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Higher-order effects in the dielectric constant of percolative metal-insulator systems
above the critical point
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The dielectric constant of a conductor-insulator mixture shows a pronounced maximum above the critical
volume concentration. Further experimental evidence is presented as well as a theoretical consideration based
on a phenomenological equation. Explicit expressions are given for the position of the maximum in terms of
scaling parameters and tb@omplex conductances of the conductor and insulator. In order to fit some of the
data, a volume-fraction-dependent expression for the conductivity of the more highly conductive component is
introduced.

The ac and dc conductivities of resistor and resistorconductivity Rery, . In turn, aboves, the real conductivity
capacitor RC) networks and c_ontlnuum_Conductor-msulator Reo+; is the leading term, and the real dielectric constant
composites have been extensively studied for many years. Iﬂefﬂ appears in the next-order term dtf) , upon which the

systems where there is a very sharp chafmgetal-insulator resent paper focuses. In many instances the approximation
transition or MIT) in the dc conductivity at a critical volume P pap ST y 3 PP
gc=0¢ ando, = —iweye, is madet

fraction or percolation threshold denoted iy, the most . iy

successful models, for both the dc and ac properties, have ' @ recent series of pap_éré it has been showrl that the
proved to be approaches using percolation theory. Reviejrst-order analytic expressions for &y and Rery , ob-
articles, containing the theory and some experimental resultéained from Eq(1), agree with the power lawsp.— 4|~ or
on the complex ac conductivity and other properties of bil¢— ¢c| ' as given in Refs. 1-3; heve. =o' /o[ pc/ (e

nary metal-insulator systems include Refs. 1-3. =) (for p<¢) and x,=o/oc[(d—¢)/(1
In Refs. 4-6 the following equation was introduced: — )5t (for ¢> ¢.) are less than 1. Agreement with the
power laws given in Refs. 1-3 was also found, wkenand
(1= @) (o= 0oy)  plad—ap) X, are greater than 1, which is called the crossover region. In
(Ull/erAU%A/s) +(o_é/t+Aa_%A/t) -4 (1) this region, the first- and gecond—order termsder vary as
oI on poth sides ofg.. Note that with o
which gives a phenomenological relationship between =iwe € the system is dispersive withry,~o?C*Y, Wu

o, andoy, . They are, respectively, the conductivities of the gng McLachlah showed that their ac experimental data
conducting and insulating component and f[he mixture of theagreed with the scaling functions, obtained from B, for
two components. Note that all three quantities, o, and g1y andx, in the frequency range 10 Hz to 100 MHz. The
o can be real or complex numbers in E#). The conduct-  a¢ scaling functions generated from Ed) in Ref. 4 were
ing volume fraction¢ ranges between 0 and 1 with=0  optained using the parameters obtained from dc
characterizing the pure insulator substaneg,€o) and  measurementsThese results show that E¢l) is a valid
¢=1 the pure conductor substanaey(=oc). The critical  expression for both first order terms for all andx.. . Sub-
volume fraction or percolation threshold is denotedday,  sequently McLachlaret al® have found this to also be the
where a transition from an essentially insulating to an essernsase for measurements ranging from 40Hz to 1 GHz
tially conducting medium takes place, and=(1  made on the cellular systenffine conducting powders coat-
— ¢c)l . For s=t=1 the equation is equivalent to the ing |arger insulating particleescribed in Ref. 9.
Bruggeman symmetric media equatioBquation(1) yields McLachlanet al®® showed that the second-order dielec-
two limits, for |oc|—,on=01¢/(dc— ¢)°if p<¢.and  tic loss terms Re;, are dominated by the dielectric loss in
for |oy|=0,0m=0c(dp— o) (1— o) if >, which  the insulator. However, careful measurement and analysis
characterize the exponenssandt. Note that these expres- have shown that the contribution due to the dispersed con-
sions are the normalized percolation equations¢At ., ductor Rery, does not vary as? as given in Refs. 1-3 and
B /(s t lset that it is closer to thex* "Y't dependence, obtained from Eq.
ouc=0c/ASE (o 1ac)"TY @ (1). The second-order term by, or Ree,,, which is the
up to higher-order terms i, /o . subject of this paper, can, due to instrumental limitations,
When using the above expressions to analyze ac systenasily be measured close . when Rer,, is not too much
the complex conductivitieso,= oy, — i wey€,x, Wherew is  large than Irer,, . References 1-3 give the volume fraction
the angular frequency, the permittivity of free space, and variation of Re;,, as (¢— ¢.) ~S, which is not in agreement
€« the real relative dielectric constant of the compohent with any observed data, but is in agreement with @gonly
must be inserted in Eq1). Below ¢ the leading term yields wheniwe, ¢ /o tends to zero for the first- and second-order
the imaginary conductivity I, , which is the real dielec- terms. We begin with a further theoretical investigation of
tric constant Rey, , while the next-order term gives the real the behavior of the dielectric constanjust aboves. using
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Eq. (1). Sinceoy, is in general the result of finding numeri- g €
cally the root of a transcendental equation, this can only be g .
achieved by expandingry, around ¢.. With the ansatz 60
on(p) M= oit-+ 8 we obtain from Eq(1) 40
20
n s 1 _1/s > =7
A-1)+A - : : : :
o= Tucai (A~ D+ Adac aic , 0 010203 " 0 o005 0.1 ¢
A(t/s+1)ore—tIsApogons Y= (A-1)oi" , , ,
. 1. FIts or experimental data a Z Or a water-oi
3 FIG. 1. Fits of tal data at 100 KHz of i I

emulsion using a hydrophil agent for uniform droplet size.
with A¢p=(¢p— ¢.)! d.. Note thaté does not vanish when

g

oc

A¢=0, as we have to take into account additional terms othjs requirement is a water-oil emulsion, using a surfactant to
lower order that do not vanish fab=¢.. These terms are ensure uniform drop size. Data for such systems have been
omitted in Eq.(2) but they are of the same order as termspyplished in Refs. 10—12 and we present in Fig. 1 data from
linear in ¢—¢. and must be incorporated for reasons ofFig, 1 of Ref. 10 and from Fig. 4 of Ref. 11, which have been
consistency. Inserting the right-hand side of E).for ouc fitted using Eq.(1) with the same value ofc above and
|§ is now stralghtforward, alt_)elt t_edlous, to obtain the POSi-helow ¢. The values used, i.eqc=1.9(1.5)(2 m)~ %o,
tion of the maximum of the imaginary part. The calculation = —j 210 1y, ¢.=0.2(0.06) for the leftright) display
yields for the maximum andv=10° Hz, are based on the dielectric and conductivity
_ _ 2(s+1) curves given in the quoted papers. The fitting curvessuse
b ot ot AT PIET2P) ) ogsry @) ~1.15(1.35) and=1.85(2.1). Note that the values bére
2t be oc close to the universal value. Better fits should be obtained
3l(s+1) with a more precise knowledge of the system parameters.
+O( ) ) (4) Note that these data have been previously analyzed using Eq.
(1) with a single exponents=t) in Ref. 13.
We emphasize that the deviation @f,, from ¢, is obtained Unfprtunately, as shown in Ref. 6’, Ed) onl){ qualita-
only when the expansion in powers of(oc)Yc*) is tively fits the data for systems with a high nonuniversal value
taken beyond the first power; in fact, the result given can b@f t. We propose an expression fe for such systems that
obtained only if the expressions are expanded up to the third/! alléa"_vlﬁus to fit the data. In continuum systems all
power. We have checked the reliability of this analytic ex-model ) .for. a nonuniversat are.based on thg premise
pression by comparing with numerical solutions over a widehat & distribution of conductances in the conducting compo-
range of frequencies and are satisfied with its performance€nt has a power law singularity. As the models given in
Equation(4) allows important conclusions to be drawn for R€fS: 15 and 16 do not allow farvalues as high as those
the position of the maximum. Note that,., does not de- actually observed, Balbetyhas recently proposed a model
pend on individual values of, or . in other words the that allows still highett values. Therefore, in order to better
maximum position depends Ionly ((:)n the raiig/oc (or fit the dielectric data we propose an effective dependence of
equivalently onweye, /oc). Note the following in particular. ¢ 9N ¢ that is based in spirit on the model due to Balberg
(1) The deviation of,.o from ¢, starts with the second- for nonuniversal values df The model accounts for values
order term in ¢ /ac)l’(ST?)x' recall that this first-order term Of t Nigher than those allowed by the random v(RY) and
determines the width of the crossover regioh inverse random void modéIRV).**>1¢|n this model Balberg
(2) The larger the ratiar, /oc, the further tHe maximum assumes that the resistance distribution functis), where
is pushed away from the transition poigt,. In turn, the € is the proximity parameter, has the foen" ase—0, and
position of the maximum tends towards, for o, /o ’_)0 does not tend towards a constant as in the RV and IRV
as it should e ' models. Using the approach of Refs. 16 and 17 and keeping
(3) For finite values of the ratior, /o the distance the underlyi_ng node links and blobs mqﬂi%BaIberg derives
o, increases the more rapidly the more pronounced EXPression for a nonunlverstathat_ls equal to the one
the inequalitys+t>2. obtained from the RV model whew=0 but can give a
(4) To lowest order, the frequency dependence of the disI_argert for w>0. Forw>0 the model also shows that the

tance b a— b, is proportional tow?(+9 average resistance in the network can diverge wigen
max (9 '

The derivative of Inary, at ¢ is easier to obtain, but the —¢c. The increase irt beyond its universal valug,, as

result is slightly more involved. We here report the essentiafOund by Balberg_can_ be added IS Lyt Lnun't T vv_herer
Is the extra contribution due to theharacteristicresistance

result . ) o :
of the network diverging at»— ¢.. This increase irchar-

dimo ols| Ve acteristic resistance is incorporated into E() and hence
M wim (Lﬁ) (,lllso.éh]. into its limits, by substitutingr¢ with
S)
dd) ¢C Oc
We stress that the derivatives of &g and Inory, at ¢ are eff ¢~ ¢c|'
- M e oc =000t 00| 7 9> )
always continuous and tend to zero far, (oc)—0. be

For our first analysis of experimental dafgig. 1) we
examine a relatively simple percolation system wittvalue  with r>0. The solution of Eq(1) should yield a continuous
close to the universal value of?®. A system that satisfies o, acrossg., which means that the conductivitse should
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FIG. 3. Fits of experimental data at 1 Hz for=25° C(top left)

FIG. 2. Fits of experimental data at 1 Hz, 10 Hz, 1 kHZ, and 1andT: 120° C(top ngh]) The bottom row disp|ays Corresponding

MHz (top left to bottom right for conducting FgO, grains in &  results for 1 KHz. The system is the same as in Fig. 2. The param-
wax-coated talcum-powder matrix. The parameters used are givester values are given in the text.

in the text.

nowhere vanish. As a consequeneg,must reach a nonzero ~ While this second-order behavior efis in principle a
value denoted by at ¢, which is expected to be consid- complicated function of the various parameters the position
erably lower thanoy. To avoid too many parameters the of the maximum atp,. is essentially dependent only on the
simplest assumption was made fer<¢., that is, oc  quotiento,/oc. This implies that a decrease of frequency
=09 We note that, while the exponents justified by Bal-  (which is a decrease af,) has an effect similar to a corre-
berg’s model, the new parameteg, is necessitated to avoid sponding increase afc, which can be obtained by an in-
an unphysical singularity ab.. This choice should be rea- crease of temperature. This is convincingly demonstrated in
sonably valid just belowp. . We stress that the effect of the Fig. 3 where fits are obtained for the same system as in Fig.
modification by Eq(5) is virtually indiscernible with regard 2 at different temperatures, i.e., at different values-gfand

to first-order effects for the solutiomy of Eq. (1) or the ¢ The experimental data and the theoretical curves show
corresponding percolation power laws in the regit_)n Whergnat an increase i is equivalent to a decrease in (or

the power laws are obeyea (,x_<1). Computer simula- ;. y The experimental data appear somewhat erratic as they

tions show _that using Eqs) or a constanio in Eq. (1) usually do for the low frequency choséh Hz). The data in
causes a difference o (¢ — ¢c) (6> ¢c) o eu(be= ¢) the first column of Fig. 3 are slightly different from those in

(#c> ), which is too minute to be resolved from available the first column of Fig. 2, as the former are taken in a

experimental data. The same holds for dispersion pIOt1$.emperature—controlled oven. Much better fits are obtained

Zgilgrs’ﬁigfrggszmriﬁ; il%ee’\;' t?ggzwn(ii:g:s%;/enrlgvi)elj.sl or higher frequencies as illustrated in the bottom row of Fig.
) yp y (1 kH2) as the dielectric data are more reliable at higher

consider the modification given by Etp). However, in our ‘ . Similar to Fig. 2 . tal val
context the higher-order effects are discernible in the dielec€guencies. simi gr 0 Fg. 2 expermlein a va_lfes are
used for e, (w,T) with og=0c=3.22x10 * (A m) "~ at

tric constant just beyon@. and can be fitted much more =~ v} . :
satisfactorily than in Ref. 6 using Eqg&l) and (5). 25° C andop=0c=1.42 (Am) "~ at 120° C. The fits

In Fig. 2 we display data and corresponding fits for con-were  obtained — with the  parameters t—(yr.s)
ducting FgO, grains in a wax-coated talcum-powder =(4.65,0.5,1.0),(3.4,0.6,1.0),(4.4,0.6,1.0),(3.5,0.9,1.0), again
matrix3° The fits are better than those presented in Ref. 6choosing the fixed valueo= oc/10.

We have chosefsomewhat arbitrarilyoy,= oc/10 with the To summarize, the pronounced hump observed experi-
values oc=0,=2.63<x101 (A m) ! obtained from mentally for the dielectric constant of percolative metal in-
extrapolating dc experimental results to¢=1, sulator systems just above the critical concentration can be
and o,=—iweye,, Where ¢, is measured separately at modeled using the higher-order terms of ED. near¢,. In

each frequency. Good fits are obtained forthe cases whereis well above the universal value, E),
(t—r,r,s)=(4.7,0.5,0.97,(4.3,0.7,0.98 (4.4,0.6,1.0), and the effects of which are seen only in the second-order terms,
(5.6,0.4,1.6 when moving from the top left to the bottom must be used to quantitatively model the dielectric data. Note
right display in Fig. 2. The valué).=0.025, obtained from also that all previous experiments on the dielectric constant
dc measurements, is used in Figs. 2 and 3. Notetthal, “below” ¢., where ¢, has not been independently mea-
+t,unt ' is somewhat larger than the separately measuredured by dc conductivity measurements, have probably in-
nonuniversal dc value of 4.2. Also note that in all cases itcorrectly identified values op.. Based on the results of the
turned out thatr <1. This implies a steep increase of!" present paper we believe that the theoretical and experimen-
just aboveg¢.. The fits are not necessarily optimal as thetal results in Refs. 4—6 show that for nonvanishing o
multiparameter landscape of the least-square expressidey. (1) is an appropriate equation for real continuum systems
|oSP— o™ 2 in the parameterss, andr (for fixed oq)) has  rather than the power laws given in Refs. 1-3. Note also that
many local minima. However, the quality of the fits at the Eq. (1) provides an analytic expression that generates the
different local minima does not vary greatly for acceptablescaling functiond=_ andF , , which are valid for all¢ and

fits. o (up to 1 GHa2.
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