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Multiplateau magnetization curves of one-dimensional Heisenberg ferrimagnets
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Ground-state magnetization curves of ferrimagnetic Heisenberg chains of alternatingSsaiass are
numerically investigated. Calculating several casesS$) we conclude that the spirs(s) chain generally
exhibits 2 magnetization plateaus even at the most symmetric point. In the double- or more-plateau structure,
the initial plateau is generated on a classical basis, whereas the higher ones are based on a quantum
mechanism.

[. INTRODUCTION bridged by nitronyl nitroxide radicals NITR. There also exist
purely organic molecule-based ferrimagn&tsyhere suffi-
Ground-state magnetization curves of low-dimensionakiently small magnetic anisotropy, whether of exchange-
guantum spin systems have been attracting much recent igoupling type or of single-ion type, is advantageous for ob-
terest due to their nontrivial appearance contrasting witlservations of essential quantum mixed spin phenomena.
classical behaviors. A few years ago there appeared an ep- Magnetization curves of Heisenberg ferrimagnetic chains
ochal argumeiitin the field. Generalizing the Lieb-Schultz- were revealed by KuramofS.His argument covered an ef-
Mattis theorent;®> Oshikawa, Yamanaka, and Affleck pro- fect of next-nearest-neighbor interactions but the constituent
posed that magnetization plateaus of quantum spin chairgpins were restricted to 1 and Although an alignment of

should be quantized as alternating spin§ands (S>s) in a field as described by the
Hamiltonian
Sunit— M= integer, (1.2 N

Z VA
whereS,i; is the sum of spins over all sites in the unit period H:gl [(1+0)(S §)at (1=0)(5-S11)oa—H(SjHS))],
andm is the magnetizatioM divided by the number of the (1.2)
unit cells. Their argument caused renewed intérestthe ) ] ] ]
pioneering calculatios” of a bond-trimerized spig-chain ~ With (S-5), = S's*+§'s + a§°s* is so interesting as to pos-
and further stimulated extensive investigations into quantun§ibly exhibit a series of quantized magnetization plateaus at
magnetization process. Quantized magnetization plateaus=3(1),3(2),---,S+s—1, its magnetization curves have
were reasonably detected for sgiff-spin-1°-*and spin3  not systematically been studied so far. In spite of the vigor-
(Refs. 12 and 1Bchains with modulated and/or anisotropic ous argument, there are few reports on multiplateau magne-
interactions. Totsuk& Cabra and Grynberlf, and tization curves. It is true that a double-plateau structure lies
Honecket® developed calculations of general polymerizedin NH,CuCk,?*?®but it is owing to the variety of exchange
spin chains. Numerous authors have been making furthenteractions. We here demonstrate that the ferrimagnetic
theoretical explorations into extended systems including spirhain (1.2) generally exhibitsa 2s-plateau magnetization
ladders’~° and layered magnefd:?® Experimental curve without any anisotropy and any bond polymerization
observation¥"?® have also followed. namely, even ak=1 ands=0. We believe that the present

Mixed-spin chains, which have vigorously been studied incalculations will accelerate physical measurements on vast
recent year$®—®also stimulate us in this context. Theoreti- ferrimagnetic chain compounds lying unexploited in the field
cal investigations into them are all the more interesting anaf both inorganic and organic chemistry.
important considering an accumulated chemical knowledge The ground state of the isotropic Hamiltoniéh?2) with-
on ferrimagnetic materials. Kahret al®’ succeeded in out the Zeeman term, which is a multiplet of spB~Ss)N,
synthesizing a series of bimetallic chain compoundsexhibits elementary excitations of two distinct tyd@sThe
such asMM’(pba)(H0);-2H,O [pba=1,3-propylenebis excitations of ferromagnetic aspect, reducing the ground-
(oxamatg= C;HgN,Og] and MM’ (pbaOH) (HO); [pbaOH  state magnetization, form a gapless dispersion relation,
= 2-hydrox -1, 3 -propylenebigoxamatg = C; HgN, O ], whereas those of antiferromagnetic aspect, enhancing the
where the alternating magnetic iois and M’ are flexible  ground-state magnetization, are gapped from the ground
variables and, therefore, the low-dimensional ferrimagnetistate. Therefore, we can readily understand the initial step at
behavior could systematically be observed. Canesthl® m=S-s in the magnetization curve. In the Ising limit
synthesized another series of mixed-spin chain compounds:«, the initial plateau is nothing but the gapped excitation
of general formulaM (hfac),NITR, where metal ion com- from the Nel-ordered state. The classical gap-generation
plexes M (hfac), with hfac=hexafluoroacetylacetonate are mechanism is unique. Thus any magnetization curve in the
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FIG. 2. (a) Schematic representations of thd=(S—s)N
ground states of sping(s) ferrimagnetic chains oN elementary

2 Y cells in the decoupled-dimer limit. The arrofthe bullet symbol
,/ - denotes a spié with its fixed (unfixed projection value. The solid
I o ig:g segment is a singlet paifb) A ferrimagnet may be regarded as the
,,,,,,,,, - — 0=06 combination of a ferromagnet and an antiferromagnet, wBers
e © @Ry e o=l0 7 @ @1 oo e=lo and X of the total spin amplitud&+ s play the ferromagnetic and
% 2y 4 0 2 oy 4 6 antiferromagnetic roles, respectively.

FIG. 1. The ground-state magnetization curves for the Hamil-tization curve ends up with2steps, which are attributable
tonian (2) with =0 at various values of and (S,s). to the crackion excitatiorf§:**in the decoupled-dimer limit.
Hence we here concentrate on the uniform-bond cakse (
Ising limit only has a single plateau. The scenario is qualita=0). Surprisingly, in a certain region af including the
tively unchanged for an arbitrary as long as we consider Heisenberg point, the spir(s) chain generally possesses a
the classical vector§; ands; of magnitudeSandsinstead of ~ 2s-plateau magnetization curve. To the best of our knowl-
quantum spins. Therefore, the second and higher plateaus,dtige, this is the first report on the multiplateau structure
any, should generally be based on a quantum mechanism.depending on neither anisotropy nor bond polymerizatien. 2
plateaus appear, but still, that does not mean the plateaus are
Il. NUMERICAL PROCEDURE dominated only by the smaller spin. Ferrimagnets have both
. . ferromagnetic and antiferromagnetic featuteghe mixed
We perform a scaling ana!yé?son the numerically pal- aspect is explicitly exhibited, for instance, in their thermody-
culated energy spectra of finite clusters upNe-12. With o ies where the specific heat and the magnetic susceptibil-
E(N,M) being the lowest energy in the subspace with &y times temperature behave Ii&’2 and T~ at low tem-
fixed magnetizatio for the Hamiltonian(1.2) without the o a4res, respectively, whereas they exhibit a Schottky-like
Zeeman term, the upper and lower bounds of the field Wh'dgeak and a round minimum at intermediate temperatures.
induces the ground-state magnetizatMrare expressed as Figure 2b), as well as Fig. @), shows that the spin ampli-
H.(N,M)=+E(N,M*1)TE(N,M). 2.1) tudg S—s plays _the ferroma'gneFic role, whilesaolay; thg
antiferromagnetic on&. Considering that any magnetization
The length of the plateau with the unit-cell magnetizationplateau originates from an antiferromagnetic interaction, it is
m=M/N is obtained as convincing that 3 of the total spin amplitud&+ s contrib-

utes to the plateaus appearing.
An(m)=H.(N,M)=H_(N,M). (2.2 Let us turn back to Fig. 1 and observe the plateaus more
Therefore, calculatingE(N,M) at each sector ol and ex-  carefully, especially as functions of. In the cases =3,
trapolating the resultard .. (N,M) with respect to\, we can  the plateaus are quite tough against ¥é-like anisotropy.
obtain the thermodynamic-limit magnetization curves. Sincelhey are stable all over the antiferromagnetic coupling re-
the correlation length of the present system is considerablgion. These observations are in contrast with the classical
small?®“? this scaling analysis works very well. The preci- behavior. The classical spitS(s) Heisenberg Hamiltonian

sion of the obtained magnetization curves is generally dowilso exhibits the magnetization plateaunatS—s, but it
to three decimal places. There is at most slight uncertainty isurvives only a small amount oXY-like anisotropy. For

the second decimal place. instance, the critical value forS(s)=(1,3) is estimated as
a=0.9431).* The contrast between quantum spins and
ll. RESULTS AND DISCUSSION classical vectors suggests that the single plateaus in the

. . . ._ .. guantum-spin magnetization curves may be attributed to the
B S e et alence-bon excaton gelence-bond oraher than
' the Neel-state excitation gafNeel gap. From this point of
st=AlB,, = : (ATA- _ B-TB-), view, thea dependgnces Qf the two goexistent plateaus in the
e : R (3. 0ases ofs=1 are interesting. The tiny second plateaus are

+_ ' much more stable against th€Y-like anisotropy than the

! steady looking initial steps. Since the ®lestate reaches the
the M =S—s ground state of the decoupled dimeid<1)  saturation via a single-step excitation, the second and higher
are described aE,-(AJ-T)S’S(A;rb;r—B,-TajT)25|0>, whose sche- plateaus should originate from the valence-bond gap. The
matic representation is given in Fig(a2 Therefore, any magnitude of the gap exponentially decreases with the in-
plateau is enhanced by the bond alternation and the magnerease ofm, but the quantum gap-generation mechanism it-

t z_ 1 Toh _Khin.
s; =ajb;, sj=3(aja;—bjby),
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FIG. 3. The variational ground-state phase diagrams on the vz z (25—2s+1)!
SH-plane for the Hamiltoniarf2) with «=1 at various values of (s—1+1)] |—Eo —(28— 25)111
(Ss). -
self is rather tough against thé€Y-like anisotropy. The initial - (25—2s+1)!
plateaus in the multistep magnetization curves, which are BZIZEO (2S—29)!! (S—2s+1)
relatively unstable against théY-like anisotropy, may be
attributed to the Nel gap. It seems that the lowest-lying 2s (2S—2s+1)!
magnetization plateaus are of quantum appearancse=fGr X (s=1) IZO m
but are of classical aspect fee 1. a o
In order to characterize the plateaus, we introduce a varia- 25 25 96t|)]
tional wave function for the ground state of the mo¢leR) _ (25—2s+1)! _
C (S—2s+1)
as <o (25—2s)!l!
N 2s 2s
(25—2s+1)! (25—2s+1)!
= Ty2S(pty2s X2, —m—F——(s—I -
lor=cnll (AD*(b))*10) 2 2529 57/ & s 29
2s N (3-4)
0) 2SI oty 251 aThT _ RT4T . o . .
+|:0 CVBJ.Hl (A7 (a)™ (Ajbj—Bjay) 0) 5, does not exist fos= 3, whereas, it is an increasing func-
tion of s for s=1, as shown in Fig. 4. Thus, the dlegap-
3.2 like character of the initial plateaus in the multistep magne-

wherecy andc{}} are the mixing coefficients. Since all the tization curves become more and more settlediasreases,

elemental states are asymptotically orthogonal to each othef/hich leads to the instability of the plateaus against the
the thermodynamic-limit variational ground states are conXY-like anisotropy. The exceptional casessst; may be
siderably simple, as shown in Fig. 3, where we consider thé€cognized as the quantum limit. Another simple calculation
Heisenberg point. The phase diagrams are exact on the [irfdS0 supports this scenario. Let us consider a spin-wave de-
of 5=1, where the spin,1) chain, for example, reaches scription and a perturbation treatment of the antiferromag-
the satl,Jration(S) via the ,double-bé)nd dime(DBb) and netlg: e_xcr[atlon gap from the ground state. The spin-wave
single-bond dimeXSBD) states. The point is that thé=0 excitations are based on the &l@rder background, whereas
glro%nd statesl are bettesr app.roximgteld kIJy the decouple he perturbation from the decoupled-dimer limit assumes the

. . . rackionlike excitations to appear in the valence-bond back-
dwper s_tate.s than by.the BE(N) states in thle cases .‘Sf ground. We compare in Table | both estimates with the exact
=5, while vice versa in all other cases. For 5, the varia-

tional wave function(3.2) ends up withcy=0 all over the TABLE |. Estimates of the antiferromagnetic excitation gap
5-H plain. The Nel-dimer crossover poind, is given by from the ground state for the Hamiltonig@) with =1 and §
=0 by the use of the linear spin-wave thedigpin wave, the

:w (3.3 perturbation from the decoupled-dimer linfgerturbation, and the
¢ A-B+C ' exact diagonalizatioexacy.
with (S,s) Spin wave Perturbation Exact
2s
2S—2s+1)1(2S—-2s+1—-1)! 11
A=Y ( )( ) [S(S+1) 1 b 1 . 1.759 1)
=1 [(25-2s)1T211(1-1)! ) 2 ¥ 2,842 1)
—(S—2s+1—-1)(S—2s+1)] %) 1 s 161510
(2,9 2 a4 2.730 5)

X[s(s+1)—(s—1I)
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FIG. 5. Scaled quantitfNAy(m) versusa atm=3 (a) andm -1 0 o 1-1 0 o 1

_3 ; —(3
=3 (b) in the case of §,5)=(3.1). FIG. 6. The ground-state phase diagrams ondi#eplane for

o . N the Hamiltonian(2) at various values ofg,s).
values, namely, the upper critical fields for the initial pla- "2 s)

teaus. In the cases ef 3, the perturbation calculations are
better than the spin-wave estimates, while vice versa in th
cases ofs=1. We are again convinced that the single pla-

Boundary. The thus obtained phase boundaries are shown by
solid lines in Fig. 6. The single plateaus, with a quantum

teaus fors=3 are relatively of quantum aspect, while the bas_e, are Stab"? over .th_e_ whole antﬁerromagngﬂc-couplmg
region (@,b), while the initial plateaus in the multistep pro-

lowest-magnetization plateaus in the multistep process for ' . . ;
g P PP cess, taking on a classical character, less surviveXifiike

= i i . . .
1 are relatively of classical aspect. All other plateaus, the isotropy than the quantum higher plateangl). The ex-

second and higher steps, should essentially be based on tiﬂé ence of the second plateaus without any bond polymeriza-
guantum mechanism. Now here is a question: Asn- P y poly

creases, at which point do the quantum plateaustiorS t|on_,_wh|ch is the main issue in the present paper, should be
erified very carefully. So then we further employ an idea of

. o o S :
chydsIz?\F/)isga}[rﬁe (v)vﬁglzurrggig%alﬁlivf %atlng datcli?;aspssgmﬁtfh;h%ﬁje level spectroscop?,thus called, in qnquzing the_ second
Ising limit. pIatgau. _Comparlng the relevant excitation energies Wh_ose
Finally we draw the ground-state phase diagrams on thscallng dlmens_lons are 2 at the critical point, we recognize
ad plane. If the system is massive at the sector of magneti‘t—ane level crossing of them as the phase boundary. _Thg thus
Sation M H.(N.M) are extrapolated to different detectg:-d transitions are also plotted by brok_en I|ne§ in Flg. 6.
thermodyr,lami(;-lim'it valued,.(m) with exponential size The slight difference petvyeen the two estimates |n'eV|tany
corrections. On the other ihand in the critical phaseanses from the logarithmic corrections to the_ scaling law
H (N M : o th ’I 47,48 (3._5), Where_the level spectroscopy is more reliable than the
+(N,M) converge to the same value naivest scaling analysis. Anyway, we may now fully be con-
vinced of the existence of the multiplateau magnetization

mUST]
H.(N,M)~H(m)*——, (3.5  curves.
whereuv is the spin-wave velocity ang is the critical index V. SUMMARY AND FUTURE ASPECT

for the relevant spin-correlation function. Therefore, we can

visualize the phase transition by plotting the scaled gap The one-dimensional Heisenberg ferrimagnet with alter-
NAy(m) as a function ofa (Fig. 5. The phase boundaries nating spinsS and s exhibits a 2-plateau magnetization
could in principle be extracted from the phenomenologicalcurve even at the most symmetric point. It is interesting to
renormalization-group equatithtaking Ay(m) as the order compare the present spi;6) ferrimagnetic chain with the
parameter. However, the anisotropy-induced breakdown dépin+ bond-polymerized chain of period 8¢ s), that is,

the plateau is a transition of the Kosterlitz-Thouless type andhe (25—1) times ferromagnetic-antiferromagnetic s(2
the fixed point could only be determined with great—1) times ferromagnetic-antiferromagnetic chain. In the
uncertainty>® Thus we here rely upon the critical exponent  strong ferromagnetic-coupling limit, the latter may be re-
which should cross over the valdeon the phase boundary. garded as equivalent to the former. In the same meaning, the
Providedv is given, we can estimatg using the scaling law spin-S antiferromagnetic Heisenberg chain can be viewed as
(3.5). We obtainu ¢ directly from the dispersion relation. Us- a spins bond-polymerized chain of periodS2 Such replica

ing the scaling relatioH#® chains generally exhibit magnetization plateaus in certain re-
gions of the ratio of the ferromagnetic couplidg to the
E(N,M) TCUg antiferromagnetic ond,, y=Jg/Ja. However, in the case
—~e(m)— ——, (3.6 inl i~ ANt i
N N2 of the spins ferromagnetic-ferromagnetic-antiferromagnetic

chain which is the replica model of the spjnantiferromag-
we further verify the central charge being unity in the critical netic Heisenberg chain, Okambtand Hidd reported that
region, though it is not so useful in determining the phasahe plateau vanishes at=4~5 and, therefore, the pure
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Heisenberg chain exhibits no plateau. Thus the plateaus oltected by some anomaly in the magnetic susceptibility. The
served here in the most symmetric Heisenberg ferrimagnetshemical modification of the bond alternatisnand/or the
still interest us to a great extent. exchange anisotropy must help us to directly observe the
As we come up the steps, the plateau length exponentiallyecond step plateaus, though we take main interest in the
decreases. It is hard to numerically observe the higher-lyingjejsenberg point.
plateaus, still harder experimentally. Only the first and sec-
ond plateaus may lie within the limits of measurement. In
this context, we are fortunate to have a series of bimetallic
quasi-one-dimensional complexesMM’(EDTA)-6H,0
(M,M’=Mn,Co,Ni,Cu)>? Their exchange coupling con- The authors thank Dr. K. Okamoto for a useful discus-
stants are all about k@ [K] and thus the complete magne- sion. This work was supported by the Japanese Ministry of
tization curves could technically be observed. MagnetizatiorEducation, Science, and Culture through Grant-in-Aid No.
measurements on them, especially with =MIn(S 11740206 and by the Sanyo-Broadcasting Foundation for
=3),Co(S=3%) and M =Ni(s=1), are encouraged. The Science and Culture. The computation was done in part us-
plateaus would more or less be obscured in any actual meéng the facility of the Supercomputer Center, Institute for
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