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Stacked long Josephson junctions in zero magnetic field: A numerical study
of coupled one-dimensional sine-Gordon equations
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We present a systematic numerical study of the coupled one-dimensional sine-Gordon equations for a stack
of 20 Josephson junctions, with junction parameters that are representative for intrinsic Josephson junctions in
Bi,SrCgsCu,0g. Simulations were performed for zero external magnetic field. We found a large variety of
fluxon and antifluxon modes, often involving the excitation of collective Josephson plasma oscillations or
cavity resonances. Representative states are discussed in detail.

[. INTRODUCTION the London penetration depth the supercurrent flowing along
a given layer is felt by both junctions sharing this layer. The
The dynamics of stacked long Josephson junctions hasodel is also assumed to be adequate for intrinsic junction
attracted considerable interest for several reasons. For estacks in high-temperature superconductors. Here, the thick-
ample, vertical stacking of Josephson junctions offers theess of the superconducting layére., the CuQ layers is
possibility of realizing efficient high-frequency oscillators or only about 3 A resulting in a enormously strong inductive
mixers!? understanding their internal dynamics will be es-coupling!® There are other possible coupling mechanisms
sential for a proper device design. From a more basic poinfor intrinsic junction stacks, e.g., capacitive interactfOre
of view, stacked long Josephson junctions provide a wellnonequilibrium effect$! However, the interaction via these
defined system to investigate nonlinear dynamics. Even &erms seems to be weak, although it should be addressed in
single long junction is known to exhibit a rich variety of situations where current flow along the layers is ab&ent.
dynamical states resulting from the solitonic nature of Jo-articularly in the presence of a magnetic-field-oriented par-
sephson flux quant®* Coupling Josephson junctions by allel to the layers the coupled sine-Gordon equations pro-
stacking leads to nontrivial new dynamic effects like Cher-vided a good description of the experimetit$3-2°
enkov radiation by Josephson fluxons which has been seen While the coupled sine-Gordon equations have been stud-
both in lowT, (Ref. 5 and in highT, stacked junction8; ied extensively for two-junction stacRdpr stacks consisting
without doubt a large variety of effects is still to be discov- of more junctions only some special cases have been ana-
ered. lyzed, like the dispersion laws of small amplitude linear
Stacked junctions can be realized relatively easy. In Nbwaves'’**-32the resonant motion of Josephson fluxons in
technology, artificial stacks of up to 1®efs. 3 and Yor large magnetic fieldd or some specific fluxon
even as much as 28 junctions have been niadereover,  configurations#~134-26Numerical treatments of more than
the most anisotropic high-temperature superconductors likewo junctions has been limited to specific situations simply
Bi,SrCaCu,0g (BSCCO or Tl,Ba,CaCu;0;¢ (TBCCO) because of the lack of sufficient computing
intrinsically provide Josephson junction stackblere, the  power3619232937=34y/ith present day computers, however,
interlayer supercurrent flowing between adjacent €hidor  systems of some ten junctions can be investigated on reason-
trilayers has turned out to be of the Josephson type. Adable time scales.
equately prepared structures like mesas on top of BSCCO The intention of this paper is to discuss the dynamic states
single crystal¥® or step structures patterned from BSCCOobtained in numerical simulations of the one-dimensional
whiskers? or TBCCO thin films? naturally form atomically  coupled sine-Gordon equations for a 20-junction stack in
spaced stacks of up to several hundred junctions. It hagero magnetic field as systematically as possible. A discus-
turned out that for these junctions the Josephson length deion of solutions in external magnetic fields oriented parallel
termining the size of a Josephson vortex isudm or even to the layers will be given elsewhet®We use parameters
smaller. Almost all experiments performed so far have beetthat are typical for intrinsic Josephson junctions in BSCCO.
made with stacks much larger in size. A proper discussiomhe calculations have been performed for a Ldéh long
thus has to incorporate the finite length of the junctions.  stack. The width of the stack is neglected.
The equations describing the dynamics of stacked long
Josephson junctions are the coupled sine-Gordon equations.
They can be derived from the Lawrence-Doniach mbief Il. COUPLED SINE-GORDON EQUATIONS
layered superconductot&*"In the framework of artificially S
made, say Nb/AI-AIQ/Nb, Josephson junctions the coupled  The geometry ofN stacked long Josephson junctions is
sine-Gordon equations have been worked out by Sakai, Bghown in Fig. 1N+1 superconducting layers of thickneds
din, and Pederseff.The (inductive interaction between ad- are separated by insulating layers of thicknesSupercon-
jacent junctions is due to supercurrents flowing along thealucting layers are labeled from 0 kg insulating layers from
superconducting layers. If the layer thickness is well belowO to N—1. A bias current with homogeneous dengity; is
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- where B,, denotes the field in thath insulating layer, one
Ln —>xn _| finds with the use of Maxwell's equations:
n ’T‘ Jzn L Integration path
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Zy 5 0 where the lengths\,, and A, are given by A,
X A Jon :[‘bo/(zﬂcﬂoteﬁ)]llz and Ny =[Poe/ (2] croh ) 1M
1\ 1\ ,T\ 1\ /T\ with teg=1t+ 2N tanh@2\) and deg=N\_ Sinh@2\). In

the limit d,t_<)\,_, which is clearly fulfilled for intrinsic
junctions withd~3 A, t=~12 A, and\ ~1500 A, te
injected into layer 0 and is extracted from layér The in-  anddg; reduce totgg=t+d anddey=d. Equations(6) and
plane London penetration depth into each superconducting) form the basis of the dynamic description of stacked long
layer is\_ . The length of the stack alongis b; its width ~ Josephson junctiort§. For the inner- and outermost junc-
alongy is neglected. Thath Josephson junction is formed tions, respectively, the termis ,_; andj,,.;, have to be
by the superconducting layens- 1 andn and the insulating replaced byj . If no currents leave the stack at its left and
layer in between; the current density across this junction isight edges, from Eq4) the boundary condition

represented by

FIG. 1. Geometry of a stack df long Josephson junctions.

2e
) ) ] . ’yr/](X=0)= ’}’,;(XZ b)= ?Bextteffzo (7)
Jzn=Jcn Slr17’n+Ez,n/pn_*_E‘EOEz,n- (1)
can be derived. Here, self-fields due to currents flowing
The first term on the right-hand side represents the Joalong z have been neglected. Introducing the vectors

sephson current density with critical current dengityand  _ andi.= (i ; Eq.(6) can be writ-
the gauge-invariant phase difference ter(1yals' o) andiz= 0z gz, B 6
2e (n(t+d) i, 1 j
=On= Pn-1— 5 _ Az 2 J=MZ—- Jext
’YH ‘Pn an 1 h f(n—l)(t+d) Z ( ) ')’ M jc )\E(lyoi . -1011) jc (8)

¢, denotes the phase of the order parameter innthesu-  or, equivalently,
perconducting layerA, is the z component of the vector

- -

potential. The second and third term on the right-hand side of -, 1jext - J2— Jext

Eq. (1) represent thdlinearized quasiparticle current and N2 e =M i , C)
the displacement current. Assuming, for simplicity, identical m ¢ ¢

junction parameters, with the use of the Josephson relatiog;p 1=(11,....1). TheelementsM, . of the matrixM are
Yn=2eU,/fi=27E, ,t/®, and the use of normalized time, given by M, i:)\;12+2)\;25)\;'2, Miis1=M, 1,
7=1-2mj.pt/dP,y, and electrical fielde,=E,/(j.p), Eq. (1) =—)\.2, and M; =0 otherwise. For a numerical solution
may be written as we transformed the partial differential equatid@sinto a set

of ordinary differential equations in time using the multi-
jzn - . mode expansiot
j =siny,+ vn+ Bc¥n, 3

c K X
_ o, = Yo%) =Yn o) = 2, vn,k(t)CO{ ”BX) (10)
with the McCumber parameteB.= 2 p“eegt/Py. The k=1
dens_ity of the_ supercu_rrent ﬂowing along thth supercon- involving (K+1) Fourier components,, .. Note that Eq.
ducting layer is denotefl ,. Assuming the amplitude of the (10, 5,tomatically fulfills the boundary conditions, E).
order parameter in the superconducing layers to be constag)e golve the resulting ordinary differential equations using a
the phase gradlentz!n each layer along given byde/dx  figh order Runge-Kutta method. For the calculations dis-
=2elfi-(Axnt mohijxn)- Integration of the phase gradient ¢ ;ssed below we either us&d=32 or K =64. The calcula-
along the contour shown in Fig. 1 yields tions are for a 20 junction stack with a length=10 wm.
Unless stated otherwise all junctions had identical param-
S - > . eters. The critical current density was 1000 Afcmtypical
X ﬁ:AdS”L #oAL-(Jxn=lxn-1) |- ) yae for intrinsic Josephson junctions. We useag
=1500 A, d~d.=3 A, andt=12 A, corresponding to
Assuming an exponential decay of the magnetic figld, Ap~132 um, N\=~0.59 pum, \;~0.42 pum, and te
inside thenth superconducting layer, =15 A. We thus work in a limit where the lateral stack

o7yn_2€ d
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dimensions are much smaller thap,, and the stack thick-
ness is well below . The ratiob/A;, on the other hand is
large, about 24. For the McCumber parameter we y3gd
=50. A value of 18 would have been more realistic for
intrinsic Josephson junctions. However, 8¢ values that
large simulations would have been by far too much time
consuming.

IIl. DYNAMIC SOLUTIONS IN ZERO MAGNETIC FIELD

We now turn to dynamic solutions obtained for the 20
junction stack for nonzero bias currents in the absence of
external magnetic fields. Basically, there are three different FIG. 2. Dispersion of the collective Josephson plasma frequen-
dynamic states—motion of fluxons or antifluxons, collectivecies wqy vs k. Values for fixedq are connected by lines. The right-
small amplitude oscillations of the phasggx,t) (collective ~ hand axis shows the corresponding normalized voltagg,
plasma oscillations and resistivgMcCumbel states where =Up /(IcR) = oq/ (wp8:7). For B;, a value of 50 has been used
the phases,(x,t) evolve almost linearly in time. For a Jo- O calculateup,.

sephson junction stack the interplay between these StaleRe electric field across a junction increases towards the cen-

Ie_ads t0 a rich variety of dyna_mi(_: solu_tions; some of themter junctions. For (%) resonances there is a node in the
will be discussed below. We will first briefly review the col- center of the stack, and foN(k) resonances the electric

lective Josephson-plasma modes and continue with a dlscuﬁéld across adjacent junctions alternates, but again with in-

zloxn r?f V?/tat\(,evﬁl |trr11vor:vt|nrgn tthethm%t'(l)ln Orfr an t‘?\'/ngl]tle JosE prhsc_)r}:reasing amplitude towards the center of the stack. Note that,
tetjrisotic.s ari d moreecorlew Ie(>)< fluexolrjw rr?(l; dss oltage charac particularly forq values betweel andN/2, the electric-field
P : amplitudes across adjacent junctions may form complicated

Collective plasma oscillations S .
The couplepd sine-Gordon equations allow for collectivePatterns whenever the junction number and the period along
z, q/(N+1) are not commensurable.

small amplitude oscillations of the phaseg(x,t) of the Figure 2 shows the dispersion aky vs k for zero bias

form current for the 20 junction stack used for the calculations.
kx Allowed values ofk are marked by dots. Almost all curves
5(77—) concentrate close to the limiting curvewqy=wp (1
b +(m\; /b)?k?/2)"'2 that would be obtained for large values
(12) of N andqg. Using the Josephson frequency-voltage relation,
with some amplitudeg; andg,.2”*1*3The wave numbek  the frequenciesvy can be transferred into the normalized
in the x direction can take integer values 0,1., and the voltageuy=U/(1:R) = wq/(wpBe?) (right-hand axis of
wave numberq in the z direction runs from 1 toN. The  Fig. 2) useful for a comparison to the current-voltage char-

(n+1)q
N+1 |

Ya(X,1)=01+0, Sin(qut)sin( T

frequencieswyy are given by acteristics discussed below.
For the dynamics of stacked junctions the frequencigs
w§k= wgl(l—lllc)2+ cé(wk/b)z, (12 play a twofold role. First, the collective cavity resonances

_ . can be excited by the ac Josephson currents leading to reso-
where wp|=[27-rtJC/(CI>oeeo)]1’2 is the Josephson plasma nant structures in the current-voltage characteristics. Second,

frequency. The velocities, are given by in stacked junctions the maximum fluxon velocity can be
larger than the phase velocity,/(7k/b) of some of the
wp\ _ plasma modes leading to a strong coupling of fluxons and
Cq= JI—2scosnq/(N< 1) (13 plasma waves by the Cherenkov mecharfiém.
Single fluxon states
s=(M\y/\;)? denotes the coupling paraméfewhich equals The most simple fluxon state of a single long Josephson

0.499 995 for the parameters used. Fbr 1, ¢, reduces to junction in zero magnetic field is the motion of a single
the Swihart velocitiy?= wp\;. For intrinsic Josephson fluxon being reflected at the junction edges. Its maximum

junctions, the plasma frequenéy, ranges between 100 and Vvelocity is the Swihart velocityc=wpA,. In the current-
300 GHz2 andc is on the order of 10 m/s23 voltage characteristic this state shows up as a zero field step

The electric field ¢ y,,) created by the plasma oscillations With @ limiting voltage given by V, =®.c/b, or v,
Y2h) in dimensionless units. Note thatis also

corresponds to a two-dimensional standing wave pattern withF 27\ 3/( 8¢
k andq counting the half waves alongandz, respectively’>  the minimum phase velocity of plasma waves in the junction.
We denote this cavity resonance/k). The electric-field Consequently, plasma and fluxon modes are well separated
amplitude in each junction is maximum at the edges of theand Cherenkov radiation does not occur. For the parameters
stack atx=0 andx=b. For sinwyt=1, the electric fields used,v; =0.038. In a stack of junctions it ia priori not
E,(x=0), when plotted v, are located on a sinusoidal clear what tﬁe maximum velocity of a fluxon is. If the value
curve with g half-waves alongz. The outermost nodes are is close toc the vortex can exceed the minimum phase
located one junction positioroutside the stack. Conse- velocitiesc, of the plasma modes far values betweeiN/2
quently, for an (1) resonance, the maximum amplitude of and N.
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FIG. 3. Zero-field step with one vortex either in junction 0 BB [ e
(closed circleg 1 (crossesor in 10 (open circles Vertical lines e
correspond to phase velocitieg= wq/(k/b) for =9 to 20. § 3 [ T S ] (b)
g 5 S ]
For the simulations we placed a fluxon into one of the T ]
junctions of the stack at a bias currentief0.4. The fluxon 0] €y
was introduced as a static one locateckat0.5. Under the 0 ' 5 b um] 10

drive of the bias current it accelerated and got reflected at the

junction edges. The voltage across the stack was integrated FIG. 4. Snapshot of single fluxon oscillating in junction O at bias
until its time-averaged value was defined better than®10 currents ofi =0.18(a) and 0.6.(b) At i =0.18 the fluxon velocity is
Then the bias current was increased by steps of 0.01. Eadielow the lowest phase velocity of plasma waves whereais at
time the system evolved to another steady state the bias cu0.6 the fluxon is faster than phase velocities o+ 20 to 13.

rent was changed in steps of 0.01. Figure 3 shows results féfenters of Josephson vortices are marked by circles; lines show
the first zero-field step with the fluxon located, respectively distribution of Josephson currents; lines are vertically offset to map
in the outermost junction 0, in junction 1, and in the inner-the geometry of the stack. Only junctions 0-7 are shown.

most junction 10. When the vortex moved through the out- . o
ermost junction the zero-field step was stable between end of the zero-field step. The vortex velocity is just above

—0.16 andi =0.63. For bias currents larger than 0.22 the C,yo and the trailing wave just starts to establish with a rela-

fluxon velocity exceeded the lowest phase velociiyof the tively large Vﬁlue oﬂg. . locity is ab
plasma waves. The single-vortex configuration became un- T '9ure 6 shows the vortex at0.56. Its velocity is above
stable when the vortex velocity approacheg. Note that ~ C12- The figure displays three subsequent shapshots when the

the zero-field step never gets vertical as it would be the casiOrt€X is near the left edge of the junction. At the top figure

for a single long Josephson junction. Here, the limiting Swi-11€ Vortex approaches the junction edge. Note that the trail-

hart velocity would correspond to a normalized voltage ofid Waves have much larger wavelengths than in Fig. 5. This
0.037 which is between;o andcy;. Also, for a single junc- occurs because, with increasing velocity, the vortex velocity

tion the vortex would have been stable up to a bias current giatches the phase velocity,/k at successively smaller
almost 1. values ofk. In contrast to the single junction case or the case

With the vortex oscillating in junction 1 we found a of low vortex velocities in the sta(;k, Fhe vqrtex is not simply
smaller stability range 0.27i<<0.6. The maximum vortex reflected at thg edge. Instead, it f|r§t dlsappegr§ from the
velocity, however, was larger thary,. Finally, when the stack. A short time later, a fluxon-antifluxon pair is created
vortex was oscillating in junction 10, the zero-field step was!®2" the left edge; the antifiuxon moves to the right whereas
stable for vortex velocities abovg,, and a maximum ve- the fluxon leaves the stack. For a short time, another anti-
locity larger thanc,, could be achieved. However, the zero- fluxon appears in junction 9, however gets annihilated at the

field step obtained here is not much different from the Iat'[erbound""ry before moving to the right.

case indicating that boundary effects are restricted mostly to When the bias current was lncreased o value_s ?‘bo"e 0.62,
the outermost layer. vortices were created in junctions 9 and 11, similar to the

Figure 4 shows snapshots of the supercurrent distribution

: : TR . ) 14 =

in the stack with the vortex oscillating in junction O for 13 E=i=0.35

=0.18 (a), i.e., for a vortex velocity belove,,, and fori 12

=0.6 (b), i.e., for a vortex velocity above,;. In the first 3 11 ~o
case the shape of the vortex is similar to the single junction < 10 A
case whereas in the latter case trailing plasma waves are S g N
excited. This effect has been discussed by Goldabial® § s
and by Hechtfischeet al® based on simulations of a seven- 7

junction stack with periodic boundary conditions. A discus- 6

sion of the fluxon shape for a double junction stack has been
given by Krasnowt al*!

Figure 5 shows a similar snapshot with the vortex oscil- FIG. 5. Snapshot of single fluxon oscillating in junction 10 at a
lating in junction No. 10 for a bias current close to the lowerbias current of =0.35. Only junctions 6 to 14 are shown.

5 b[pm] 10

o
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FIG. 7. (a) Snapshot of current distribution for a single vortex

x
3 11 i moving in junction 10 at =0.75; junctions 9 and 11 are in the
c .. . . .
e 10% ---------------------------------------------------------------- resistive state. Only junctions 6—14 are show).Bias current vs
-% 9 | dc voltage across junction 10. Solid markers: single vortex in junc-
S 8 tion 10; junctions 9 and 11 in the resistive state. Open markers:
o single vortex in junction 10, all other junctions in the superconduct-

6 I ing state. Vertical lines correspond to phase velocitigs

' T y = wq/(7k/b) for g=9-20.
0 5 b [pm] 10 gk ( ) q

. S junction 10 and leave rapidly after they have passed this
FIQ. 6. Three ;napshots of single fluxon moving in junction 10y,gtex. The process occurrs very often during one cycle of
at a bias current af=0.55. Att=0 the fluxon approaches the left o yortex in junction 10. Initially, junctions 9 and 11 have
boundary and drops out of the junctitiop). After some time units o0 gcillating with random relative phases; the configura-
Z;:#ﬁgﬁ?;gg:ogrgg'rcfn(t:irneua;gion?;Jgigsvgfj‘igfﬁ:'rei)éh-lt—h: dge tion of Fig. 7(a) established after a short period of time. The
L ! time-averaged voltage obtained was 0.747 for junctions 9
whereas the fluxon drops out of junction 10. Another antifluxon S . X
appears in junction $bottom) but gets annihilated by a fluxon a and 11, and .0'027 for the vortex in junction 1(.)' FIgu(b)?
few time units later. Time is given in units of2b,/I R. Only Sh_OWS the b_las Current_ vs dc Vol_tage across_jun(_:tlon 10 for
junctions 614 are shown. _thls s_tate(solld marker$|n comparison to the_S|tuat|on v_vhen
junctions 9 and 10 are in the superconducting steteFig.
case of Fig. 6. However, they did not drop out of the systenB). Apparently, the vortex oscillating in junction 10 is slowed
but started to oscillate in these junctions creating even mordown by the resistive junctions 9 and 11. A similar effect has
vortex-antivortex pairs when approaching the boundariesbeen recently observed in experiment and simulations of a
This transient situation stabilized when junctions 6 to 14 hadwo-layer systenf? However, the range of stability of this
switched to the resistive state; one vortex oscillated in juncmode is enhanced reaching a maximum bias current above
tion 5 and another one in junction 15. A similar scenario wa<).8.
found with the vortex initially oscillating in junction 0 When the bias current was decreased to 0.36, junctions 9
where, finally, junctions no. 0 to 5 switched to the resistiveand 11 switched to the superconducting state. A standing
State. electric-field wave pattern witk=10 developed in this case
The above simulations have been performed with ondeading to anincreasedvoltage drop across junction 10.
fluxon in one of the junctions while all other junctions were When the bias current was further decreased by 0.01 this
in the superconducting.e., zero dc voltagestate. Another pattern was replaced by 6 vortices oscillating in junction 9,
situation—unique to stacks—is to have one vortex in oneand four vortices oscillating in junction 11. Here, the dc
junction, while some of the other junctions are in the resisvoltage across junction 10 jumped towards smaller values
tive state. Figure (&) shows a situation far=0.75 where the [cf. arrows in Fig. Tb)]. This configuration remained stable
vortex is located in junction 10. Junctions 9 and 11 are in thauntil the system switched back to the zero voltage state.
resistive state, and all other junctions are in the supercon- McCumber branches
ducting state. When the fluxon in junction 10 moves to the When ramping up the bias current from zero, the stack
left one antifluxon in junction 9 and one antifluxon in junc- stays in the superconducting state with homogeneous super-
tion 11 enter rapidly, get slowed down near the fluxon incurrent distribution until the critical current is reached. Since
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FIG. 9. Current voltage characteristic obtained when all 20 junc-
tions were initially biased in their resistive state. Note the logarith-
mic current and voltage scales. For a description of branches la-
beled(i)—(v), see text.
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reached. For the simulations shown in Fig. 8 adjacent junc-
tions have been switched to the resistive state one by one

0.21 starting with junction 1. Relative junction phases were ran-

o =0
o dom. The current-voltage characteristic obtained consists of
0.0 o 3 5 3 N linear branches corresponding to McCumber states differ-
U, ing by the number of resistive junctions. Note that tith

FIG.8. C i I branch could have been obtained also for many alternative
. 8. Current-voltage characteristic of 20 junction stack show- hoi f th istive iunci ithin the stack
ing 20 linear resistive branches and a variety of resonant structureg 0ICES O then TeSIStive junctions within the stack. -
and zero-field step&). The low voltage region is enlarged (h). When the bias current yva; de_cregsgd below some m.'“"
mum current the current distribution inside the stack got in-
all junctions are identical they switch to the resistive statehomogeneous leading to the structures in the current-voltage
(McCumber state simultaneously. As damping is small characteristics marked by arrows in FigaB These struc-
(B:>1) the phasesy, increase almost linearly with time tures are discussed in detail below. Before returning to the
leading to a time-averaged voltage across each junction apuperconducting branch a large number of zero-field steps
proximately given byu=U/I.R=1/1.=i. The total voltage could be obtainedcf. Fig. 8b)] involving the motion of a
across the stack is thus given by Nu. When decreasing the few Josephson fluxons in some of the junctions.
bias current all junctions remain in the McCumber state until Complex fluxon modes
some minimum current is reached. Figure 9 shows a simulation where the stack was initially
In the absence of spatial variations the junctions are debiased ai =1 with all junctions in the resistive state. Junc-
coupled, as can be seen from E8). Therefore, in the bias tions were oscillating with the same frequency but with ran-
range between the return current and the critical current therdom relative phases. Decreasing the bias current towards
are also solutions witm junctions in the superconducting zero we essentially found five sub-branches labéige(v)
state andN — n junctions in the McCumber state. Every junc- in Fig. 9. Note the logarithmic scales of this figure. Branch
tion can be in any of the two states independent of the other@) is due to a single vortex oscillating in junction 0. In state
leading to a set oN McCumber branches that differ by the (ii) there were two vortices in junction 0, and three vortices
number of resistive junctions. Here, the question arises hown junction 1 oscillating back and forth. Vortices moving in
to trace out these branches in the simulations. One extremetfie same direction were well separated, i.e., no bunching
time consuming way would be to ramp up the bias currenoccurred. For currents larger than 0.5 junction 1 switched to
from zero until all junctions are resistive, decrease the curthe resistive state; junction 1 still contained 2 vortices and
rent until some fluxon state is reached with fluxons in one othere was one vortex in junction 2. Stdii) had one vortex
a few layers. Another increase of the bias current would leadh each of the junctions 4, 9, and 11, two vortices in junction
to states with some junctions being resistive and some othef9, three vortices in junction 18, and 8 vortices in junction 1.
being superconducting. Repeating the procedure many timédetween statdiii) and (iv) there was a variety of modes
would eventually yield all possible branches. Another, stillconsisting of junctions that had switched to their resisitive
time consuming, way would be to add noise to the systemstates and some others containing oscillating vortices.
choose a bias current near the critical current and wait until States(iv) and(v) are distinctly different from statg$) to
some of the junctions switch to the resistive state. The morégii). Three snapshots of the supercurrent distribution of state
easy, although less natural, approach taken by us was to dév) ati=0.49 are shown in Fig. 10. Although each junction
crease the critical current of one of the junctions for a shorcontains a large number of vortices and antivortices the over-
time while the bias current was set closeltg when this  all motion is very regular. At=0 all fluxons are concen-
junction had switched to the resistive state the current watrated in the center of the stack; with increasing time fluxons
decreased in steps of 0.01. In our simulations, a new brancfantifluxong move to the left(right) forming almost a
selection criterium was detecting a jump of more than 0.03traight line(cf. Fig. 10,t=6). Approximately every second
units of the voltage across any of the junctions. This brancljunction is free of vortices. A later snapsh¢fig. 10, t
was then traced both for increasing and decreasing current 11) shows antifluxons-fluxons returning after reflection at
The procedure was repeated until zero bias current wathe boundaries. Note that again every second junction is free
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FIG. 10. Three snapshots of supercurrent distribution as obtained fofistabdé Fig. 9, together with the dc voltage across each junction
(right). Fluxon centers are marked by closed circles, centers of antifluxons by open circles. Fluxon motion is towards the left edge,
antifluxons move towards the right edge.

of vortices; however positions of junctions carrying vorticesodd labeled junctions whereas, after reflection at the edges
have switched by one. The dc voltages across junctions 3—1&ntifluxons appear in the even labeled junction. A similar
are about 0.34 indicating that these junctions were phasswitching by one junction occurred when the vortex-
locked. The dc voltage across the outermost junctions iantivortex columns collided in the middle of the stack. The
about 0.48. Figure 13 shows the Fourier transform of the vortex-antivortex pair in thath junction annihilated but an-
total voltage across the stack. This spectrum and all othesther pair in the adjacent junction was formed. The electric-
spectra shown later are recordedxat0. There is a sharp field pattern(not shown exhibited a well developedl/3)
peak atf/f,=0.337 and some other peaks at frequenciestanding wave. Equatiofi2) yields a dc voltage of 0.53 for
between 0.48 and 0.67, and between 0.16 and 0.19. Théis resonance. The voltage drop across the inner junctions
electric-field distribution inside the stack showed some indi-3—-17 was 0.5; the voltage across the other junctions was
cations of a(1/2) standing wavegwith q=1 andk=2), su-  larger. The Fourier transform of the total voltage across the
perimposed to the voltage pulses associated with the movingtack[Fig. 12b)] shows a sharp peak &tf .= 0.5 which can
fluxons. According to Eq(12) the (1/2) resonance should be associated with th@l/3) cavity resonance excited by the
occur atv =f/f,=0.35, which is close to the sharp peak of fluxons. The peaks located at higher frequencies are caused
the Fourier transform of the total voltage. The peak neaby the unlocked junctions, while the peak locatedf At
f/f.,=0.5 is apparently due to the unlocked junctions. The=0.037 seems to be a mixing product of the high-frequency
peaks aff/f.=0.19 andf/f.=0.16 may arise from higher  peaks.
resonances, e.g., tlig/2) resonance, to occur &tf.=0.17, Starting with less junctions in the resistive stété Fig.
and some mixing product between these frequencies. 8) we found, in addition to the resonances discussed above,
Figure 11 shows two snapshots of the supercurrent distrithe (1/4) resonance consisting of four vortex-antivortex col-
bution in the stack for statév). Two columns of fluxons umns. This resonance appeared as long as 15 or more junc-
(antifluxong and one antifluxorifluxon) column are clearly tions were resistive. For small bias currents a variety of
visible. Note that, at=0, most fluxons are located in the states was found consisting of different numbers of vortex-

i=0.55; 1=0 i=0.55; 1=5.5

195 19 - o
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e e . FIG. 11. Two snapshots of supercurrent dis-
312 3122 . tribution as obtained for stat@y) of Fig. 9, to-
= B = - ether with the dc voltage across each junction
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0.06L i FIG. 14. Fourier transform of total voltage across the stack for
g the state shown in Fig. 13.
£ 004} .
g tures displays a snapshottat 0 of the current distribution
< 0.02k | (left) and the electric-field distribution in the sta@kiddle),
' in addition to the dc voltage across each junctinght). The
snapshot is taken such that the standing wave, as observed in

" " |
0'0%.0 0.5 1.0 4 the electric field pattern had a maximum. Here, a relatively
small number of vortices is visible. Note that there is no dc
FIG. 12. Fourier transforms of total voltage across the stackyoltage across junctions 15—19. The lower row of pictures
taken for(a) state(iv) and(b) state(v) of Fig. 9. shows supercurrent and electric-field distribution tat7
where the amplitude of the electric field was almost constant

antivortex pairs in various junctions oscillating without an in space. Now a large number of vortex-antivortex pairs is
appreciable excitation of cavity resonanget Fig. 8b)]. present, and the current distribution varies strongly in space.

Starting with 14 adjacent junctions in the resistive stateéFigure 14 shows the Fourier transform of the total voltage
there was a new state involving tH20/11) resonance as across the stack. The spectrum is broad, with a maximum

shown in Fig. 13. In the figure, the upper sequence of picaround f/f.=0.2. Equation(12), with q=20 and k=11
yields a normalized Josephson plasma frequency of 0.19

which is close to the observed maximum.

When starting the simulation with less than 14 junctions
in the resistive state we found this out of phase mode as long
as more than six junctions were resistive. For fewer resistive
junctions only states involving the non-resonant motion of
vortex-antivortex pairs appeared.

IV. CONCLUSIONS

junction index

General considerations
The simulations discussed above have shown that there
are at least two classes of structures to be observed in the 20

HM; 5 bpm 10 00 GF 04 junction stack in zero magnetic field. One with vortices mov-
19 ing more or less independent, and one involving the excita-
18 tion of collective cavity resonances wikhhalf-waves along
18 x andq half-waves along. All states can involve a number

of junctions being either in the McCumber or in the super-
conducting state giving rise to a huge variety of states. For

5

E L T i i e the nonresonant fluxon modes even a large number of vorti-

B P e o e ces within the stack could be stabilized. These modes were

= clearly favored at low voltages. Even in simple cases with
ge oo only a few vortices there was a very large variety of different

states depending on the precise location of the vortices, their
velocity and the state of adjacent junctions. The collective
oluml 100 5 blum 10 resonances can be “populated” with fluxon-antifluxon pairs

FIG. 13. Upper row: snapshot of supercurréeft) and electric-  (Cf- Figs. 10—12 They occur at frequencies that are some-
field (middle) distribution in the stack involving an antiphase reso- What smaller than given by E¢12). This should not be too
nance, together with the dc voltage drop across each junctioSUrPrising because E¢L2) has been derived in the low am-
(right). Lower row: snapshot of supercurrefeft) and electric field ~ plitude limit whereas the resonant states containing vortex-
(middle) distribution in the stack 7 time units later. Tifeormal-  antivortex pairs contain regions where the phasgsare
ized) electric field across thath junction is vertically offset by the large. When more than two thirds of the junctions were ini-
junction indexn. Its value is 1 at the upper end of each junction. tially biased in the resistive state we were able to obtain the

O2ANWAUIDNOOOANW

T
0 5
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gq=1 resonant state with small valueslotk=2, 3, and 4. = 0.10 -
The out-of-phase resonance=20) appeared only if a not =
too large number of junctions was resistive. We could not ;
find or at least identify other resonances. They may be found 8
in a more detailed search; however the simulations at least 3 0.05r .
indicate that their stability range is not too large. 2
Stability issues :E:

Although the available computing power was not suffi-
cient to systematically investigate stability of the above 0.0 " i
states with respect to junction inhomogeneities or thermal %o 0.5 710
noise, at least the stability of some selected states could be )
studied. As an example we discuss the zero-figl8) reso- FIG. 15. Fourier transform of the total voltage across the stack
nance of Fig. 11. In order to introduce thermal noise wefor the (1/3) resonancgcf. Figs. 11 and 1@)] in the presence of
introduced X independent current noise sources, with athermal noise [=0.5). The bias current is=0.55.
white spectral distribution KgT/R, for each junction.K
=32 was the number of Fourier components used. Thé&ottom of the stack. Although the top-bottom symmetry is
sources were positioned at equidistant positions alorlg  conserved here, their presence alters the effective magnetic
dimensionless units, the spectral noise distribution of eackhicknesst of the outermost junctions. Third, the coupled
source may be characterized by =27kgT/(l1.Pg) sine-Gordon equations assume that no pancake vortices pen-
=|y\/l., similar to noise calculations for superconducting etrating the superconducting layers are present. In many ex-
quantum interference devic&SI'Y? represents the current perimental situations these vortices are likely to exist and
noise amplitude in unit bandwidth= 2717 R/®. For, e.g., a locally change the spatial dependence of the phasesy),
temperature of 77 K is about 3.3 #A. Figure 15 shows providing pinning centers for Josephson flux6hsinally,
the Fourier spectrum of the total voltage across the stack fathe experimental ratio of characteristic frequency and plasma
the zero-fielc{l/3) resonant mode for—the very huge—noise frequency’ equa] t(ﬁ; 12 in Eq. (3)’ is much |arger than its
parametei = 0.5, to be compared with the Fourier transform yajye used in the simulations. Experimental value$.aind
shown in Fig. 1) for the noise-free case. Although the f, are, respectively, on the order of 10 THz and 150 GHz,
spectrum is broadened, there is still a sharp peak/t  ¢4rresponding te, values of several f0As a consequence,

IT) ((:)kg(jlz'[?)rttr?elsr\e/gl(l)fa?wl; ;t':l grl ég:]nc;;)r?ssg:Oiéﬁaigt}/(\;irsewer? the experiment, most fluxon states should occur at much
: . y P maller voltagegrelative to the characteristic voltagthan
locked without noise. WitH"=1.0 there was still a peak at ges 3

f/f.=0.5 in the Fourier spectrum; six junctions were still in the simulations.
c - P ’ J o Which states have been observed? In zero magnetic-field
locked to the resonance. Also, a 10% scatter in critical cur-

rent density and resistivity did not affect the resonances'mUIat'(:nst ptredlcia_la(;_ge t'n umbferthof zerot-fleld Stfpff and
strongly. Still, 13 junctions were locked to the resonance coonant states. An indication ot the existence ot Tuxon
demonstrating the robustness of this state modes in zero field is the multiple-valued critical curréht,

Comparison to experiment however, to our knowledge, neither zero-field steps nor col-

The final question to be discussed is to what extent thdCtive resonances have been observed—except possibly in
simulations are relevant to the experiment. There is littlethe presence of external microwave fietdsyhich is beyond
doubt that artificial, say Nb/Al-AIQ/Nb, multilayers are de- the scope of this paper. There are structures on each branch
scribed well with the coupled sine-Gordon equations. Foiof the current-voltage characteristics which, however, have
intrinsic Josephson junctions, the ideal stack used for th@een identified as resonant interactions with optical
calculations differs by many means from the typical experi-phononsi®=*® The stability of the resonances predicted by
mental situations. First, most of the mesa structures used ithe coupled sine-Gordon equations thus seems to be highly
the experiment have lateral dimensions much larger than  reduced. Forf ;=150 GHz, the(1/5) resonance would, for
The structures thus should be treated as long boxteind in ~ example, occur at 0.94 THz, which is about the typical lower
y direction. At this point one can only speculate about thevoltages at which the quasiparticle branches in the experi-
effect of the the finite width along. At the very least, it mental current-voltage characteristics are stable. There is,
seems clear that the fluxons cannot be considered as rigitius, a possibility that in the experiment the stack simply
alongy, most likely causing a decreased stability range of allswitches back to the superconducting states before the fluxon
modes. Second, in the experiment there is no free-standingtates can be stabilized. It should, finally, be noted that a
stack of junctions. Mesa structures are formed on top of aumber of fluxon and resonant modes, however, have been
base crystal. The large number of modes that can be excitddund in external magnetic fieldd>?3-?8although the sta-
in the (very large junctions forming the base crystal are bility of these modes was clearly less than indicated by the
likely to decrease the stability range of collective modes insimulations.
the mesas. Moreover, the presence of a base crystal breakslt thus seems that at least some of the states predicted by
the top-bottom symmetry of the stack which is likely to fur- the coupled one-dimensional sine-Gordon equations can be
ther decrease the stability of at least some of the predicteseen in the experiment. The differences between experiment
states. Other stack types like BSCCO whiskkos TBCCO  and simulations should not be too surprising since experi-
step stack€ have “base crystals” both on top and at the mentally used mesas differ by many means from the ideal
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systems used for the simulations. It seems unclear whether or
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