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Numerical study on the dynamics of a driven disordered vortex lattice

Yigang Cao, Zhengkuan Jiao, and Heping Ying
Department of Physics, Zhejiang University, Hangzhou 310027, People’s Republic of China

~Received 30 November 1999; revised manuscript received 8 March 2000!

Using a model of long-range interactions between vortices, we numerically investigate the dynamics of a
driven vortex lattice subject to the randomly distributed pointlike pinning centers in a thin superconducting
film. At zero temperature, crossover from elastic to plastic depinnings is observed with increasing density of
pinning centers. With the lattice softness, the scaling fit between force and velocity obtained in the elastic
regime becomes invalid when the plastic flow appears. The peak effect occurs when one enters the plastic
regime and the lattice tearing first enhances the critical current densityj c and then suppresses it. ‘‘Steps’’ in the
curve of velocity-force dependence and its differential are also found in the plastic regime. For the finite-
temperature case, we see evidence of plastic and filamentary flow at low driving forces and temperatures. At
high driving forces and low enough temperatures, evidence of an ordering of the moving vortices is seen in the
flux flow regime. Our results are in agreement with all the previous simulations and recent experiments.
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I. INTRODUCTION

Recently much attention has been focused on the dr
disordered vortex lattice, due to its direct relevance to typ
transport measurements. It has been established that1,2 for all
but very weak pinning, the vortex lattice is plastically d
formed and the onset of vortex motion takes place thro
channels. This result goes beyond the applicability of
collective pinning theory forIV characteristics.3 Shi and
Berlinsky4 proposed that even in the case of arbitrary we
random potential, there are regions of the vortex latt
where the strain on the vortex lattice is large enough t
‘‘phase slips’’ occur in the vortex lattice, and the motion
unstable to plastic flow in the form of channels. Thus t
topological nature and the consistency of the elastic desc
tion of the vortex lattice has become a subject of extens
debate.

On the other hand, the competition between vortex-vor
and vortex-pinning interactions results in a surprising a
long studied phenomenon known as the ‘‘peak effect’’~the
critical current densityj c exhibits a peak as a function o
field or temperature just before it vanishes!. Within the
framework of collective pinning theory, Pippard5 attributed it
to the softening of the shear modulus of vortex lattice and
easy compliance of the vortex lattice to the pinning config
ration, which increasesj c . One difficulty with collective pin-
ning theory is that the tearing of lattice is ignored in es
mated j c , i.e., the lattice depins elastically, not plastical
Recently Cha and Fertig6 proposed that peak effect is ass
ciated with a transition from elastic to plastic depinning. B
there is disagreement as to whetherj c is enhanced7 or
suppressed8 by the onset of plastic motion. In principle th
debate could be settled by direct imaging of the vortices n
the depinning critical current. However, in the peak effe
regime such experiments are exceedingly difficult beca
the order parameter is suppressed near the critical temp
ture or critical magnetic field.

Experimenters and theorists are trying to develop to
that are sensitive to the driven motion of vortices, as wel
to their equilibrium configurations. In a theoretical work
PRB 620163-1829/2000/62~6!/4163~6!/$15.00
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the specific content of charge density wave~CDW! systems,
Fisher9 focused on the nonlinear dynamics above the onse
motion. He proposed, in analogy with static critical pheno
enon, that a scaling behavior between force and velocit
expected for the onset of motion,

V;~F2Fc!
z, ~1!

where Fc is the critical driving force andz is the critical
exponent. Experimentally Bhattacharya and Higgins10 found,
in the layered superconductor 2H-NbSe2, that the scaling fit
is valid in the elastic regime for a relatively stiff vortex la
tice, and that the critical exponent is the same as meas
for the CDW systems.

Recent experiment11 on a detwinned YBa2Cu3O72d single
crystal just below the melting transition temperature revea
a regime between pinning and plastic regimes with ‘‘step
in the IV curve. Furthermore, an experiment12 on the amor-
phous Mo77Ge23 thin films found a novel dynamical regim
at low enough temperature: the onset of voltage sho
abrupt steps in the differential resistance.

An actual dynamic phase transition between the pla
cally deformed phase and a moving lattice for the vor
lines was first proposed and numerically demonstrated in
two-dimensional~2D! system of pancake vortices by Ko
shelev and Vinokur.13 Their idea is that the random pinnin
noise diminishes with increasing vortex velocity, allowing
high-velocity reordering.

Numerical simulations offer a unique window throug
which one may view the qualitative behavior of the vortice
In this work we present a numerical investigation of the d
namics of the 2D vortex system. The model is described
one of long-range interacting point vortices subject to
randomly distributed pointlike pinning centers in a thin s
perconducting film. The subject is the evolution in velocit
force dependence~VFD! and its differential, corresponding
to theIV characteristics and the differential resistancedV/dI
of a type-II superconductor in the mixed state, respective
4163 ©2000 The American Physical Society
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II. MODEL

The dynamic behavior of vortex system is described
the Langevin equation

h
dRi

dt
52(

iÞ j
“ iUv~Ri2Rj !2(

j 8
“ iUp~Ri2r j 8!

1Fi
L~ t !1Fdr , ~2!

with Ri , j and r j 8 the vortex and pin coordinates.Uv(R),
Up(R2r ), Fdr , andh are the vortex-vortex interaction po
tential, the vortex-pin interaction potential, the external dr
ing force, and the viscosity coefficient, respectively. T
Langevin forceFi

L(t) describes the coupling with a he
bath, and can be expressed by the correlation function14,15

^Fia
L ~ t !F j b

L ~ t8!&52hTd i j dabd~ t2t8!. ~3!

The vortex-vortex interaction potential is chosen as
long-range logarithmic

Uv~R!5AvS R2

Rv
221D lnS R

Rv
D . ~4!

The vortex-pin interaction is modeled by a conventional
tracting Gaussian potential.15,16 The parametersh is fixed to
unity. All the lengths will be measured with respect to t
lattice constanta0 of the ideal triangular lattice, which is
related to the vortex densitynv by ()/2)a0

25nv
21, and the

scale for temperature is chosen as the ‘‘bare’’ Kosterl
Thouless melting temperatureTm05c66a0

2/4p with c66 the
2D shear modulus.17 Rv and the size of pinning centersr p
are chosen to beRv52.8a0 and r p50.1a0 , respectively,
compared with Ref. 16. We initially place 100 vortices in
perfect triangular lattice subject to periodic triangular boun
ary conditions, then slowly increase the driving forceFdr
along the horizontal symmetry axis~x axis! and measure av
erage velocity Vx5(1/Nv)S i 51

Nv V i• x̂ and its differential
dVx /dFx . Each timeFdr is increased by 0.04, then we ha
the increase inFdr , checking that the velocity signalVx is
stationary over time, and then collecting detailed veloc
information for a long time interval, 23105 molecular dy-
namics steps, at a single driving force.

III. RESULTS AND DISCUSSIONS

A. Zero-temperature case

In order to investigate systematically the influence of d
sity of pinning centers to the VFD, we fix the dimensionle
prefactor Av of the vortex-vortex interaction term byAv
50.01 and vary the number of pinning centersNp from 5 to
500. Results are plotted on a double-logarithmic scale in
1. One can see that, for small enough values ofNp ~see the
curves ofNp55 andNp510!, only elastic deformations o
the lattice occur and the VFD response is basically line
With larger value ofNp ~see the curve ofNp520!, there
exists a critical driving forceFc ~Fc'0.16 forNp520!, be-
low which the lattice is pinned. In the pinning regime th
velocity is generated mainly by rearrangements of topolo
cal defects, producing a very slow and unsteady advanc
the pinned lattice which is a characteristic feature of
y
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pinned elastic medium driven by a driving force.18 This ad-
vance reduces with increasing the value ofNp ~comparing
the curve ofNp520 with the curve ofNp540, one can see
this point!. WhenNp is larger than certain value (Np'50),
the small advance of pinned lattice disappears belowFc and
the vortices start to become permanently trapped, consis
with the results for dense distribution of pinning centers
Faleski, Marchetti, and Middleton,19 where the interaction
between vortices was described as a short-range modeFc
increases with increasing the value ofNp . This is in agree-
ment with the simulation results,18 in which a Gaussian-like
form for the vortex-vortex interaction potential was chos
and a molecular-dynamics-annealing method was us
Further increasing the driving force, the pinning force b
comes small relative to the driving force and all the vortic
tend to move with the same velocity, approaching t
asymptotic valueVx5Fx and independent on the density
pinning centers.20

The most prominent behavior is that the velocity ris
concave upwards fromFc below certain value ofNp (Np
;50), above which convex upwards occurs. The conc
and convex features are the typical depinning characteris
of the elastic and plastic media, respectively.10 In the elastic
regime different vortices are bundled together, forming d
ferent Larkin domains, and only large enough driving forc
can drive vortices within the same domain to depin coh
ently. Therefore the velocity rises concave upwards fr
Fc . On the contrary, because different vortices are trappe
different channels in the plastic regime, the onset of mot
for the defective vortex lattice is qualitatively different from
that in the elastic regime. Small driving forces can cau
different vortices to depin independently, and the veloc
rises rapidly and convex upwards fromFc .

In detail, we give the quantitative consideration in t
following. It is known14 that elastic collective pinning is ex
pected when the inequality

FIG. 1. Series of VFD curves for different numbers of pinnin
centers~assumingAv50.01!. Crosses forNv550 (Np550) are
shown to display the finite-size effects.
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W1/2/c66!1 ~5!

holds, where

W5nv
2 Np

Nv
E d2r ~“Up!25

pNp

4Nv
nv

2r p
2 ~6!

is the mean square value of the random pinning force,
the nature of pinning depends on the relation between the
shear modulusc66,

c6650.79nvAv . ~7!

The calculated results ofW1/2/c66 for different values ofNp
are listed in Table I. One can see that, for the dilute dis
bution of pinning centers, the pinning is weak and can
described by the collective pinning theory; for the dense d
tribution of pinning centers, the pinning becomes stro
falling outside the region of validity of the collective theor
The results are in agreement with the above discussion.

To investigate the dependence of our results upon the
tem size, we vary the system to a smaller one. For one
Nv550 vortices withNp550 randomly distributed pointlike
centers~keepNp /Nv5 50

50 5 100
100 fixed!, the results are shown

in the Fig. 1 by crosses. Comparing with the curve ofNv
5100 (Np5100), we find that the finite-size effects are
small that can be neglected.

Using the monotonic relationship between the sh
modulus c66 and the dimensionless prefactorAv of the
vortex-vortex interaction term,14,15 we model vortex lattices
with varying degrees of softness by changingAv over 4 or-
ders of magnitude fromAv53 to Av50.0001~Np is fixed by
Np5200!, in contrast to previous simulations,21,22 where
only the extremely soft vortex lattices have been conside
We find remarkable changes in the gross features of V
curves asAv is varied. Simulation results are presented
Fig. 2. From Fig. 2 one can see that there exists a crit
driving force Fc in each curve of VFD, below which the
lattice is pinned and the velocity is generated mainly by
arrangements of topological defects, producing a so sm
advance of the pinned lattice that can be neglected.Fc in-
creases withAv decreasing, consistent with recent simulati
results23 where a modified Bessel function form for th
vortex-vortex interactions was chosen. For stiff vortex latt
with large value ofAv , the curve of VFD is linear down to
Fc . The scaling fit can be obtained aboveFc . This is a
general feature of elastic medium. ForAv53 the apparent
critical exponentz51.1160.05, as shown in the inset of Fig
2. This is close to the measured for the CDW systems,24 and
is in agreement with the experiment on layered superc
ductor 2H-NbSe2.

10 The apparent critical exponent measur
the collective motion of the vortex lattice which is unifor
on average.10 We thus attribute this regime to the cohere
motion of an elastic vortex lattice, and the lattice dep
elastically. The depinning can be well described by the c
lective pinning theory, and has been discussed in Refs.

TABLE I. The calculated results ofW1/2/c66 for different values
of Np , assumingAv50.01.

Np 5 10 20 40 50 100 300 500
W1/2/c66 0.06 0.11 0.12 0.46 0.57 1.15 3.44 5.7
d
D
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16. For soft vortex lattices with small values ofAv , plastic
flow occurs, producing a pronounced upward curvature
duced by defects in the vortex lattice. Crossover to the p
tic regime is accompanied by the change in the shape
VFD. The scaling fit cannot be obtained in this case.
prominent feature is, as one enters the plastic regime,
steps appear between the pinned and plastic region in
curve of VFD. This is due to the coexistence of pinned v
tices and moving ones, i.e., the flow is filamentary. At
moment, the only effect of increasingFx is to increase the
speed of the vortices inside the channel, while the struc
of the channel and pinned vortices remains stable in a w
region ofFx . When increasingFx , at another moment, the
channel becomes unstable and the system switches to a
ferent attractor characterized by a new spatial channel st
ture, which again stable in a range ofFx . This results in
sudden jumps in the VFD curve between different line
regimes,25 consistent with the recent experiments on am
phous Mo77Ge23 ~Ref. 12! and YBa2Cu3O72d .11

Another obvious behavior in Fig. 2 is a dramatic chan
in the VFD curve with a pronounced inflection point whe
one enters the plastic regime, i.e., change of curvature.
the value ofAv is decreased, the inflection point moves
large value of the driving force. The systematics of evoluti
of these curves with decreasing the value ofAv is better
illustrated by the differential curvedVx /dFx ~proportional to
the differential resistance,Rd5dV/dI! in Fig. 3. One can
notice thatdVx /dFx shows a peak slightly aboveFc , and
the position of peak moves to the large driving force. T
peak value exceeds the normal value and thus does not
resentRf , the asymptotic flux flow value. In the elastic re
gime only a small peak indVx /dFx appears, and crossin
over the peak,dVx /dFx decreases rapidly and monotonical
to the asymptotic flux flow value. When one enters the pl
tic regime, there is a large peak indVx /dFx which increases
with decreasing the value ofAv . Crossing over the peak

FIG. 2. Series of VFD curves for different values ofAv ~from
left to right! 53, 0.1, 0.01, 0.001, 0.0001, assumingNp5200. Inset:
Scaling behavior in the elastic regime; the line marks the appa
critical exponentz51.11.
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dVx /dFx decreases with large numbers of ‘‘fingerprints’’
the asymptotic flux flow value, consistent with the rece
experiment26 where the authors attributed the ‘‘fingerprint
phenomenon to the crossover from the weak to strong di
der. The fact that no fingerprint appears for soft enough v
tex lattice in the Fig. 3~see the curve ofAv50.0001!
strongly supports this viewpoint.

We reexamine the VFD curves in the Fig. 2. At hig
driving forces, the VFD curves all exhibit a well-define
linear region of flux flow. If we extrapolate this linearVx
5(Fx2Fp)Rf f back to theFx axis, as illustrated in the inse
of Fig. 4. The intercept inFx axis gives us the average pin
ning forceFp ~proportional to the critical current densityj c!
that the vortices feel in the flux flow regime. From Fig. 4 o
can find that peak effect occurs when one enters the pla
regime, and the lattice tearing first enhancesFp then sup-
pressesFp . It is believed that6 plastic flow, when it first sets
in with decreasingc66, is associated with an increase in cri
cal current j c ; for low enough values ofc66, river flow
motion sets in, andFp becomes proportional toc66. We
agree with this viewpoint.

B. Non-zero-temperature case

We change the temperature over 4 orders from high
very low ~fix Np andAv by Np5400 andAv50.001, respec-
tively!. Different VFD curves from high to low temperature
are plotted on a double-logarithmic scale in Fig. 5. The
sults at low temperatures~see the curve ofT/Tm050.1!
clearly show that there are three distinct regimes.~i! At low
driving forces (Fx,0.36), the lattice is pinned and the v
locity is generated mainly by rearrangements of topolog
defects, which produce a very slow and unsteady advanc
the pinned lattice.~ii ! At moderateFx (0.52,Fx,1.0), the
VFD curve is strongly nonlinear.~iii ! At high Fx , the linear
VFD respondence restores. These are in qualitative ag

FIG. 3. Evolution of the differential curvedVx /dFx with de-
creasing the value ofAv ~from left to right! 53, 0.1, 0.01, 0.001,
0.0001.
t

r-
r-

tic

o

-

l
of

e-

ment with the previous simulation results.21 In addition, steps
occur just above the depinning below certain temperatu
‘‘Steps’’ behavior can be seen most clearly in the curves
T/Tm050.5 andT/Tm051. With increasing the temperature
the influence of disorder decreases, leading to a decreas
the critical pinning forceFc and the restoration of the linea
VFD at small forces. These can be explained as follow27

that the thermal fluctuations of the individual vortex lin
leads to a dynamical sampling and hence averaging of
disorder potential over the spatial extent of the thermal d
placement ^u2& th

1/2. Thermal disorder hence oppose

FIG. 4. Average pinning forceFp vs Av . Inset: extrapolation
from the flux flow regime to obtain the pinning forceFp .

FIG. 5. Series of VFD curves atT/Tm0 ~from top to bottom! 57,
5, 3, 1, 0.5, 0.1, assumingNp5400 andAv50.001. Inset: Three
VFD curves at very low temperaturesT/Tm050.1, 0.01, 0.001.
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quenched disorder via a smoothing of the disorder poten
and thereby reduces the critical pinning force in the syst
At high temperatures, the interaction between vortices
comes of importance. Therefore when the temperature
comes high enough, the linear behavior of VFD is resto
even at small forces.

To see clearly the above features, we present three di
ential curves of VFD atT/Tm057, 1, 0.1 in Fig. 6. One can
see that there is no peak in the high temperature curves,
dVx /dFx vs Fx curve rises monotonically with increasingFx

and asymptotically approaches the flux flow value. The c
responding VFD curve in the Fig. 5 also exhibits a smo
monotonic rise and asymptotic approach to its linear fl
flow behavior. This corresponds to the classical flux flo
picture.14 The behavior of the low-temperature curve is d
ferent. A peak appears in thedVx /dFx vs Fx curve, which
exceeds the flux flow value. The peak arises sincedVx /dFx
at first increases as a driving force is applied and the vort
depin and flow defectively, and then drops as the vorti
order and the dynamic friction they experience decrea
The peak indVx /dFx vs Fx curve is associated with a dro
in the defect density of the moving vortex configuration, a
becomes more pronounced in the curves measured at l
temperatures. ‘‘Fingerprints’’ are also observed cross
over the peak in the low-temperature curves, as found in
recent experiment on amorphous Mo77Ge23.

12 An interesting
behavior is that there are most numbers of steps in the m
erately low-temperature curves. When the temperature is
ther decreased, the number of steps shrinks. It suggests
increase in the order of the system of vortices at the very
temperature.

The ordering at very low temperatures can be seen exp
itly in the inset of Fig. 5, where we present three VFD curv
at very low temperaturesT/Tm050.1, 0.01, 0.001. One ca
see that a pronounced kink appears in the VFD curves, w
signifies a range of the driving force over which the diffe
ential exceeds the flux flow value.

FIG. 6. dVx /dFx vs Fx at T/Tm0 ~from left to right! 57, 1, 0.1.
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To further characterize this ordering, we reexamine
VFD curves shown in Fig. 5. At high driving force, VFD
curves all also exhibit a well-defined linear region of flu
flow. As the above, we extrapolate this linearVx5(Fx
2Fp)Rf f back to the driving force axis, as illustrated in th
inset of Fig. 7. The fact thatFp decreases as the temperatu
drops belowT* (T* '0.5Tm0) suggests that the rigidity o
moving vortex system increases as the temperature is
ered belowT* . The pinning in these films at low tempera
ture has previously been shown to be collective,28 so the
theory of Larkin and Ovchinnikov can give us a qualitati
idea of the origin of this increase in the rigidity of the mo
ing vortex configuration. In this theory, the transverse cor
lation length is given byRc}A1/I c, whereI c is the critical
current and proportional to the average pinning forceFp .
Hence, the drop inFp at low temperatures implies an in
crease in the correlation area in the flux flow regime.

The drop inFp , the pronounced peaks in thedVx /dFx vs
Fx curves and shrinking of the steps in the curves of VFD
well as its differential are all observed at temperature be
T* , consistent with recent simulations and experime
These features suggest an ordering of the system at
driving force in this temperature range. The peak in the d
ferential curve characterizes the driving force at which
ordering occurs for a given temperature. The decreasingFp
indicates an increasing order in the moving vortex config
ration~in the high driving force limit beyond the peak! as the
temperature is lowered belowT* .

In summary, we have numerically investigated the d
namics of driven vortex lattice subject to the randomly d
tributed pointlike pinning centers in a thin superconducti
film. At zero temperature, crossover from elastic to plas
depinnings was observed with increasing the density of p
ning centers. With the lattice softness, the scaling fit betw
force and velocity obtained in the elastic regime becom
invalid when the plastic flow appears. A peak effect occ

FIG. 7. Average pinning force at high driving force vs tempe
ture. Inset: The extrapolation from the flux flow regime to obta
the average pinning force.
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when one enters the plastic regime, and the lattice tea
first enhances the critical current densityj c then suppresse
it. ‘‘Steps’’ in the curve of velocity-force dependence and
differential have also been found in the plastic regime. F
the finite-temperature case, we found the evidence of pla
and filamentary flow at low driving forces and temperatur
at high driving forces and low enough temperatures, e
dence of an ordering of the moving vortices was seen in
.
,
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d

g

r
tic
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flux flow regime. Our results were in agreement with all t
previous simulations and recent experiments.
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