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Quantum nutation of the neutron spin
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The possibility to prepare the spin particle in a state, which is a superposition of two states with different
energiegin contrast to the classical particle, the energy of which is definite in any time and ppgiiti@s a
purely quantum condition for the nutation behavior of its spin.

The behavior of the neutron polarizatiéhis often ana- with neutron beams, because it is simpler for analysis. The
lyzed (e.g., Refs. 1 and)2with the Bloch equation Bloch equation(1) is formulated in the neutron rest frame,
i.e. also for neutrons in a sharp energy and momentum state.
The incident-plane-wave solutionk of the Schrdinger
an[PX B]. o) equation may play a heuristic role. The assumptions about
perfect monochromatization and polarization of the initial
According to this equation, the spin inclined to a homoge-beam, perfect field homogeneity, and perfect resonance pa-
neous fieldB precesses about it with the classical Larmorrameters of the rf flipper may be relaxed without losing con-
frequency clusions obtained from analysis of these solutions. The quan-
tity |W(r,t)|2 is proportional to the probability of finding a
o =|yB|=2|u,B|/%. (2 neutron in a volumelxdydzat a pointr in the time interval
(t,t+dt). The neutron spin orientation in this point and time
According to the exact quantum mechani@@M) ap- s fully defined byW(r,t). Therefore, we can describe how
proach, the origin of the spin precessions is a change in thihe spin behaves as we move along the beam. Different ve-
phase difference between the states with the spirtpgnd  locities of motion along the beantdifferent reference
down (—) the fieldB (e.g., Refs. 3—6 In a rf flipper the two ~ frameg may be used. It would be natural to move with the
states may acquire different total energies. When the neutromeutron velocity. However, the neutron state may be a super-
kinetic energy exceeds its magnetic Zeeman energy, the QMOSitiOI’] of two or more coherent sta}tes with different VE!OCI-
approach lead€ to the classical Larmor precession picture. ties. Therefore, we do not try to define a “neutron velocity”
A more general case, when the neutron kinetic energy i§u_t Iookfor_a r_efer_ence frame in which the description of the
arbitrary and two states with different energies are coherertPin behavior is simpler. _ _ _
states with the spins noncollinear not only to the static field !N textbooks on classical mechanics, we find that nutation
direction but also to each other, is considered in the presefigduires at least that the symmetry axis of a gyroscope be
paper. It is shown that quantum nutations of the spin no{1oncol'llnear to the axis of rotation of the gyroscope. For a
described by the Bloch equation may become essential fol/2 SPin particle such an asymmetry cannot exist, because
ultracold neutrons. Moreover, when not the total momentunf!ighér moments would be necessary. However, the possibil-
but its component less by orders of magnitude is effective, ally t0 pPrepare the spin particle in a state, which is a superpo-
is the case in reflectometry, quantum nutations may coméition of two or more states with different energi@s con-
into play even for thermal neutrons. trast to the classical particle where the energy is definite in

We do not consider any consequences of averaging th@"Y fime and position gives a purely quantum condition for
neutron polarization over neutron wavelengths. This is cont€ nutation behavior of its spin. A detailed analysis is given
veniently made by treating the propagation of an inittze- be_low. N.ow we only me_ntlon_ th_at guantum nutations of the
fore the apparatus &) neutron wave packet spmt vanish in the classical limit\(~0), as one could ex-

pect.
There are different possibilities to prepare neutrons in a
I#:f dkA(k)exdi{k-r—E(k)to/fi}] (3)  state, which is a superposition of two coherent states with
different energies and with spins noncollinear not only to the
through the apparatus. The initial wave packet can be represtatic field direction but also to each other. One of possible
sented as a superposition of plane waves, i.e., of neutroexperimental schemes is given in Fig. 1. We assume that the
states with a definite energy and momentum. We shall conboundary between media 1 and 2 is sharp and that the two
sider the propagation of neutrons in a sharp energy and mdields are not collinear. Designate the nuclear potentials and
mentum initial stateatt,) through the apparatus. The neu- the fields in mediunj asU,; andB; (j=1,2). In order to
tron polarization along the beam may then be found byfind the wave function in medium 2, one should solve the
averaging over neutrons with different initial energies andproblem of reflection and transmission of neutrons through
momenta(trajectories. As it follows from the superposition the boundary of partition of magnetically noncollinear media
principle of quantum mechanics, the wave-packet descriptioisee a detailed consideration in Ref. The superposition of
and the plane-wave description are, in principle, equivalenthe solutions for the spin components with total ener@ies
The plane-wave description is widely used in papers dealingnd E, vyields the wave function in medium 2:
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The quantities related to the neutron states with the spin ! . B2
parallel to+ B, are designated by the subscripts/superscripts (6)

(*). The quantities related to the neutron states with differ-
ent energies are designated by the subscripts/supersdr)pts (

and (| ). The squared moduli of the amplitudA% yield the wT:%wL , wlzv—le, 7
four probabilities to find the neutron in eithes-§ or (=) Vay Vay

spin states with the energy eithEr or E|. Designate the

states with different energies as thi) (@nd (|) states. Cer- U;i:(vﬁjtvi)/z, uiz(ﬁ/mn)Ki. (8)

tain spin orientations( spin and| spin correspond to these

states at any instant and point. The neutron spin orientation i follows from Eg. (6) that theT spin and the| spin rotate
found from superposition of thel§ and () states. Gener- aboutB, with the frequencies, respectively,; andw, . If
ally, the (1) and (] ) states are not orthogon@he | spinand we choose the velocity

the | spin are not antiparallgl

To describe the neutron spin behavior, chovstr the Upz(ET—El)[mn(vgv—vgv)]*l (9)
velocity of the reference fram@t moves along the neutron
beam and rewrite Eq(4) as for V, the spin behavior is determined by the function

w w
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In the reference frame rotating abdg with a frequency A;f 0 —
p(t)y=| _ exp( —it— l)
Al B
wT+wl Upvav A+
2 v;l}vgv + AT, ex ItT . (13)
B,
where
One can see from Eq11) that the difference betwegm |
and w, (by definition, w, >0) is usually very small.
Va=(0l,+vi)/2, (12) The “first spin” and the “second spin” in Eq(13) do not

coincide with thel spin and the| spin. It may be showh
that Eq.(13) with arbitrary magnitudes and phasesAnﬁ‘l
the spin motion is described by describes the neutron spin rotation about an égisreasons
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S A tional to \?, so the nutations in the lim—0 just vanish.
medium 1 | medium 2 The length at which the spin makes one nutation is
- B, ‘ B, —— ® o2 4w 1 1 \" 369
Li=vp—=— T T 1] TLRPa 3 (16)
Wn OL v, Vg, Hy /Bah

FIG. 1. The neutron beam from the souf& is polarized with ) (RF) L (RP)
the polarizer P). The precession colPC) makes the neutron po- WhereL, (m), if NA), Hy™" (T), By (T). E.g., if Hp
larization vector noncollinear to the guide field. Neutrons in the=0.01 T, B,=0.1 T, thenL,=369 km forA=1 A and
coherent states with the spin up and down the static field in the rt.,=0.369 mm forA=1000 A. In the overwhelming ma-
flipper (RFP acquire different total energies. The boundary be-jority of cases the nutations may certainly be ignored. The
tween magnetic media B() and 2 B,) is sharp. The behavior of strong dependence &f, on the neutron wavelength pro-
the neutron spin in medium 2 is analyzed. The registering systemrides that the quantum nutations can be observed only for
includes the analyzg®) and the detectorl¥). very large wavelengths.

The length at which the spin makes one precession may
stated below, we shall call it “the nutation axis"The ori-  also be found:
entation of the nutation axis can be found analyticilhe

; ; ; : . -4
period of the neutron spin rotation about the nutation axis is 27 Vala 2m _1.356<10

27l w,, where I_p_vp|a)p| C Va O B,A ' (17
whereL, (m), if A (A) andB, (T). E.g., ifB,=0.1 T, then
" _ ety 171 1 o _1 E—F o L,=1.356 mm for\=1 A and L,=1.356 um for \
" 2 2 v;l} vél} p L 2 mnvgl}vgl} L, = 1000 A
(14) What is the resultant behavior of the neutron polarization

_ _ _ vectorP in a cross section perpendicular to the beani)?
but the angular velocity of rotation changes during one peit can be found for each by substitution ofV=0 into Eq.
riod, when the “first spin” and the “second spin” are not (). The respective analysis shows tHatrotates about a

antiparallel. . o fixed axis(“local dynamic axis”) with a frequency
We may conclude that the neutron spin motion is a super-
position of two rotations: the neutron spin rotates with a orr=(E;—E))/h (18)

period 27/ w, ab_out the nutation axis3 which, in its turn, defined by the rf flipper. When thk spin and the, spin are
rotates abouB, with a frequencyw,, . As it follows from Eq.  not antiparallel, the rotation d? is not uniform(the angular
(14), the origin of quantum nutation is a difference in the ye|ocity changes during one periodr2wge). The orienta-
frequencies of rotation of th¢ spin (w;) and the| spin  tion of the local dynamic axis in each beam cross section can
(w)) aboutB,. The mutual orientation of th¢ spin and the  pe found analyticallf. When we move along the beam, the
| spin changes with time. Consequently, the angle betweegycal dynamic axis uniformly rotates aboB$ with a period
the neutron spin an8, changes, leading to quantum nuta-| |, and the angle between this axis @B changes with a
tion. ) ) ) ~ periodL, . However, the change in this angle is usually neg-
The rotation about the nutation axis actually looks like igiple, the reason being that the angles of rotation of the the
“nutation” known from classical mechanics. Of course, this 1 spin and the] spin[see the two terms in E@6)] aboutB,
analogy with classical mechanics cannot be stretched too fagye to the change i are practically the same, so their
the more so that the nature of nutations is different. So they,tual orientation does not changee also evaluatiofL6)
rotation of the neutron spin about the nutation axis is morggy L,
correctly to be called “quantum nutation.” The use of the  Tne calculations from Eq4) confirm the results obtained
word “nutation” may be justified only by the apparent like- iy the analysis given above. Whah=v,,, the neutron spin
lihood of the motion of the neutron spin with that of a clas- motion is, generally, a superposition of two rotations, nuta-
§|cal top When it precesses and nutates. It qIIoVYS being brigfon and precession. It is to be emphasized that no reference
in explanations and gives a helpful “visualization” of the frame then exists in which the spin behavior in space and
effect. It is noteworthy that precession is also treated differjme |ooks like a mere precession about the field direction.
ently in quantum mechanics and in classical mechaniCfor sych reference frame exists among noninertial reference
(CM). Nevertheless, the notion “precession” is not rejectedsgmes W is changing.
in QM just because it has an exact definition in CM. Of course, when nutations are negligiléad usually they
Usually, the kinetic energy of neutrons is much greateryyg e come to the picture of the classical Larmor preces-
than the neutron potential energy afg=E;=E. Then the  sjon. The Bloch equation yields a uniform spin precession
frequency of quantum nutations of the neutron spin is about the magnetic induction vector in a homogeneous field.
On the other hand, we concluded that the neutron polariza-
tion vectorP in a cross section perpendicular to the beam
rotates about a local dynamic axis that is, generally, not col-
linear to the field. Yet, such a behavior does not contradict
wherew, (Hz), w_ (Hz), A (A) is the neutron wavelength, the Bloch equation. Indeed, solving the Bloch equation with
andH{P (T) is the static field of the rf flipper. Therefore, the time of the neutron entry into the apparatus as a param-
the frequency of the spin nutations is usually by orders okter, we obtain the same behaviorRfHowever, the Bloch
magnitude lower thaw, . The nutation frequency is propor- equation may fail even when quantum nutations are negli-

_Ei—F

0= — = 0 =3.69x10 '"HF\%w. , (15
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gible. It is derived on the assumption that the neutron expedifferent energies. The analysis of such states is out of the
riences the field along its trajectory point by point. This con-scope of the present papémore details will be given
dition is not satisfied when neutron scattering is essentiaklsewher®). Here, we only mention that, when the kinetic
This condition is not satisfied in the interferometer where theenergy of neutrons greatly exceeds the potential of interac-
existence of two paths for a neutron is essential. A state witlion with magnetic media, the neutron spin evolution in the
arbitrary orientations of thé spin and the| spin may be magnetic media is described by the Bloch equation. How-
prepared in the interferometer. When thespin and the| ever, the study of the neutron spin behavior in a beam cross
spin are not antiparallel, the rotation &f about the local section is complementary to the conventional three-
dynamic axis is not uniform and can by no means be derivedimensional(3D) polarization analysis. The corresponding
from the Bloch equation. Of course, one may postulate théechnique may be called “4D polarization analysi&ime is
unusual behavior oP in a beam cross section after the in- the fourth dimension In principle, it may allow synchroni-
terferometer, and describe the further evolutiorPdby the  zation of processes in a sample under a periodic external
Bloch equation. force (e.g., magnetization processes in oscillating magnetic
In conclusion, note that the spin behavior in a homogefields) to be studied.
neous field may be even more intricate when the neutron This work was supported by the INTAS Foundation
state is a superposition of more than two coherent states wittGrant No. INTAS-97-113209
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