2~a! and 2~b!, V(q) deviates from the expecte
parabolicq dependence forqc abovep/5a.

The similar values ofqc observed for the two tempera
tures~T/Tc5` and 0.766! are a result of the approximatio
we have used for̂plpj&. A more accurate expression wou
include correlations beyond nearest neighbors that deca
as a function of u l2 j u on a length scale given by
temperature-dependent correlation length,j(T). The correla-
tion length would reflect changes in the system configura
~e.g., the formation of ordered structures forT/Tc,1!. We
expect that a more accurate representation of^plpj& would
produce a smaller value ofqc at lower temperatures.

We would like to briefly side track from the main discu
sion and emphasise that the parameterqc is relevant in the

FIG. 2. Theq dependence ofV for Q50.5 in the limit of a pure
diffusion (WA5WD50). The wave vector is in theqx direction
(qy50). ~a! No interactions. The parabolic dependenceV(q)
;Dcq

2 ~dashed curve withDc5Dt! typical of the hydrodynamic
regime is observed up to a wave vectorqc;p/5a. ~b! Strong
interaction (T/Tc50.766). Again the parabolic dependence is o
served up toqc;p/5a ~dashed curve! but DC516.8Dt ~16.8 times
the diffusion constant in the noninteracting limit!.
i-

ed

n

interpretation of surface diffusion coefficients measured fr
different experimental methods. In other words, we can
when is the long-wavelength hydrodynamic limit a valid a
proximation for interpreting diffusion data? Each experime
tal method has a characteristic diffusion length scale,R, over
which the density fluctuations relax. In FEM or STM fluc
tuation measurements it is the probe area; in quasielastic
lium scattering experiments it is the inverse of the mom
tum transfer (Dq)21; in optical diffraction experiments it is
the diffraction grating period, etc. If the long-waveleng
limit is to be valid, thenR must be greater than 1/qc , other-
wise the extracted diffusion coefficient will be inaccurate

To see this, consider Fig. 2~a!. Suppose the regionq
,qc is not accessible experimentally. MeasuringV(q) for
q.qc and assuming that it obeys the limiting form (Dcq

2)
causes the measuredDc to be lower than the actual value. I
the case of Fig. 2~b!, the measuredDc /Dt would be 6 if
V(q) were measured atqa/p50.8 ~instead of the actua
value of 17!. This difference will be more pronounced if
more accurate expression for the pair correlation funct
^plpj& were used becauseqc would move to lower values a
the temperature is decreased. The error associated with
suring Dc when q.qc is very relevant to recent literatur
results that show large differences in the diffusion coe
cients measured experimentally18 or found in Monte Carlo
simulations.19,20

C. Mixed diffusion and adsorption-desorption

Figure 3~a! shows the case of a mixed process with d
fusion and adsorption-desorption in the limit of no intera
tions (T/Tc→`). For Q50.5, one expects from a detaile
balance thatWA5WD @we have chosenWD to be the same as
the rate of diffusionW0 in Fig. 3~a!#. As can be seen in Fig
3~a!, V(q) does not go to zero atq50. This is a result of the
linearity of the operatorL that makes the contributions from
the two microscopic processes additive:V(0)5(WA

1WD)1Dcq
2. One can easily invert an experimental me

surement ofV(q) aroundq50 and still deduce in a unique
way the diffusion coefficient and the rate of desorptio
adsorption from the curvature and background, respectiv

Figure 3~b! shows the case for mixed processes at a fin
temperatureT/Tc50.766 withWD50.03W0 andQ50.5. In
this case a detailed balance requiresWA5100WD. Physi-
cally, WA must be larger thanWD to maintain equilibrium by
compensating for the higher probability of an atom to des
rather than to adsorb when repulsive interactions are pres
The shape ofV versusq in Fig. 3~b! looks similar to the
curve shown in Fig. 2~b!. However, the wave vectorqc ,
where deviations from a parabolicq dependence begin, i
found to shift to a smaller value,aqc;p/6.

We have intentionally chosen the desorption rate to
relatively low in Fig. 3~b! because higher desorption rat
will cause a more dramatic change in the slope ofV(q) near
q50. In fact, for a sufficiently large adsorption-desorptio
term we expect the curvature ofV(q) to become negative a
q50, d2V/dq2,0 @as is the case in Fig. 1~b!#. Under these
conditions, the parabolicq dependence ofV(q) completely
breaks down resulting inV(q) having a minimum away
from zero. In most systems the desorption energy is usu
larger than the diffusion energy~implying W0@WD!, so it is

-
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unlikely that a negative curvature inV(q) at q50 could be
observable, especially at low temperatures. If this situatio
to be seen at all, it is most likely to occur at higher tempe
tures when the desorption rate is closer to the diffusion r
Of course, if systems and temperatures were found that
rise to a negative curvature inV(q) at q50, it becomes
difficult to uniquely determine how much of the curvature
due to diffusion and how much is due to adsorptio
desorption. In these cases more information about the sys
would be necessary~i.e., type of interactions! before the in-

FIG. 3. Theq dependence ofV for Q50.5 for mixed diffusion
and adsorption-desorption. The wave vector is in theqx direction
(qy50). ~a! No interactions withWD/W051 and WA/WD51.
The dashed curve is the hydrodynamic limit withDc5Dt . ~b!
Strong interaction withWD/W050.03 andWA/WD5100. The hy-
drodynamic limit~dashed curve! gives a curvatureDc54Dt . Note
the shift ofqc to a lower value when interactions are increased
is
-
e.
ve

-
m

dividual contribution from diffusion and adsorption
desorption could be disentangled. Presumably such a
tional information would be determined from a differe
experiment.

V. SUMMARY

We have studied the dependence of the dynamic struc
factor ^S(q,t)& on the wave vectorq for different micro-
scopic processes present in an adsorbed surface film~i.e.,
either diffusion or adsorption-desorption, or both!. No matter
what the dynamic process is, the structure factor and its
tocorrelation function decay as a simple exponential w
decay constantt(q)51/V(q) when memory effects are ig
nored. Theq dependence oft is found to be characteristic o
the dynamics. For the case of pure diffusion, we observe
characteristic long-wavelength hydrodynamic limit fort, t
'1/Dcq

2. When diffusion is replaced by an adsorptio
desorption process, strong deviations from the paraboliq
dependence are observed as expected~especially at high tem-
peratures!.

These results are relevant for the interpretation of equi
rium diffraction intensity fluctuation measurement using H
LEED. The results of this paper show how information
diffusion rates, adsorption-desorption rates, and adsorb
adsorbate interaction energies can be extracted from c
mensurate adsorbate systems on single-crystal surfaces
results also demonstrate that limiting the range ofq to values
near the zone boundary causes serious errors in extra
the collective diffusion coefficient.

All of the results presented here have assumed
memory effects are absent and that the quasichemical
proximation gives a fair representation of the pair correlat
function. The latter approximation is particularly poor whe
T,Tc and leads to a pair correlation function that is weak
dependent on temperature. Future work will use improv
temperature- and spatial-dependent pair-correlation funct
to calculateV(q). These calculations will provide a bette
picture of howS(q,t) depends on different microscopic pro
cesses.
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