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Stacked long Josephson junctions in zero magnetic field: A numerical study
of coupled one-dimensional sine-Gordon equations
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We present a systematic numerical study of the coupled one-dimensional sine-Gordon equations for a stack
of 20 Josephson junctions, with junction parameters that are representative for intrinsic Josephson junctions in
Bi2SrCa2Cu2O8. Simulations were performed for zero external magnetic field. We found a large variety of
fluxon and antifluxon modes, often involving the excitation of collective Josephson plasma oscillations or
cavity resonances. Representative states are discussed in detail.
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I. INTRODUCTION

The dynamics of stacked long Josephson junctions
attracted considerable interest for several reasons. For
ample, vertical stacking of Josephson junctions offers
possibility of realizing efficient high-frequency oscillators
mixers;1,2 understanding their internal dynamics will be e
sential for a proper device design. From a more basic p
of view, stacked long Josephson junctions provide a w
defined system to investigate nonlinear dynamics. Eve
single long junction is known to exhibit a rich variety o
dynamical states resulting from the solitonic nature of
sephson flux quanta.3,4 Coupling Josephson junctions b
stacking leads to nontrivial new dynamic effects like Ch
enkov radiation by Josephson fluxons which has been s
both in low-Tc ~Ref. 5! and in high-Tc stacked junctions;6

without doubt a large variety of effects is still to be disco
ered.

Stacked junctions can be realized relatively easy. In
technology, artificial stacks of up to 10~Refs. 3 and 7! or
even as much as 28 junctions have been made.8 Moreover,
the most anisotropic high-temperature superconductors
Bi2SrCa2Cu2O8 ~BSCCO! or Tl2Ba2Ca2Cu3O10 ~TBCCO!
intrinsically provide Josephson junction stacks.9 Here, the
interlayer supercurrent flowing between adjacent CuO2 bi- or
trilayers has turned out to be of the Josephson type.
equately prepared structures like mesas on top of BSC
single crystals10 or step structures patterned from BSCC
whiskers11 or TBCCO thin films12 naturally form atomically
spaced stacks of up to several hundred junctions. It
turned out that for these junctions the Josephson length
termining the size of a Josephson vortex is 1mm or even
smaller. Almost all experiments performed so far have b
made with stacks much larger in size. A proper discuss
thus has to incorporate the finite length of the junctions.

The equations describing the dynamics of stacked l
Josephson junctions are the coupled sine-Gordon equat
They can be derived from the Lawrence-Doniach model13 of
layered superconductors.14–17In the framework of artificially
made, say Nb/Al-AlOx /Nb, Josephson junctions the couple
sine-Gordon equations have been worked out by Sakai,
din, and Pedersen.18 The ~inductive! interaction between ad
jacent junctions is due to supercurrents flowing along
superconducting layers. If the layer thickness is well bel
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the London penetration depth the supercurrent flowing al
a given layer is felt by both junctions sharing this layer. T
model is also assumed to be adequate for intrinsic junc
stacks in high-temperature superconductors. Here, the th
ness of the superconducting layers~i.e., the CuO2 layers! is
only about 3 Å resulting in a enormously strong inducti
coupling.19 There are other possible coupling mechanis
for intrinsic junction stacks, e.g., capacitive interactions20 or
nonequilibrium effects.21 However, the interaction via thes
terms seems to be weak, although it should be addresse
situations where current flow along the layers is absen22

Particularly in the presence of a magnetic-field-oriented p
allel to the layers the coupled sine-Gordon equations p
vided a good description of the experiments.19,23–29

While the coupled sine-Gordon equations have been s
ied extensively for two-junction stacks,3 for stacks consisting
of more junctions only some special cases have been
lyzed, like the dispersion laws of small amplitude line
waves,17,30–32 the resonant motion of Josephson fluxons
large magnetic fields33 or some specific fluxon
configurations.14–16,34–36Numerical treatments of more tha
two junctions has been limited to specific situations sim
because of the lack of sufficient computin
power.3,6,19,23,29,37–39With present day computers, howeve
systems of some ten junctions can be investigated on rea
able time scales.

The intention of this paper is to discuss the dynamic sta
obtained in numerical simulations of the one-dimensio
coupled sine-Gordon equations for a 20-junction stack
zero magnetic field as systematically as possible. A disc
sion of solutions in external magnetic fields oriented para
to the layers will be given elsewhere.40 We use parameter
that are typical for intrinsic Josephson junctions in BSCC
The calculations have been performed for a 10mm long
stack. The width of the stack is neglected.

II. COUPLED SINE-GORDON EQUATIONS

The geometry ofN stacked long Josephson junctions
shown in Fig. 1.N11 superconducting layers of thicknessd

are separated by insulating layers of thicknesst̄ . Supercon-
ducting layers are labeled from 0 toN, insulating layers from
0 to N21. A bias current with homogeneous densityj ext is
4086 ©2000 The American Physical Society
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PRB 62 4087STACKED LONG JOSEPHSON JUNCTIONS IN ZERO . . .
injected into layer 0 and is extracted from layerN. The in-
plane London penetration depth into each superconduc
layer is lL . The length of the stack alongx is b; its width
along y is neglected. Thenth Josephson junction is forme
by the superconducting layersn21 andn and the insulating
layer in between; the current density across this junction
represented by

j z,n5 j c,n singn1Ez,n /rn1ee0Ėz,n . ~1!

The first term on the right-hand side represents the
sephson current density with critical current densityj cn and
the gauge-invariant phase difference

gn5wn2wn212
2e

\ E
(n21)( t̄ 1d)

n( t̄ 1d)
Azdz; ~2!

wn denotes the phase of the order parameter in thenth su-
perconducting layer;Az is the z component of the vecto
potential. The second and third term on the right-hand sid
Eq. ~1! represent the~linearized! quasiparticle current and
the displacement current. Assuming, for simplicity, identic
junction parameters, with the use of the Josephson rela
ġn52eUn /\52pEz,nt̄ /F0 and the use of normalized time
t5t•2p j cr t̄ /F0, and electrical field,ez5Ez /( j cr), Eq. ~1!
may be written as

j z,n

j c
5singn1ġn1bcg̈n , ~3!

with the McCumber parameterbc52p j cr
2ee0 t̄ /F0. The

density of the supercurrent flowing along thenth supercon-
ducting layer is denotedj x,n . Assuming the amplitude of the
order parameter in the superconducing layers to be cons
the phase gradient in each layer alongx is given by]f/]x
52e/\•(Ax,n1m0lL

2 j x,n). Integration of the phase gradien
along the contour shown in Fig. 1 yields

]gn

]x
5

2e

\ S ]

]x R
C
AW dsW1m0lL

2
•~ j x,n2 j x,n21! D . ~4!

Assuming an exponential decay of the magnetic fieldBs,n
inside thenth superconducting layer,

FIG. 1. Geometry of a stack ofN long Josephson junctions.
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Bs,n5
Bn1Bn11

2

cosh~z/lL!

cosh~d/2lL!
1

Bn112Bn

2

sinh~z/lL!

sinh~d/2lL!
,

~5!

whereBn denotes the field in thenth insulating layer, one
finds with the use of Maxwell’s equations:

]2gn

]x2
[gn95

1

lm
2

j z,n

j c
1

1

lk
2

2 j z,n2 j z,n212 j z,n11

j c
, ~6!

where the lengths lm and lk are given by lm

5@F0 /(2p j cm0teff)#1/2 and lk5@F0deff /(2p j cm0lL
2)#1/2,

with teff5 t̄ 12lL tanh(d/2lL) and deff5lL sinh(d/2lL). In
the limit d, t̄ !lL , which is clearly fulfilled for intrinsic
junctions with d'3 Å, t̄'12 Å, and lL'1500 Å, teff

anddeff reduce toteff5 t̄ 1d anddeff5d. Equations~6! and
~3! form the basis of the dynamic description of stacked lo
Josephson junctions.18 For the inner- and outermost junc
tions, respectively, the termsj z,n21 and j z,n11, have to be
replaced byj ext. If no currents leave the stack at its left an
right edges, from Eq.~4! the boundary condition

gn8~x50!5gn8~x5b!5
2e

\
Bextteff50 ~7!

can be derived. Here, self-fields due to currents flow
along z have been neglected. Introducing the vectorsgW

5(g1 , . . . ,gN) and jWz5( j z,1 , . . . ,j z,N), Eq.~6! can be writ-
ten as

gW 5M
jWz

j c
2

1

lk
2 ~1,0, . . .,0,1!

j ext

j c
~8!

or, equivalently,

gW 92
1

lm
2

j ext

j c
•1W 5M•

jWz2 jWext

j c
, ~9!

with 1W 5(1,1, . . . ,1). TheelementsMi ,k of the matrixM are
given by Mi ,i5lm

2212lk
22[l j

22 , Mi ,i 115Mi 21,i

52lk
22 , and Mi ,k50 otherwise. For a numerical solutio

we transformed the partial differential equations~9! into a set
of ordinary differential equations in time using the mul
mode expansion19

gn~x,t !5gn,0~ t !2 (
k51

K

gn,k~ t !cosS p
x

b
xD ~10!

involving (K11) Fourier componentsgn,k . Note that Eq.
~10! automatically fulfills the boundary conditions, Eq.~7!.
We solve the resulting ordinary differential equations usin
fifth-order Runge-Kutta method. For the calculations d
cussed below we either usedK532 or K564. The calcula-
tions are for a 20 junction stack with a lengthb510 mm.
Unless stated otherwise all junctions had identical para
eters. The critical current density was 1000 Å/cm2, a typical
value for intrinsic Josephson junctions. We usedlL

51500 Å, d'deff53 Å, and t̄ 512 Å, corresponding to
lm'132 mm, lk'0.59 mm, l j'0.42 mm, and teff
515 Å. We thus work in a limit where the lateral stac
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4088 PRB 62R. KLEINER, T. GABER, AND G. HECHTFISCHER
dimensions are much smaller thanlm , and the stack thick-
ness is well belowlL . The ratiob/l j , on the other hand is
large, about 24. For the McCumber parameter we usedbc
550. A value of 104 would have been more realistic fo
intrinsic Josephson junctions. However, forbc values that
large simulations would have been by far too much ti
consuming.

III. DYNAMIC SOLUTIONS IN ZERO MAGNETIC FIELD

We now turn to dynamic solutions obtained for the
junction stack for nonzero bias currents in the absence
external magnetic fields. Basically, there are three differ
dynamic states—motion of fluxons or antifluxons, collecti
small amplitude oscillations of the phasesgn(x,t) ~collective
plasma oscillations!, and resistive~McCumber! states where
the phasesgn(x,t) evolve almost linearly in time. For a Jo
sephson junction stack the interplay between these s
leads to a rich variety of dynamic solutions; some of th
will be discussed below. We will first briefly review the co
lective Josephson-plasma modes and continue with a dis
sion of states involving the motion of a single Josephs
fluxon. We will then turn to the full current-voltage chara
teristics and more complex fluxon modes.

Collective plasma oscillations
The coupled sine-Gordon equations allow for collect

small amplitude oscillations of the phasesgn(x,t) of the
form

gn~x,t !5g11g2 sin~vqkt !sinS p
~n11!q

N11 D cosS p
kx

b D
~11!

with some amplitudesg1 andg2.17,31,33The wave numberk
in the x direction can take integer values 0,1, . . . , and the
wave numberq in the z direction runs from 1 toN. The
frequenciesvqk are given by

vqk
2 5vpl

2 ~12I /I c!
21cq

2~pk/b!2, ~12!

where vpl5@2p t̄ j c /(F0ee0)#1/2 is the Josephson plasm
frequency. The velocitiescq are given by

cq5
vpllJ

A122s cospq/~N11!
; ~13!

s5(lk /lJ)
2 denotes the coupling parameter18 which equals

0.499 995 for the parameters used. ForN51, cq reduces to
the Swihart velocitiy c̄5vpll j . For intrinsic Josephson
junctions, the plasma frequencyf pl ranges between 100 an
300 GHz,2 and c̄ is on the order of 105 m/s.23

The electric field (}ġn) created by the plasma oscillation
corresponds to a two-dimensional standing wave pattern
k andq counting the half waves alongx andz, respectively.33

We denote this cavity resonance (q/k). The electric-field
amplitude in each junction is maximum at the edges of
stack atx50 and x5b. For sinvqkt51, the electric fields
Ez,n(x50), when plotted vsn, are located on a sinusoida
curve with q half-waves alongz. The outermost nodes ar
located one junction positionoutside the stack. Conse
quently, for an (1/k) resonance, the maximum amplitude
e

of
t

tes

s-
n

th

e

the electric field across a junction increases towards the
ter junctions. For (2/k) resonances there is a node in t
center of the stack, and for (N/k) resonances the electri
field across adjacent junctions alternates, but again with
creasing amplitude towards the center of the stack. Note t
particularly forq values betweenN andN/2, the electric-field
amplitudes across adjacent junctions may form complica
patterns whenever the junction number and the period al
z, q/(N11) are not commensurable.

Figure 2 shows the dispersion ofvqk vs k for zero bias
current for the 20 junction stack used for the calculatio
Allowed values ofk are marked by dots. Almost all curve
concentrate close to the limiting curvevqk5vpl(1
1(pl j /b)2k2/2)1/2 that would be obtained for large value
of N andq. Using the Josephson frequency-voltage relati
the frequenciesvqk can be transferred into the normalize
voltageupl5Upl /(I cR)5vqk /(vplbc

1/2) ~right-hand axis of
Fig. 2! useful for a comparison to the current-voltage ch
acteristics discussed below.

For the dynamics of stacked junctions the frequenciesvqk
play a twofold role. First, the collective cavity resonanc
can be excited by the ac Josephson currents leading to r
nant structures in the current-voltage characteristics. Sec
in stacked junctions the maximum fluxon velocity can
larger than the phase velocityvqk /(pk/b) of some of the
plasma modes leading to a strong coupling of fluxons a
plasma waves by the Cherenkov mechanism.5,6

Single fluxon states
The most simple fluxon state of a single long Joseph

junction in zero magnetic field is the motion of a sing
fluxon being reflected at the junction edges. Its maxim
velocity is the Swihart velocityc̄5vpllJ . In the current-
voltage characteristic this state shows up as a zero field
with a limiting voltage given by VL5F0c̄/b, or vL

52plJ /(bc
1/2b) in dimensionless units. Note thatc̄ is also

the minimum phase velocity of plasma waves in the juncti
Consequently, plasma and fluxon modes are well separ
and Cherenkov radiation does not occur. For the parame
used,vL50.038. In a stack of junctions it isa priori not
clear what the maximum velocity of a fluxon is. If the valu
is close to c̄ the vortex can exceed the minimum pha
velocitiescq of the plasma modes forq values betweenN/2
andN.

FIG. 2. Dispersion of the collective Josephson plasma frequ
ciesvqk vs k. Values for fixedq are connected by lines. The righ
hand axis shows the corresponding normalized voltage,upl

5Upl /(I cR)5vqk /(vplbc
1/2). For bc , a value of 50 has been use

to calculateupl .
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PRB 62 4089STACKED LONG JOSEPHSON JUNCTIONS IN ZERO . . .
For the simulations we placed a fluxon into one of t
junctions of the stack at a bias current ofi 50.4. The fluxon
was introduced as a static one located atx50.5. Under the
drive of the bias current it accelerated and got reflected at
junction edges. The voltage across the stack was integr
until its time-averaged value was defined better than 1023.
Then the bias current was increased by steps of 0.01. E
time the system evolved to another steady state the bias
rent was changed in steps of 0.01. Figure 3 shows result
the first zero-field step with the fluxon located, respective
in the outermost junction 0, in junction 1, and in the inne
most junction 10. When the vortex moved through the o
ermost junction the zero-field step was stable betweei
50.16 andi 50.63. For bias currents larger thani 50.22 the
fluxon velocity exceeded the lowest phase velocityc20 of the
plasma waves. The single-vortex configuration became
stable when the vortex velocity approachedc12. Note that
the zero-field step never gets vertical as it would be the c
for a single long Josephson junction. Here, the limiting S
hart velocity would correspond to a normalized voltage
0.037 which is betweenc10 andc11. Also, for a single junc-
tion the vortex would have been stable up to a bias curren
almost 1.

With the vortex oscillating in junction 1 we found
smaller stability range 0.27, i ,0.6. The maximum vortex
velocity, however, was larger thanc11. Finally, when the
vortex was oscillating in junction 10, the zero-field step w
stable for vortex velocities abovec20, and a maximum ve-
locity larger thanc10 could be achieved. However, the zer
field step obtained here is not much different from the la
case indicating that boundary effects are restricted mostl
the outermost layer.

Figure 4 shows snapshots of the supercurrent distribu
in the stack with the vortex oscillating in junction 0 fori
50.18 ~a!, i.e., for a vortex velocity belowc20, and for i
50.6 ~b!, i.e., for a vortex velocity abovec13. In the first
case the shape of the vortex is similar to the single junc
case whereas in the latter case trailing plasma waves
excited. This effect has been discussed by Goldobinet al.5

and by Hechtfischeret al.6 based on simulations of a seve
junction stack with periodic boundary conditions. A discu
sion of the fluxon shape for a double junction stack has b
given by Krasnovet al.41

Figure 5 shows a similar snapshot with the vortex os
lating in junction No. 10 for a bias current close to the low

FIG. 3. Zero-field step with one vortex either in junction
~closed circles!, 1 ~crosses! or in 10 ~open circles!. Vertical lines
correspond to phase velocitiescq5vqk /(pk/b) for q59 to 20.
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end of the zero-field step. The vortex velocity is just abo
c20 and the trailing wave just starts to establish with a re
tively large value ofk.

Figure 6 shows the vortex ati 50.56. Its velocity is above
c12. The figure displays three subsequent shapshots whe
vortex is near the left edge of the junction. At the top figu
the vortex approaches the junction edge. Note that the t
ing waves have much larger wavelengths than in Fig. 5. T
occurs because, with increasing velocity, the vortex veloc
matches the phase velocityvqk /k at successively smalle
values ofk. In contrast to the single junction case or the ca
of low vortex velocities in the stack, the vortex is not simp
reflected at the edge. Instead, it first disappears from
stack. A short time later, a fluxon-antifluxon pair is creat
near the left edge; the antifluxon moves to the right wher
the fluxon leaves the stack. For a short time, another a
fluxon appears in junction 9, however gets annihilated at
boundary before moving to the right.

When the bias current was increased to values above 0
vortices were created in junctions 9 and 11, similar to

FIG. 4. Snapshot of single fluxon oscillating in junction 0 at bi
currents ofi 50.18~a! and 0.6.~b! At i 50.18 the fluxon velocity is
below the lowest phase velocity of plasma waves whereasi
50.6 the fluxon is faster than phase velocities forq520 to 13.
Centers of Josephson vortices are marked by circles; lines s
distribution of Josephson currents; lines are vertically offset to m
the geometry of the stack. Only junctions 0–7 are shown.

FIG. 5. Snapshot of single fluxon oscillating in junction 10 a
bias current ofi 50.35. Only junctions 6 to 14 are shown.
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4090 PRB 62R. KLEINER, T. GABER, AND G. HECHTFISCHER
case of Fig. 6. However, they did not drop out of the syst
but started to oscillate in these junctions creating even m
vortex-antivortex pairs when approaching the boundar
This transient situation stabilized when junctions 6 to 14 h
switched to the resistive state; one vortex oscillated in ju
tion 5 and another one in junction 15. A similar scenario w
found with the vortex initially oscillating in junction 0
where, finally, junctions no. 0 to 5 switched to the resist
state.

The above simulations have been performed with o
fluxon in one of the junctions while all other junctions we
in the superconducting~i.e., zero dc voltage! state. Another
situation—unique to stacks—is to have one vortex in o
junction, while some of the other junctions are in the res
tive state. Figure 7~a! shows a situation fori 50.75 where the
vortex is located in junction 10. Junctions 9 and 11 are in
resistive state, and all other junctions are in the superc
ducting state. When the fluxon in junction 10 moves to
left one antifluxon in junction 9 and one antifluxon in jun
tion 11 enter rapidly, get slowed down near the fluxon

FIG. 6. Three snapshots of single fluxon moving in junction
at a bias current ofi 50.55. At t50 the fluxon approaches the le
boundary and drops out of the junction~top!. After some time units
a fluxon-antifluxon pair is created near the left edge~middle!. The
antifluxon ~open circle! continues to move towards the right edg
whereas the fluxon drops out of junction 10. Another antiflux
appears in junction 9~bottom! but gets annihilated by a fluxon
few time units later. Time is given in units of 2pF0 /I cR. Only
junctions 6–14 are shown.
re
s.
d
-
s

e

e
-

e
n-
e

junction 10 and leave rapidly after they have passed
vortex. The process occurrs very often during one cycle
the vortex in junction 10. Initially, junctions 9 and 11 hav
been oscillating with random relative phases; the configu
tion of Fig. 7~a! established after a short period of time. Th
time-averaged voltage obtained was 0.747 for junction
and 11, and 0.027 for the vortex in junction 10. Figure 7~b!
shows the bias current vs dc voltage across junction 10
this state~solid markers! in comparison to the situation whe
junctions 9 and 10 are in the superconducting state~cf. Fig.
3!. Apparently, the vortex oscillating in junction 10 is slowe
down by the resistive junctions 9 and 11. A similar effect h
been recently observed in experiment and simulations o
two-layer system.42 However, the range of stability of this
mode is enhanced reaching a maximum bias current ab
0.8.

When the bias current was decreased to 0.36, junction
and 11 switched to the superconducting state. A stand
electric-field wave pattern withk510 developed in this cas
leading to anincreasedvoltage drop across junction 10
When the bias current was further decreased by 0.01
pattern was replaced by 6 vortices oscillating in junction
and four vortices oscillating in junction 11. Here, the
voltage across junction 10 jumped towards smaller val
@cf. arrows in Fig. 7~b!#. This configuration remained stabl
until the system switched back to the zero voltage state.

McCumber branches
When ramping up the bias current from zero, the sta

stays in the superconducting state with homogeneous su
current distribution until the critical current is reached. Sin

FIG. 7. ~a! Snapshot of current distribution for a single vorte
moving in junction 10 ati 50.75; junctions 9 and 11 are in th
resistive state. Only junctions 6–14 are shown.~b! Bias current vs
dc voltage across junction 10. Solid markers: single vortex in ju
tion 10; junctions 9 and 11 in the resistive state. Open mark
single vortex in junction 10, all other junctions in the supercondu
ing state. Vertical lines correspond to phase velocitiescq

5vqk /(pk/b) for q59 – 20.
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PRB 62 4091STACKED LONG JOSEPHSON JUNCTIONS IN ZERO . . .
all junctions are identical they switch to the resistive st
~McCumber state! simultaneously. As damping is sma
(bc@1) the phasesgn increase almost linearly with time
leading to a time-averaged voltage across each junction
proximately given byu5U/I cR5I /I c5 i . The total voltage
across the stack is thus given byi'Nu. When decreasing the
bias current all junctions remain in the McCumber state u
some minimum current is reached.

In the absence of spatial variations the junctions are
coupled, as can be seen from Eq.~8!. Therefore, in the bias
range between the return current and the critical current th
are also solutions withn junctions in the superconductin
state andN2n junctions in the McCumber state. Every jun
tion can be in any of the two states independent of the oth
leading to a set ofN McCumber branches that differ by th
number of resistive junctions. Here, the question arises h
to trace out these branches in the simulations. One extrem
time consuming way would be to ramp up the bias curr
from zero until all junctions are resistive, decrease the c
rent until some fluxon state is reached with fluxons in one
a few layers. Another increase of the bias current would l
to states with some junctions being resistive and some ot
being superconducting. Repeating the procedure many ti
would eventually yield all possible branches. Another, s
time consuming, way would be to add noise to the syst
choose a bias current near the critical current and wait u
some of the junctions switch to the resistive state. The m
easy, although less natural, approach taken by us was to
crease the critical current of one of the junctions for a sh
time while the bias current was set close toI c ; when this
junction had switched to the resistive state the current
decreased in steps of 0.01. In our simulations, a new bra
selection criterium was detecting a jump of more than 0
units of the voltage across any of the junctions. This bra
was then traced both for increasing and decreasing cur
The procedure was repeated until zero bias current

FIG. 8. Current-voltage characteristic of 20 junction stack sho
ing 20 linear resistive branches and a variety of resonant struct
and zero-field steps~a!. The low voltage region is enlarged in~b!.
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reached. For the simulations shown in Fig. 8 adjacent ju
tions have been switched to the resistive state one by
starting with junction 1. Relative junction phases were ra
dom. The current-voltage characteristic obtained consist
N linear branches corresponding to McCumber states dif
ing by the number of resistive junctions. Note that thenth
branch could have been obtained also for many alterna
choices of then resistive junctions within the stack.

When the bias current was decreased below some m
mum current the current distribution inside the stack got
homogeneous leading to the structures in the current-vol
characteristics marked by arrows in Fig. 8~a!. These struc-
tures are discussed in detail below. Before returning to
superconducting branch a large number of zero-field st
could be obtained@cf. Fig. 8~b!# involving the motion of a
few Josephson fluxons in some of the junctions.

Complex fluxon modes
Figure 9 shows a simulation where the stack was initia

biased ati 51 with all junctions in the resistive state. Jun
tions were oscillating with the same frequency but with ra
dom relative phases. Decreasing the bias current tow
zero we essentially found five sub-branches labeled~i!–~v!
in Fig. 9. Note the logarithmic scales of this figure. Bran
~i! is due to a single vortex oscillating in junction 0. In sta
~ii ! there were two vortices in junction 0, and three vortic
in junction 1 oscillating back and forth. Vortices moving
the same direction were well separated, i.e., no bunch
occurred. For currents larger than 0.5 junction 1 switched
the resistive state; junction 1 still contained 2 vortices a
there was one vortex in junction 2. State~iii ! had one vortex
in each of the junctions 4, 9, and 11, two vortices in juncti
19, three vortices in junction 18, and 8 vortices in junction
Between state~iii ! and ~iv! there was a variety of mode
consisting of junctions that had switched to their resisit
states and some others containing oscillating vortices.

States~iv! and~v! are distinctly different from states~i! to
~iii !. Three snapshots of the supercurrent distribution of s
~iv! at i 50.49 are shown in Fig. 10. Although each junctio
contains a large number of vortices and antivortices the o
all motion is very regular. Att50 all fluxons are concen
trated in the center of the stack; with increasing time fluxo
~antifluxons! move to the left ~right! forming almost a
straight line~cf. Fig. 10,t56). Approximately every second
junction is free of vortices. A later snapshot~Fig. 10, t
511) shows antifluxons-fluxons returning after reflection
the boundaries. Note that again every second junction is

-
es

FIG. 9. Current voltage characteristic obtained when all 20 ju
tions were initially biased in their resistive state. Note the logari
mic current and voltage scales. For a description of branches
beled~i!–~v!, see text.
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FIG. 10. Three snapshots of supercurrent distribution as obtained for state~iv! of Fig. 9, together with the dc voltage across each junct
~right!. Fluxon centers are marked by closed circles, centers of antifluxons by open circles. Fluxon motion is towards the le
antifluxons move towards the right edge.
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of vortices; however positions of junctions carrying vortic
have switched by one. The dc voltages across junctions 3
are about 0.34 indicating that these junctions were ph
locked. The dc voltage across the outermost junctions
about 0.48. Figure 12~a! shows the Fourier transform of th
total voltage across the stack. This spectrum and all o
spectra shown later are recorded atx50. There is a sharp
peak at f / f c50.337 and some other peaks at frequenc
between 0.48 and 0.67, and between 0.16 and 0.19.
electric-field distribution inside the stack showed some in
cations of a~1/2! standing wave~with q51 andk52), su-
perimposed to the voltage pulses associated with the mo
fluxons. According to Eq.~12! the ~1/2! resonance should
occur atv5 f / f c50.35, which is close to the sharp peak
the Fourier transform of the total voltage. The peak n
f / f c50.5 is apparently due to the unlocked junctions. T
peaks atf / f c50.19 andf / f c50.16 may arise from higherq
resonances, e.g., the~2/2! resonance, to occur atf / f c50.17,
and some mixing product between these frequencies.

Figure 11 shows two snapshots of the supercurrent di
bution in the stack for state~v!. Two columns of fluxons
~antifluxons! and one antifluxon~fluxon! column are clearly
visible. Note that, att50, most fluxons are located in th
15
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er

s
he
i-

ng

r
e

ri-

odd labeled junctions whereas, after reflection at the ed
antifluxons appear in the even labeled junction. A simi
switching by one junction occurred when the vorte
antivortex columns collided in the middle of the stack. T
vortex-antivortex pair in thenth junction annihilated but an
other pair in the adjacent junction was formed. The elect
field pattern~not shown! exhibited a well developed~1/3!
standing wave. Equation~12! yields a dc voltage of 0.53 for
this resonance. The voltage drop across the inner junct
3–17 was 0.5; the voltage across the other junctions
larger. The Fourier transform of the total voltage across
stack@Fig. 12~b!# shows a sharp peak atf / f c50.5 which can
be associated with the~1/3! cavity resonance excited by th
fluxons. The peaks located at higher frequencies are ca
by the unlocked junctions, while the peak located atf / f c
50.037 seems to be a mixing product of the high-frequen
peaks.

Starting with less junctions in the resistive state~cf. Fig.
8! we found, in addition to the resonances discussed ab
the ~1/4! resonance consisting of four vortex-antivortex co
umns. This resonance appeared as long as 15 or more
tions were resistive. For small bias currents a variety
states was found consisting of different numbers of vort
is-

on
d
s.
-

FIG. 11. Two snapshots of supercurrent d
tribution as obtained for state~v! of Fig. 9, to-
gether with the dc voltage across each juncti
~right!. Fluxon centers are marked by close
circles, centers of antifluxons by open circle
Fluxon motion is towards the left edge, antiflux
ons move towards the right edge.
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antivortex pairs in various junctions oscillating without a
appreciable excitation of cavity resonances@cf. Fig. 8~b!#.

Starting with 14 adjacent junctions in the resistive st
there was a new state involving the~20/11! resonance as
shown in Fig. 13. In the figure, the upper sequence of p

FIG. 12. Fourier transforms of total voltage across the st
taken for~a! state~iv! and ~b! state~v! of Fig. 9.

FIG. 13. Upper row: snapshot of supercurrent~left! and electric-
field ~middle! distribution in the stack involving an antiphase res
nance, together with the dc voltage drop across each junc
~right!. Lower row: snapshot of supercurrent~left! and electric field
~middle! distribution in the stack 7 time units later. The~normal-
ized! electric field across thenth junction is vertically offset by the
junction indexn. Its value is 1 at the upper end of each junction
e

-

tures displays a snapshot att50 of the current distribution
~left! and the electric-field distribution in the stack~middle!,
in addition to the dc voltage across each junction~right!. The
snapshot is taken such that the standing wave, as observ
the electric field pattern had a maximum. Here, a relativ
small number of vortices is visible. Note that there is no
voltage across junctions 15–19. The lower row of pictu
shows supercurrent and electric-field distribution att57
where the amplitude of the electric field was almost const
in space. Now a large number of vortex-antivortex pairs
present, and the current distribution varies strongly in spa
Figure 14 shows the Fourier transform of the total volta
across the stack. The spectrum is broad, with a maxim
around f / f c50.2. Equation~12!, with q520 and k511
yields a normalized Josephson plasma frequency of 0
which is close to the observed maximum.

When starting the simulation with less than 14 junctio
in the resistive state we found this out of phase mode as l
as more than six junctions were resistive. For fewer resis
junctions only states involving the non-resonant motion
vortex-antivortex pairs appeared.

IV. CONCLUSIONS

General considerations
The simulations discussed above have shown that th

are at least two classes of structures to be observed in th
junction stack in zero magnetic field. One with vortices mo
ing more or less independent, and one involving the exc
tion of collective cavity resonances withk half-waves along
x andq half-waves alongz. All states can involve a numbe
of junctions being either in the McCumber or in the sup
conducting state giving rise to a huge variety of states.
the nonresonant fluxon modes even a large number of v
ces within the stack could be stabilized. These modes w
clearly favored at low voltages. Even in simple cases w
only a few vortices there was a very large variety of differe
states depending on the precise location of the vortices, t
velocity and the state of adjacent junctions. The collect
resonances can be ‘‘populated’’ with fluxon-antifluxon pa
~cf. Figs. 10–12!. They occur at frequencies that are som
what smaller than given by Eq.~12!. This should not be too
surprising because Eq.~12! has been derived in the low am
plitude limit whereas the resonant states containing vort
antivortex pairs contain regions where the phasesgn are
large. When more than two thirds of the junctions were i
tially biased in the resistive state we were able to obtain

k

n

FIG. 14. Fourier transform of total voltage across the stack
the state shown in Fig. 13.
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q51 resonant state with small values ofk (k52, 3, and 4!.
The out-of-phase resonance (q520) appeared only if a no
too large number of junctions was resistive. We could
find or at least identify other resonances. They may be fo
in a more detailed search; however the simulations at l
indicate that their stability range is not too large.

Stability issues
Although the available computing power was not su

cient to systematically investigate stability of the abo
states with respect to junction inhomogeneities or ther
noise, at least the stability of some selected states coul
studied. As an example we discuss the zero-field~1/3! reso-
nance of Fig. 11. In order to introduce thermal noise
introduced 2K independent current noise sources, with
white spectral distribution 4kBT/R, for each junction.K
532 was the number of Fourier components used. T
sources were positioned at equidistant positions alongx. In
dimensionless units, the spectral noise distribution of e
source may be characterized byG52pkBT/(I cF0)
[I N /I c , similar to noise calculations for superconducti
quantum interference devices.43 G1/2 represents the curren
noise amplitude in unit bandwidtht52pI 0R/F0. For, e.g., a
temperature of 77 KI N is about 3.3mA. Figure 15 shows
the Fourier spectrum of the total voltage across the stack
the zero-field~1/3! resonant mode for—the very huge—noi
parameterG50.5, to be compared with the Fourier transfor
shown in Fig. 12~b! for the noise-free case. Although th
spectrum is broadened, there is still a sharp peak atf / f c
50.5. For this value ofG still 11 junctions~Nos. 4–14! were
locked to the resonance. For comparison, 15 junctions w
locked without noise. WithG51.0 there was still a peak a
f / f c50.5 in the Fourier spectrum; six junctions were s
locked to the resonance. Also, a 10% scatter in critical c
rent density and resistivity did not affect the resonan
strongly. Still, 13 junctions were locked to the resonan
demonstrating the robustness of this state.

Comparison to experiment
The final question to be discussed is to what extent

simulations are relevant to the experiment. There is li
doubt that artificial, say Nb/Al-AlOx /Nb, multilayers are de-
scribed well with the coupled sine-Gordon equations. F
intrinsic Josephson junctions, the ideal stack used for
calculations differs by many means from the typical expe
mental situations. First, most of the mesa structures use
the experiment have lateral dimensions much larger thanlJ .
The structures thus should be treated as long both inx and in
y direction. At this point one can only speculate about
effect of the the finite width alongy. At the very least, it
seems clear that the fluxons cannot be considered as
alongy, most likely causing a decreased stability range of
modes. Second, in the experiment there is no free-stan
stack of junctions. Mesa structures are formed on top o
base crystal. The large number of modes that can be exc
in the ~very large! junctions forming the base crystal a
likely to decrease the stability range of collective modes
the mesas. Moreover, the presence of a base crystal br
the top-bottom symmetry of the stack which is likely to fu
ther decrease the stability of at least some of the predi
states. Other stack types like BSCCO whiskers11 or TBCCO
step stacks12 have ‘‘base crystals’’ both on top and at th
t
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bottom of the stack. Although the top-bottom symmetry
conserved here, their presence alters the effective magn
thicknessteff of the outermost junctions. Third, the couple
sine-Gordon equations assume that no pancake vortices
etrating the superconducting layers are present. In many
perimental situations these vortices are likely to exist a
locally change the spatial dependence of the phasesgn(x,y),
providing pinning centers for Josephson fluxons.44 Finally,
the experimental ratio of characteristic frequency and plas
frequency, equal tobc

21/2 in Eq. ~3!, is much larger than its
value used in the simulations. Experimental values off c and
f pl are, respectively, on the order of 10 THz and 150 GH
corresponding tobc values of several 103. As a consequence
in the experiment, most fluxon states should occur at m
smaller voltages~relative to the characteristic voltage! than
in the simulations.

Which states have been observed? In zero magnetic-
simulations predict a large number of zero-field steps a
resonant states. An indication of the existence of flux
modes in zero field is the multiple-valued critical current25

however, to our knowledge, neither zero-field steps nor c
lective resonances have been observed—except possib
the presence of external microwave fields,45 which is beyond
the scope of this paper. There are structures on each br
of the current-voltage characteristics which, however, h
been identified as resonant interactions with opti
phonons.46–48 The stability of the resonances predicted
the coupled sine-Gordon equations thus seems to be hi
reduced. Forf pl5150 GHz, the~1/5! resonance would, for
example, occur at 0.94 THz, which is about the typical low
voltages at which the quasiparticle branches in the exp
mental current-voltage characteristics are stable. There
thus, a possibility that in the experiment the stack sim
switches back to the superconducting states before the flu
states can be stabilized. It should, finally, be noted tha
number of fluxon and resonant modes, however, have b
found in external magnetic fields,6,19,23–28although the sta-
bility of these modes was clearly less than indicated by
simulations.

It thus seems that at least some of the states predicte
the coupled one-dimensional sine-Gordon equations can
seen in the experiment. The differences between experim
and simulations should not be too surprising since exp
mentally used mesas differ by many means from the id

FIG. 15. Fourier transform of the total voltage across the st
for the ~1/3! resonance@cf. Figs. 11 and 12~b!# in the presence of
thermal noise (G50.5). The bias current isi 50.55.
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systems used for the simulations. It seems unclear wheth
not intrinsic junction stacks can be realized without a b
crystal. However, stacks that are short iny direction are
within reach of present day fabrication technologies allow
for more rigorous comparisons between experiment and
model of coupled one-dimensional sine-Gordon equation
tt.
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