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Effect of surface structure on crystal-truncation-rod scattering under the Bragg condition
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Theoretical and experimental studies have been made on crystal-truncation-rod~CTR! scattering when x
rays satisfy the Bragg condition. Calculations were made on the basis of a dynamical theory in Darwin’s
approach extended to a multibeam case. Calculated results indicated that the profile of intensity changes of
CTR scattering as a function of incident angle under the Bragg condition is sensitive to surface structures. It
was made clear by kinematical treatment that the profile reflects x-ray intensity changes of the standing-wave
field at an atomic layer on a substrate crystal when x-ray scattering amplitude by the surface layer is larger than
CTR scattering amplitude by the substrate, particularly in the case of intensity measurements on fractional-
order rods of superstructures formed on the substrate crystal. The experimental result obtained for a Si~001!
crystal was in good agreement with the theoretical calculation. Detailed analysis suggested that a strain field
caused by the native oxide layer spreads from the surface of the substrate crystal to a depth of hundreds of Å.
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I. INTRODUCTION

X-ray diffraction has been used to study the structure
surfaces and interfaces in recent decades.1,2 Grazing inci-
dence diffraction is very powerful in determining two
dimensional structures projected on surfaces.3 On the other
hand, crystal-truncation-rod~CTR! scattering has been suc
cessfully used to determine three-dimensional structure
surfaces including superstructures formed on substrate4–9

One of the advantages of using x-ray scattering in surf
structure analysis is that the scattering process is expla
by the kinematical theory of single scattering while multip
scattering processes are to be taken into account in elec
diffraction such as low-energy electron diffraction and
flection high-energy electron diffraction.

As in the case of electron diffraction, x rays incident on
plate crystal are diffracted in all the directions determined
the intersections between the Ewald sphere and the rec
cal rods. Therefore, in principle one can observe those
fraction spots simultaneously. Even in that case, howe
those intensities are analyzed independently in x-ray diffr
tion because the intensity of CTR scattering is extrem
weak compared with that of Bragg reflection. It should
noted, however, that this assumption is correct only when
Bragg scattering is excited by the crystal. When the Bra
condition is satisfied for at least one Bragg point, all t
intensities of CTR scattering are expected to be influen
by the Bragg reflected beam.

In this work, we study an influence of Bragg reflection
CTR scattering. We show that the intensity of CTR scatt
ing changes drastically as a function of incidence angle
der the Bragg condition, and the profile of the intens
change is sensitive to surface structures using a dynam
theory developed by us.10 Reasons for surface sensitivities
the profile are discussed in comparison with the x-ray sta
ing wave~XSW! method11 by using the kinematical approxi
PRB 620163-1829/2000/62~6!/3630~9!/$15.00
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mation for interaction between Bragg scattering and C
scattering. Finally an experimental result is given using a
~001! crystal.

II. DYNAMICAL TREATMENT BY DARWIN THEORY
EXTENDED TO MULTIBEAM CASE

The intensity of CTR scattering has been well understo
based on the kinematical theory.1,4 Recently, CTR scattering
has been studied from viewpoints of dynamic
diffraction,10,12–17and the intensity profile of CTR scatterin
along rods is interpreted as a tail of the rocking curve
dynamical diffraction phenomena. This means that the ro
ing angle, that is, the deviation parameter such ash,11 can be
related to the perpendicular momentum transfer indexed bl.
In a previous work, we generalized the deviation parame
so that it can be applied to any angles not only around
Bragg angle but also far from the Bragg angle.10,18

To study an influence of Bragg reflection on CTR scatt
ing, one is required to apply the dynamical theory to a mu
beam case. A number of studies have been made on m
beam cases when only Bragg reflections are excited.19,20 In
contrast to this, there has been few works on a multibe
case where CTR scattering as well as Bragg reflection
taken into account.10,21 This is because in the convention
dynamical theory, one can obtain diffracted intensities o
when tie points very close to Bragg points are excited.

A. Theoretical

In this work, we study CTR scattering under the Bra
condition based on a dynamical theory10 in Darwin’s
approach.22 Features of the theory are that not only can
calculate the intensity of CTR scattering far from Bra
points as well as near Bragg points, but also it can be ea
extended to the case where the crystal is covered with
face layers.
3630 ©2000 The American Physical Society
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In this work, we treat a three-beam case, but it does
lose generality because the interaction between CTR sca
ings is much weaker than that between Bragg scattering
CTR scattering. For simplicity, we treat a coplanar Bra
case where the incident and two reflected beams are
plane perpendicular to the crystal surface.

First, we consider the case of a perfect crystal of se
infinite thickness. Figure 1~a! illustrates a diffraction condi-
tion where a Bragg pointH1 on theh1k1 rod and a pointH2
on theh2k2 rod are excited. Reflection coefficients of tw
diffracted beamsRH

B andRH
B by a perfect crystal of semi
1 2
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infinite thickness in the coplanar case are given in Ref.
and are summarized in the Appendix with some details. T
expressions givingRH1

B andRH2

B are valid for any incidence
angle provided the Ewald sphere intersects with the two r
in reflection geometry.

Once the reflection coefficients from an ideally truncat
perfect crystal are obtained for the two beamsH1 and H2,
those from the crystal whose surface is covered by a sur
layer, RH1

and RH2
, are given as follows by considerin

multiple-scattering processes between the surface layer
the perfect crystal of semi-infinite thickness,
RH1
5

r H1

s 1~ t0
stH1

s 2r H1

s r H1

s
!F0

sFH1

s RH1

B 1~ t0
sr H12H2

s 2r H1

s r H2

s
!F0

sFH2
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B

12~r H1

s F0
sFH1

s RH1

B 1r H2

s F0
sFH2

s RH2

B !
, ~1!

RH2
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r H2

s 1~ t0
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s !F0
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B 1~ t0
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s 2r H2
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s
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Here we assumed the surface structure has t
dimensional periodicity commensurate with the substr
crystal. In these equationsts’s andr s’s are transmission and
reflection coefficients of x rays by the surface layer, resp
tively, which are calculated by Fresnel’s diffraction theo
taking into account single scattering.10,23 The surface layer
does not necessarily mean a single atomic plane. A sm
number of atomic planes are allowed if the effect of multip
scattering among the planes is neglected. Phase factorsF0

s ,
FH1

s , andFH2

s correspond to phase changes due to trave

paths between the surface layer and the substrate, and
are related to the thicknessds of the surface layer and th
propagating directions of the three beams as is seen in
~A4! of the Appendix.

B. Simulations

To investigate an influence of Bragg reflection on CT
scattering, we simulated intensities of CTR scattering alo
the 50 rod of an ideally truncated perfect Si crystal w
~001! surface under excitation of 004 Bragg reflection on
00 rod, as shown in Fig. 2. By changing the wavelength,
can select the indexl on the 50 rod while exciting the 00
Bragg point on the 00 rod.

First, we show results when the topmost surface laye
displaced only in the direction of surface normal, cor
sponding to the direction of the scattering vector for the 0
Bragg point. Here we displaced, for simplicity, the topmo
001 layer, which is a set of four atomic planes correspond
to the unit cell in the ordinal definition.

Figures 3~a!, 3~b!, and 3~c! show intensity changes calcu
lated for the 50 rod aroundl 55.013, l 54.924, and l
54.423, respectively. Here the indexl was defined so tha
l 54 means the 004 Bragg point. Thenl 55 corresponds to
the kinematical 555 Bragg reflection. To excite these po
designated byl values on the 50 rod while satisfying the 00
o-
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Bragg condition, the wavelengths ofl51.240 53 Å,
1.250 00 Å, and 1.300 00 Å were used in the simulatio
Percent values shown in the insets of the figures mean
displacement of the topmost layer normal to the surface,
the value of 100% corresponds to the displacement equ
lent to the distance between~004! atomic planes,
5.4310/4 Å.

In the condition of Fig. 3~a!, where a point very close to
the Bragg point is excited, the profile shows little chan
with the displacement of the surface layer, being insensi
to the surface structure as is expected. However, as the
cited point goes farther from the Bragg point, the intens
profile of CTR scattering becomes sensitive to the displa
ment of the surface layer as seen in Figs. 3~b! and 3~c!. The
profile of intensity changes in Fig. 3~c! depends strongly on
the displacement of the surface layer, and resembles tha
secondary emission in XSW,11 the reason of which is dis
cussed in the next section based on the kinematical appr
mation.

Next, we show effects of the displacement of the surfa
layer on the intensity of CTR scattering when the displa
ment has a component parallel to the surface. We m
simulations for the case of Fig. 3~c! (l51.300 00 Å)
where the profile is most sensitive to the change of the s
face structure. Figures 4~a!, 4~b!, 4~c!, and 4~d! show results
calculated for the displacement in the direction ofa1

s , where
a1

s was defined bya1
s5 1

2 a11 1
2 a2 in the ~001! surface of sili-

con. In the figures, the displacement of the surface laye
the direction of surface normal was fixed at 0%, 25%, 50
and 75% ofa3/4, respectively, corresponding to Fig. 3~c!.
Percent values shown in the insets represent the ratio o
displacement in the direction ofa1

s to that corresponding to
ua1

su/5, that is, 5.4310/(5A2)Å. Oneshould note that the in-
tensity profile of 100% displacement is identical to that of
displacement, which comes from the fact that the pres
simulation is done along the 50 rod.
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III. QUALITATIVE INTERPRETATION
BY KINEMATICAL THEORY

In this section, we show how the intensity of CTR sc
tering is modulated by Bragg reflection on the basis of
kinematical approximation, comparing with the intens
change of secondary emission in XSW. We use the dyna
cal theory only for Bragg reflection and utilize the pha
relationship between the incident and diffracted waves.
for other interactions, kinematical approximations are us

A. Standing-wave field under Bragg condition

First, we briefly review XSW in the two-beam case11

When x rays are incident on an ideal crystal of semi-infin
thickness at an angle satisfying the Bragg condition w

FIG. 1. Geometry of coplanar three-beam case~a! and relations
among wave vectors used to explain the effect of Bragg scatte
on CTR scattering~b!.
-
e

i-

s
.

h

respect to a reciprocal pointH, then a standing wave field i
generated in the crystal as a result of interference betw
the incident and diffracted waves. The electric field at a po
r in the crystal is given by

E5E0 exp~22p i k0•r !1EH exp~22p i kH•r !. ~3!

Here k0 and kH are the wave vectors of the incident an
diffracted waves in the crystal, respectively, andE0 andEH
are their amplitudes atr50. From the dynamical theory o
x-ray diffraction, the reflection coefficient for the sem
infinite crystal,R5EH /E0, is written in a well-known form
as a function of deviation parameterh representing the inci-
dence condition:

R52ubu1/2
C

uCu
FH

@FHFH̄#1/2
@h6~h221!1/2#, ~4!

whereC is the polarization factor,b is the asymmetric factor
andFH is the structure factor forH reflection.

For the moment, we neglect absorption by the crysta
interpret phenomena qualitatively. Then the imaginary p
of the deviation parameterh is neglected. In the region o
total reflection21<h<1, Eq. ~4! can be rewritten by

R52ubu1/2
C

uCu
FH

@FHFH̄#1/2
@h2 i ~12h2!1/2# ~5!

52ubu1/2
C

uCu
FH

@FHFH̄#1/2
e2 iP(h) ~6!

5ubu1/2se2 iP(h), ~7!

where

P~h![tan21SA12h2

h D , ~8!

s[2
C

uCu
FH

@FHFH̄#1/2
. ~9!

From Eq.~7!, the electric field given by Eq.~3! can be
rewritten as follows:

g

FIG. 2. Geometry used in the simulation.
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E5E0 exp~22p ik0•r !$Ê01ÊHubu1/2s exp@2 iP~h!#

3exp@22p iH•r #%, ~10!

using unit vectors,Ê0 and ÊH . Therefore, the wave-field
intensity at a pointr near the surfaceI is obtained as

FIG. 3. Intensity changes of CTR scattering of 50 rod when 0
Bragg reflection is excited. Values ofl when 004 Bragg point is
excited are 5.0126~a!, 4.9237~b! and 4.4231~c!.
I 5uE0u2$11ubu12ubu1/2sC cos@2pH•r1P~h!#%
~11!

forming the standing wave. The antinodes of the stand
wave are planes parallel to and have the same periodicit
the diffraction planes, and move from the middle of the d
fraction planes to the position just on them with a change
h from 1 to21, whereh51 corresponds to the shoulder o
the Darwin curve on the lower incident angle side.

B. CTR scattering under excitation of Bragg reflection

Since the intensity of CTR scattering is sufficiently we
compared with that of Bragg reflection, one can treat C
scattering by the kinematical theory. Now, we obtain t
CTR scattering intensity based on the kinematical the
when Bragg reflection is excited on one of the rods. T
CTR scattering field, whose direction is defined by wa
vector kH2

, is composed of two components: one is gen

ated from the incident wavek0, and the other from the dif-
fracted wavekH1

. The scattering vectorq of each scattering

process is given by

qH2
5kH2

2k0 ~12!

5hH2
a1* 1kH2

a2* 1 l H2
a3* ~13!

and

qH22H1
5kH2

2kH1
~14!

5hH22H1
a1* 1kH22H1

a2* 1 l H22H1
a3* , ~15!

using the reciprocal vectorsai* ( i 51, 2, and 3!.
According to the kinematical theory, the amplitude

CTR scattering by a perfect crystal of semi-infinite thickne
is given by

F~q!5Fhk~ l ! (
N50

2`

exp~2p iNl !

5
Fhk~ l !

12exp~22p i l !
5Fhk~ l !

exp~p i l !

2i sin~p l !
~16!

with respect to the scattering vectorq5ha1* 1ka2* 1 la3* .
Therefore, the amplitude of CTR scattering under the Bra
condition can be written in the following form:

4



surface

3634 PRB 62T. TAKAHASHI et al.
ACTR~kH2
!}CH2

FhH2
kH2

~ l H2
!

exp~p i l H2
!

2i sin~p l H2
!

1CH22H1
ubu1/2sFhH22H1

kH22H1
~ l H22H1

!
exp~p i l H22H1

!

2i sin~p l H22H1
!
exp@2 iP~h!#,

~17!

FIG. 4. Intensity changes of CTR scattering of 50 rod when 004 Bragg reflection is excited. Displacement in the direction to the
normal is fixed to 0%~a!, 25% ~b!, 50% ~c!, and 75%~d! of the distance between the~004! planes.
at
using Eq.~10!. Here,CH2
and CH22H1

are the polarization

factors associated withqH2
andqH22H1

, respectively.

The scattering vectorsqH2
and qH22H1

are not indepen-
dent, having a relation of

qH22H1
2qH2

52~kH1
2k0!52H1 , ~18!

as shown in Fig. 1~b!. Then, we obtain a relation of

l H22H1
2 l H2

52 l H1
. ~19!

Since l H1
takes an integer when the Bragg condition is s

isfied, Eq.~17! is rewritten by

-

ACTR~kH2
!}

exp~p i l H2
!

2i sin~p l H2
!
$CH2

FhH2
kH2

~ l H2
!

1CH22H1
ubu1/2sFhH22H1

kH22H1
~ l H22H1

!

3exp@2 iP~h!#%. ~20!

Therefore the intensity is given as follows:

I CTR~kH2
!}

1

4 sin2~p l H2
!
uCH2

FhH2
kH2

~ l H2
!

1CH22H1
ubu1/2sFhH22H1

kH22H1
~ l H22H1

!

3exp@2 iP~h!#u2. ~21!
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In the case of a centrosymmetric crystal, the imagin
parts of the structure factorsF ’s are zero by a proper selec
tion of the origin for the unit cell. Then in the case of a
ideal crystal, we notice the intensity change of CTR scat
ing as a function ofh is similar to that of the standing wav
field at r50 from Eq.~11! when the condition of

CH2
FhH2

kH2
~ l H2

!CH22H1
FhH22H1

kH22H1
~ l H22H1

!.0

~22!

is satisfied for the diffraction condition, which is the case
the simulations given in the previous section. This expla
why the intensity change in the case of no displacement
in Figs. 3~a!, 3~b!, and 3~c! is insensitive to the point ofl,
showing similar profiles as the intensity change of the sta
ing wave field at the diffracting planes.

When the surface of the crystal is not ideally truncat
the effect of the surface structure on x-ray scattering ha
be taken into account. Then the electric-field amplitude
rewritten by

ACTR}CH2FFhH2
kH2

~ l H2
!

exp~p i l H2
!

2i sin~p l H2
!

1FhH2
kH2

s ~ l H2
!exp~2p iqH2

•r s!G
1CH22H1

ubu1/2sFFhH22H1
kH22H1

~ l H22H1
!

3
exp~p i l H22H1

!

2i sin~p l H22H1
!

1FhH22H1
kH22H1

s ~ l H22H1
!exp~2p iqH22H1

•r s!G
3exp@2 iP~h!#, ~23!

wherer s is the position of the surface structure relative to t
substrate, andFhk

s is the structure factor for the surface stru
ture.

Using this equation, we can almost reproduce the res
in the previous section calculated by the dynamical theo
This equation clearly shows that the total scattering am
tude at far from the Bragg point is sensitive to the struct
of the surface layer. In an extreme case where the ampli
from the substrate is neglected compared with that from
surface layer, the total amplitude is given by

ACTR}exp~2p iqH2
•r s!$CH2

FhH2
kH2

s ~ l H2
!

1CH22H1
ubu1/2sFhH22H1

kH22H1

s ~ l H22H1
!

3exp~22p iH1•r s!exp@2 iP~h!#%. ~24!

This means that the dependence of the intensity modula
of CTR scattering on the position of the surface layer relat
to the substrate crystal is similar to that of secondary em
sion in XSW, as seen from Eq.~10!.
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IV. EXPERIMENTAL RESULT

Figure 5 shows the experimental arrangement to confi
the prediction given in the previous two sections. The exp
ment was done at the experimental station of the beam
AR-NE3 in KEK, where a high brilliance x-ray beam i
available from an in-vacuum undulator installed in the A
cumulation Ring.24 A single crystalline Si~001! (60 mm
340 mm310.5 mm) was used as a sample. We measu
the intensity of CTR scattering along the 00 rod under ex
ing the 555 Bragg reflection as shown in Fig. 6.

Thes polarized beam, premonochromatized by a Si~111!
double-crystal monochromator, was more highly monoch
matized by two Si~220! channel-cut crystals arranged in th
(11) geometry. The value ofDl/l is of the order of 1026.
This monochromatization is required to obtain modulati
profiles without suffering the smearing effect due to disp
sion of wavelength. As a result, the number of photons t
could reach the sample was about 107 cps, which is too
weak to perform measurements sensitive to the surface s
ture. Thus we measured intensities of CTR scattering al
the 00 rod relatively close to the 004 Bragg point, where
reflectivity of CTR scattering is of the order of 1027 but the
intensity profile is not so sensitive to the surface structure
is expected from Fig. 3~a!. The value ofl for the 00 rod was
about 3.946. The wavelength of x rays was fixed
1.240 53 Å, which was experimentally determined by t
difference between the incident angles giving 004 and 5
Bragg reflections.

The beam intensity impinging on the sample was mo
tored by an NaI scintillation counter placed before t
sample, and the signal was normalized by its counts.
intensities of 555 Bragg reflection and 00 rod CTR scatter

FIG. 5. Experimental arrangement used to study influence
Bragg scattering on CTR scattering.

FIG. 6. Geometry used in the experiment.
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3636 PRB 62T. TAKAHASHI et al.
were detected by a PIN photodiode and a PSPC~position
sensitive proportional counter!, respectively. Spot intensitie
observed by the PSPC were integrated after subtractio
the background. A typical intensity for the 00 rod was abo
a few cps.

The result is shown in Fig. 7, where open and fill
circles mean the intensities of 555 reflection and 00 rod C
scattering, respectively. The broken and dotted lines re
sent the intensities of 555 Bragg reflection and 00 rod C
scattering calculated for a perfect crystal by the dynam
theory given in Sec. II. It is clearly seen that the CTR sc
tering intensity is indeed modulated by the Bragg reflecti
However, there is a slight difference between the obser
curve of the CTR scattering and the curve calculated for
ideally truncated Si single crystal indicated by the dot
line. This difference will be discussed in the following se
tion.

V. DISCUSSION

First, we discuss the slight difference seen in Fig. 7. T
experiment was done in the atmosphere. Thus a native o
layer about a few tens of Å in thickness is formed on t
substrate silicon crystal. But it is obvious that neither t
scattering from the native oxide layer nor that from the lo
structure at the interface between the native oxide layer
the silicon crystal can explain the difference because
CTR scattering was measured at a point close to the Br
point, as is understood from Fig. 3~a!. However there is a
possibility that the native oxide layer brings about stra
fields spreading into the substrate crystal.

One can show that such strain changes only the phas

FIG. 7. Experimental results on 555 Bragg reflection and C
scattering along the 00 rod. Open and filled circles show the in
sities of 555 reflection and 00 rod CTR scattering, respectiv
Broken and dotted lines represent the intensities of 555 Bragg
flection and 00 rod CTR scattering calculated for a perfect cry
by the dynamical theory. Solid line was calculated for a mode
which surface layers of the silicon crystal are distorted by the na
oxide layer.
of
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the CTR scattering and does not change the intensity
Bragg reflection if the range of the strain field is sufficien
larger than the lattice spacing and small enough compare
the extinction depth of the Bragg reflection, and the accum
lated total shift at the top layer of the substrate silicon crys
from the ideally truncated position is small compared to
lattice spacing.

Simulations showed that the phase of the CTR scatte
is most sensitive to the total shift of the lattice plane at
top of the silicon crystal. Thus, we obtained the total shift
the least-squares fits assuming a simple model in whicN
layers of the silicon crystal surface have a constant lat
distortion of Dd/d. The best fits were obtained a
20.15 Å for the total shift whenN5228, corresponding to
the depth of 310 Å, andDd/d520.0005. The result is
shown as the solid line in Fig. 7. The value ofx2 was im-
proved to be 1.9 from 3.3.

Recently, this kind of strain field, which may depend
the macroscopic shape of the sample and the structure o
oxide layer, has been observed by using extremely asymm
ric x-ray diffraction.25 It is noteworthy that the presen
method has a potential to be used for investigating s
strain field near the surface.

Next, we discuss the features of the present method.
showed that the method presented in the work has a sim
ity with the x-ray standing-wave method. In the convention
standing-wave method, the yield of secondary emission s
as fluorescence is observed in proportion to the field inten
at emission atoms in surface sensitive measurements.
similar sense, when x-ray scattering amplitude by a surf
layer is larger than CTR scattering amplitude by the s
strate, x-ray intensity elastically scattered by the system
flects the intensity of the standing-wave field formed
Bragg reflection at the surface layer. Therefore, in the cas
measurements of fractional-order rods, not including x-
scattering from the substrate, the profile of intensity chan
become quite sensitive to the surface structure. This is
case even for reconstructed surfaces formed by the sam
oms as the substrate, in contrast to XSW. Another differe
of the method from XSW is that the profile of the intensi
curve for a 100% displacement of diffracting plane is n
identical to that for no displacement~0%! as is understood
from Eq. ~2!.

In the present method, the intensity of CTR scatter
depends not only on the incident beam but also on the Br
reflected beam by the effect ofUmweganregung, so that the
profile of the intensity change is sensitive to tw
dimensional structure on the scattering plane in the copla
case. Therefore, in principle, the profile of the intens
change in noncoplanar geometry has three-dimensiona
formation on the surface structure. This indicates that
method presented here has a possibility of determining
three-dimensional surface structure by scanning only a sm
angular range, which has an advantage when the samp
not so uniform and has the surface structure on a restri
area.

VI. CONCLUSION

Effects of Bragg reflection on CTR scattering are calc
lated based on Darwin’s dynamical theory extended to
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three-beam case. The results showed the profile of the in
sity change of CTR scattering is sensitive to surface str
tures. It was found that the kinematical calculation rep
duces the dynamical one quite well if the intensity of CT
scattering is sufficiently weak compared with the Bragg
tensity, which is usually the case. It was also shown by
nematical treatment that the intensity of CTR scatter
shows a similar change as that of the standing-wave fiel
the surface layer when the amplitude of x-ray scattering
the surface layer is large compared with the CTR scatte
amplitude by the substrate. A preliminary experimental
sult obtained for a Si~001! crystal agrees with the theoretic
one although the experiment was done at the condition no
sensitive to the surface structure. Further analysis impro
the fitting between the two if we assume that the strain fi
caused by the native oxide layer extends from the top of
silicon crystal into the depth of a few hundreds of Å.
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APPENDIX

In this appendix, we treat a perfect crystal of semi-infin
thickness. In Darwin’s dynamical theory, the crystal is d
vided into atomic layers parallel to the crystal surface. T
atomic layer corresponds to a unit cell defined parallel to
surface. Thus the definition of the unit cell does not alwa
coincide with that in the conventional 3D crystallograph
and is rather consistent with that in the kinematical theory
surface diffraction.1

First, we consider a perfect crystal of finite thickness.
tensities diffracted by an ideal crystal ofN11 layers,
RH1 ,N11 andRH2 ,N11, have a relation with those ofN lay-

ers,RH1 ,N andRH2 ,N , in the Bragg-case of three-beam c
planar geometry.10
RH1 ,N115
r H1

1~ t0tH1
2r H1

r H1
!F0FH1

RH1 ,N1~ t0r H12H2
2r H1

r H2
!F0FH2

RH2 ,N

12~r H1
F0FH1

RH1 ,N1r H2
F0FH2

RH2 ,N!
, ~A1!

RH2 ,N115
r H2

1~ t0r H22H1
2r H1

r H2
!F0FH1

RH1 ,N1~ t0tH2
2r H2

r H2
!F0FH2

RH2 ,N

12~r H1
F0FH1

RH1 ,N1r H2
F0FH2

RH2 ,N!
, ~A2!
-

i-
wherer ’s are t ’s are reflection and transmission coefficien
of a layer calculated by Fresnel’s diffraction theory and
lated to the structure factors for the layer.10,23 For instance,
r H1

is given by

r H1
5 i

Clr e

ucosQH1
u

FH1

S
, ~A3!

wherer e is the classical radius of an electron,S is the area of
the unit cell, andFH1

is the structure factor for the surfac

layer. Phase factorsF0 , FH1
, andFH2

are defined by

F05expS 2 i2p
d cosQ0

l D ,

FH1
5expS 2 i2p

2d cosQH1

l
D ,

FH2
5expS 2 i2p

2d cosQH2

l
D , ~A4!

whereQ0 , QH1
, andQH2

are incident and scattered angl
measured from the inward surface normal as depicted in
1~a!, and asymmetric factors for the two reflections are giv
by bH1

5cosQ0 /cosQH1
for H1 reflection, and bH2
-

g.
n

5cosQ0 /cosQH2
for H2 reflection,d being the distance be

tween the layers constituting the crystal.
Diffracted intensities by an ideal perfect crystal of sem

infinite thickness,RH1

B andRH2

B may be calculated from the

coupled equations~A1! and ~A2! by putting RH2 ,N11

5RH2 ,N5RH2

B and RH1 ,N115RH1 ,N5RH1

B . Then the

coupled equations are reduced to a cubic equation ofRH1

B or

RH2

B . For instance, the cubic equation forRH2

B is expressed as

a1RH2

B 31a2RH2

B 21a3RH2

B 1a450, ~A5!

where

a15b2cPrH1

21bcrH2
r H1

~cM2bL!2bc2QrH2

2,
~A6!

a25b~cM2bL!$r H1
~cM21!1cQrH2

%

1brH1
~crH2

r H2
1brH1

r H1
12bcPQ!

22bcQ~cM21!r H2
, ~A7!

a35brH2
r H1

~cM2bL!1b~cM21!$r H2
r H1

2Q~bL21!%

1bQ~2brH1
r H1

2crH2
r H2

1bcPQ!, ~A8!
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a45brH2

2r H1
1b2Q2r H1

2bQrH2
~bL21! ~A9!

with the definitions of

L5t0tH1
2r H1

r H1
, ~A10!

M5t0tH2
2r H2

r H2
, ~A11!

P5t0r H12H2
2r H2

r H1
, ~A12!

Q5t0r H22H1
2r H2

r H1
, ~A13!

and

b5F0FH1
, ~A14!

c5F0FH2
. ~A15!
OnceRH2

B is obtained,RH1

B is calculated by

RH1

B 52
~A1RH2

B 21B1RH2

B 1r H2
!

~C1RH2
1D1!

, ~A16!

where

A15crH2
, ~A17!

B15cM21, ~A18!

C15brH1
, ~A19!

D15bQ. ~A20!
nd.

f.

r.

a-
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