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Rashba spin splitting in two-dimensional electron and hole systems
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In two-dimensional(2D) hole systems the inversion asymmetry induced spin splitting differs remarkably
from its familiar counterpart in the conduction band. While the so-called Rashba spin splitting of electron states
increases linearly with in-plane wave vector the spin splitting of heavy-hole states can be of third order in
k| so that spin splitting becomes negligible in the limit of small 2D hole densities. We discuss consequences of
this behavior in the context of recent arguments on the origin of the metal-insulator transition observed in 2D
systems.

At zero magnetic fieldB spin splitting in quasi two- with k. =k,*ik,. By means of perturbation theory we ob-
dimensional2D) semiconductor quantum wellW's) can  tain for the spin splitting of the subband dispersion to lowest
be a consequence of the bulk inversion asymmeip) of  order ink;=(k,k,,0)
the underlying crystale.g., a zinc-blende structyrand of
the structure inversion asymmett8lA) of the confinement ggg(k”): +(aE, k. ®)
potential. ThisB=0 spin splittind?is the subject of consid-
erable interest because it concerns details of energy-bardsing this simple formula several groups determined the
structure that are important in both fundamental research angrefactor («E,) by analyzing Shubnikov-de HaasSdH)
electronic device applicationéRefs. 3—23 and references oscillations>~*8
therein. Equation(3) predicts an SIA spin splitting that is linear in

Here we want to focus on the SIA spin splitting that is k. For smallk;, Eq. (3) thus becomes the dominant term in
usually the dominant part oB=0 spin splitting in 2D  the energy dispersiof.(k), i.e., SIA spin splitting of elec-
systems:* To lowest order ink; SIA spin splitting in 2D tron states is most important for small 2D densities. In par-
electron systems is given by the so-called Rashba nfodelticular, we get a divergent van Hove singularity of the
which predicts a spin splitting linear ikj. For small in-  density-of-state¢DOS) at the bottom of the subbafidyhich
plane wave vectok|, this is in good agreement with more is characteristic for & linear spin splitting. As an example,
accurate numerical computatioh&or 2D hole systems, on we show in Fig. 1 the self-consistently calculdtetibband
the other hand, the situation is more complicated because dlfispersioné. (k|), DOS effective massn*/mg, and spin
the fourfold degeneracy of the topmost valence b&gd  splitting &, (k) —&_(k)) for a metal-oxide semiconductor
and so far only numerical computations on hole spin splittingdMOS) inversion layer on InSb obtained by means of the 8
have been performed? In the present paper we will de- X8 Hamiltonian in Ref. 24. For smak, the spin splitting
velop an analytical model for the SIA spin splitting of 2D increases linearly as a function kyf, in agreement with Eq.
hole systems. We will show that in contrast to the familiar(3). Due to nonparabolicity, the spin splitting for largler
Rashba model the spin splitting of heavy-h@hH) states is  converges toward a constahnt.
basically proportional tdxﬁ. This result was already implic-

ity contained in several numerical computatidn$.But a kp (107287 K (1077 &7

clear analytical framework was missing. We will discuss 0 . 200 5 10 15
consequences of this behavior in the context of recent argu- < 097 ' ' ' m
ments on the origin of the metal-insulator transition observed £ 68 E}
in 2D systemg®* . g
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Hereo=(o0y,0y,0,) denotes the Pauli spin matricesjs a
material-specific prefactd?;**andE is an effective electric
field that results from the built-in or external potentidlas
well as from the position dependent valence-band éfige.
For E=(0,0E,), Eq. (1) becomegusing explicit matrix no-
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FIG. 1. Self-consistently calculated subband dispersio(k;)
(lower right), DOS effective masm*/m, (lower left), spin splitting

tation) £, (k) —&_(k;) (upper right and subband dispersiah (k;) in the
0 Kk vicinity of k;=0 (upper lef} for an MOS inversion layer on InSh
HggzaEz( ‘) (2)  With Ng=2X 10"t cm 2 and|N,— Np|=2% 10 cm™2, The dotted
k, O line indicates the Fermi enerdye .
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The spin splitting results in unequal populatioNs of
the two brancheg’.. (kj). For a given total densitids=N
+N_ and a subband dispersiafy (k) =(u)kf = (aE,)K
with w=#2/2m* we obtain

1 (aE,)

N.=2Ngt————\8m(u)?Ng—(aE,)°.
s=gNet g VBN (o)

(4)
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Here the first term couples the two LH stat¢s= + 1/2) and
the HH states j,= £ 3/2) to the LH states. But there is ho
linear splitting of the HH states proportional 8. The sec-
ond matrix in Eq.(6) contains & linear coupling of the HH
states.

We want to emphasize th#dg> and H3C are effective
Hamiltonians for the spin splitting of electron and hole sub-

This equation can be directly compared with, e.g., the resultgands, which are implicitly contained in the full multiband

of SdH experiment$® 18

The Rashba moddll) can be derived by purely group-
theoretical means. The electron states in the lowest conduc-

tion band ares like (orbital angular momenturh=0). With

spin-orbit(SO) interaction we have total angular momentum

j=1/2. Bothk andE are polar vectors anklX E is an axial

vector (transforming according to the irreducible representa
tion T', of T4).13?* Likewise, o is an axial vector. The dot
product(1) of kX E and o therefore transforms according to
the identity representatiofi;, in accordance with the theory
of invariants?® In the I'§ conduction band the scalar triple

product(1) is the only term of first order itk andE that is
compatible with the symmetry of the band.
Now we want to compare the Rashba modeglwith the

SIA spin splitting of hole states. The topmost valence band i

p like (I=1). With SO interaction we have=3/2 for the
HH/light-hole (LH) states (') andj=1/2 for the SO states

(I'7). For thel'g valence band there are two sets of matrices, o preakin

that transform like an axial vector, namelys= (Jy,Jy,J,)

and J=(J;,J37.J7) (Refs. 24 and 26 HereJ,, J,, andJ,

ar% the angular momentum matrices for 3/2. Thus we
7

ge

H5%= B,k X E-J+ BkXE- J. (5)

Similar to the Rashba model, the first term has axial symme

Hamiltonian for the subband probl&rif

H=Hy.p(Kj k= —id,) +eEzl. @)

HereH,., is ak-p Hamiltonian for the bulk band structure
(i.e., Hy., does not contairHge or Hg) and we have re-
stricted ourselves to the lowest-order term in a Taylor expan-

sion of the confining potentiaV(z) =V,+eE,z+ O(z?)

which reflects the inversion asymmetry \6{z). The effec-
tive Hamiltonians(2) and(6) stem from the combined effect
of Hy., and the terneE,z. For a systematic investigation of
the importance of the different termskhwe have developed
an analytical approach based on a perturbative diagonaliza-
tion of H using a suitable set of trial functions andvain
artitioning®>?® Though we cannot expect accurate numeri-
al results from such an approach it is an instructive comple-
ment for numerical methods, as we can clearly identify in the
subband dispersioéi(k|) the terms proportional t&, that
g the spin degeneracy. Neglectinbi jn, remote
bands likel'g andI'$ we obtain for the HH spin splitting to
lowest order ink

Ern(ky) = (B1E)K] (83

In particular, we have nk linear splitting(and 8,=0) if we
restrict ourselves to the Luttinger Hamiltoni&hwhich in-

C C H
try with the symmetry axis being the direction of the electric clude571“2 and I'; by means of second-order perturbation
field E. The second term is anisotropic, i.e., it depends orfn€ory. " Accurate numerical computatidhshow that the

both the crystallographic orientation & andk. Usingk-p
theory we find that the prefactg@, is always much smaller
than 8,4, i.e., the dominant term in Ed5) is the first term.
This is due to the fact that tHe p coupling betweer'y and
I'§ is isotropic, so that it contributes 8, but not tog,. The

prefactorp, stems fromk - p coupling to more remote bands

such as the higher conduction bardisandI'$.

For E=(0,0E,), Eq. (5) becomegusing explicit matrix
notation with j=3/2 eigenstates in the ordgr,= +3/2,
+1/2,—1/2,-3/2)

0 iJak. 0 0
13k, 0 k_ 0
HEo=B1E,
0 K, 0 13k
0 0 13k, 0
0 IJyak. 0 3l
I3k, 0O 5/2_ 0
+B,E
e I A NS
3/4k_ 0 IJyak, O

(6)

dominant part of thé linear splitting of the HH states is due
to BIA. However, for typical densities thik linear splitting
is rather small. For the LH states we have to lowest order in

Ki
EAKD < = (BLE K. (8b)

Thus we have a qualitative difference between the spin split-
ting of electron and LH states that is proportionaktoand

the splitting of HH states that essentially is proportional to
kf. The former is most important in the low-density regime
whereas the latter becomes negligible for small densities.
Note that for 2D hole systems the first subband is usually HH
like so that for low densities the SIA spin splitting is given
by Eg.(8a). In Eq. (8) the lengthy prefactors depend on the
geometry of the QW. But the order of the terms with respect
to k| is independent of such details. It is crucial that, basi-
cally, we have

@,B1,B2%4A 9

with A, the SO gap between the bulk valence bahifsand
'Y, i.e., we have no SIA spin splitting fax,=0.13 This can
be most easily seen if we expreldg., in a basis of orbital
angular momentum eigenstates.

A more detailed analysis of our analytical model shows
that bothHS? and H3C stem from a third-order perturbation
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kg (107 &™) - term to the splitting(8a) of the HH states, which often ex-

0 ceeds(3,E,)k|. However, this effect is still small when
= _39.9F compared with the cubic splitting. Note that HH-LH mixing
£ _s00l at nonzerok; does not affect our general conclusions con-
: 1 cerning the HH spin splitting because for largerthe cubic

~40.1 — term always dominates. A significakf linear spin splitting
. ~40r in 2D hole systems can be obtained in strained QW's, where
3 4l the order of the topmost HH and LH subbands can be
£ . 2 reversed®
T A S 17 3 For a HH subband dispersidf (k) = ( u)kf = (8, E, )k}
-4 00 5 1o 15—43 we obtain for the densitieN.. in the spin-split subbands

m*/ms Ky (107 &7

1 (B1E-)Ns
N =N, PN PRER a0a
FIG. 2. Self-consistently calculated anisotropic dispersion 2 \/E(,LL)X

E.(ky) (lower righy, DOS effective masm*/m, (lower left), spin
splitting £, (k) —£-(k)) (upper righ}, and dispersiod..(k)) in the
vicinity of ky=0 (upper lef} of the topmost HH subband of[@01] _ _ 2

grown GaAl‘s/AJ,'SGa)_gAs heterostructure wittNg=2x 10! cm™? X=1+ 1= 4mN(B1ER) (1))" (100
and|N,—Np|=2x10'"® cm~2. Different line styles correspond to The spin splitting according to E¢10) is substantially dif-
different directions of the in-plane wave vectqras indicated. In ~ ferent from Eq(4). For electrons and a fixed electric fietig
the lower-right figure, the dotted line indicates the Fermi energybut varyingNg the differenceAN=N, —N_ increases like
Er . In the upper-right part, the dotted line shows the spin splittingNgl2 whereas for HH subbands it increases |[N@2_ Using a

of the first LH subband fok([100]. fixed densityNg but varyingE, it is more difficult to detect
theory fork. , k,= —id, andeE,z. This seems to be a rather the difference between Eq&4) and (10). In both cases a

high order. Nevertheless, the resulting terms are fmnﬁo(‘gﬁ rE |§))(F\:\%Phsgn<001;§rl\élegtl;/§ss gnl\;h il(|)Efé|r Half||ElZJ|b-
large In agreement with Refs. 3,6, and 14 this is a simple, 1 ™ ’ 3

argument to resolve the old controversy based on an argu- . . .
1 . o The proportionality(9) is completely analogous to the ef-
ment by Andd" that spin splitiing in 2D systems ought to be fective g factor in bulk semiconductor¥.Lassnid* pointed

negligibly small because for bound states in first order we _ . -
have(E,)=0. We note that the present ansatz for the pref_put that theB=0 spin splitting of electrons can be expressed

: o ; in terms of a position dependent effectigdactorg* (z). In
actorsa and 84,3, is quite different from the ansatz in Ref. : . . .
i L . the following we want to di the cl relationship be-
12. We obtainHg> andH3> by means of Lavdin partition- e following we want to discuss the close relationship be

) 6c = ) tween Zeeman splitting ari8l=0 spin splitting from a more
'ng Qf_ the_ Hamlltonlans(g)_wheregs in Ref. 12 the authors general point of view. Note that in the presence of an exter-
explicitly introducedHg; into their model. Moreover, we

; ) nal magnetic field we havek Xk=(—ie/%)B and the Zee-
evaluate the matrix elements ef,z with respect to enve-

. : man splitting in thel'S conduction band can be expressed
lope functions for the bound states whereas in Ref. 12 thgsz4 P g 6 P

authors considered matrix elementsedt,z with respect to
bulk Bloch functions. The latter quantities are problematic , ihg* g*
because they depend on the origin of the coordinate frame. H6c:€ 7MB|<>< k- 027#53' o (1)

As an example, we show in Fig. 2 the self-consistently
calculate§ anisotropic dispersiort. (kj), DOS effective ~With ug the Bohr magneton. Thus apart from a prefactor we
massm* /mq, and spin splittingS (k) — - (k;) of the top- obtain thg R_ashba terfd) from Eq.(11) by replacing one of_
most HH subband of a GaAs/fGa, sAs heterostructure. thek’s with iE. In theI'y valence band we have two invari-
The calculation was based on aXa4 Hamiltonian [,  ants for the Zeeman splittifg*®
rs, rg, T'y, andly). It fully took into account both SIA HZ, = 2k upB-J+2qugB- J. (12)
and BIA. The weakly divergent van Hove singularity of the
DOS effective mass at the subband edge indicates tha theHere, the first term is the isotropic contribution, and the sec-
linear Sp||tt|ng is rather Sma|[_|ts dominant part is due to ond term is the aniSOtrOpiC part. It is well-known that in all
BIA (Refs. 4 and 24] Basically, the spin splitting in Fig. 2 common semiconductors fOTZWhiCh_ E(L2) is applicable,
is proportional toki’. For comparison, in the upper-right part the dominant contribution télg, is given by the first term
of Fig. 2, the dotted line shows the spin splitting of the firstprOPOZTQGna' to x whereas the second term is rather
LH subband. For smak;, the splitting is linear irkj, but ~ small™ Analogous tgﬁl and j3 the isotropick-p cou-
for largerk;, due to both HH-LH mixing and nonparabolic- pling betweerl’s andI'g contributes tox but not tog. The

with

ity, it is dominated by terms of higher order k). latter stems fronk - p coupling to more remote bands such as
Only for the crystallographic growth directiofi@01] and I's andT’S.
[111] the hole subband stateslqt=0 are pure HH and LH Several authof8'"~*used an apparently closely related

states. For low-symmetry growth directions liké13] and intuitive picture for theB=0 spin splitting that was based on
[110] we have mixed HH-LH eigenstates even kqt=0, the idea that the velocity| =7k /m* of the 2D electrons is

though often the eigenstates can be labeled by their dominaperpendicular to the electric fiel,. In the electron’s rest

spinor component. The HH-LH mixing adds & linear  frame,E, is Lorentz transformed into a magnetic fidkdso
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that theB=0 spin splitting becomes a Zeeman splitting in was argued that the SIA spin splitting “results in a drastic
the electron’s rest frame. However, this magnetic field ischange of the internal properties of the system even without
given by B=(v/c?)E, (Sl unitg and for typical values of allowing for the Coulomb interaction®* In the low-density
E, andv we haveB~2 ...20<10 ' T which would result  regime required for the MIT, however, this argument holds
in a spin splitting of the order of 107 °-5x10°> meV.  only for electron and LH states. As noted above, spin split-
On the other hand, the experimentally observed spin splittinging in low-density HH systems is rather small. The MIT has
is of the order of 0.1-10 meV. ThB=0 spin splitting re- been observed also in pure HH systems in, e.g., Si/SiGe
quires the SO interaction caused by the atomic cores. In bul@W’s®*-3® for which already the bulk SO interaction is very
semiconductors this interaction is responsible for the SO gapmall. Therefore it appears unlikely that here the broken in-
A, between the valence banBi§ andI'Y that appears in Eq. version symmetry of the confining potential is responsible
(9). The SO interaction is the larger the larger the atomicfor the MIT. We note that in Si 2D electron systems the
number of the constituting atoms. In Si we haxg=44  effectiveg factor is enhanced due to many-body effétty
meV whereas in Ge we have,=296 meV. Therefore, SIA It can be expected that similar effects are also relevant for
spin splitting in Si quantum structures is rather small. the B=0 spin splitting, though this will not affect our gen-
Recently, spin splitting in 2D systems has gained reneweeéral conclusions.
interest because of an argument by Pud@lthat relates the The author wants to thank O. Pankratov, S. J. Papadakis,
metal-insulator transitiodMIT) in low-density 2D systems and M. Shayegan for stimulating discussions and sugges-
with the SIA spin splitting. Based on the Rashba mddtel tions.
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