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Quantum nutation of the neutron spin
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The possibility to prepare the spin particle in a state, which is a superposition of two states with different
energies~in contrast to the classical particle, the energy of which is definite in any time and position! gives a
purely quantum condition for the nutation behavior of its spin.
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The behavior of the neutron polarizationP is often ana-
lyzed ~e.g., Refs. 1 and 2! with the Bloch equation

dP

dt
5g@P3B#. ~1!

According to this equation, the spin inclined to a homog
neous fieldB precesses about it with the classical Larm
frequency

vL5ugBu52umnBu/\. ~2!

According to the exact quantum mechanics~QM! ap-
proach, the origin of the spin precessions is a change in
phase difference between the states with the spin up (1) and
down (2) the fieldB ~e.g., Refs. 3–6!. In a rf flipper the two
states may acquire different total energies. When the neu
kinetic energy exceeds its magnetic Zeeman energy, the
approach leads5,6 to the classical Larmor precession pictur
A more general case, when the neutron kinetic energ
arbitrary and two states with different energies are cohe
states with the spins noncollinear not only to the static fi
direction but also to each other, is considered in the pre
paper. It is shown that quantum nutations of the spin
described by the Bloch equation may become essentia
ultracold neutrons. Moreover, when not the total moment
but its component less by orders of magnitude is effective
is the case in reflectometry, quantum nutations may co
into play even for thermal neutrons.

We do not consider any consequences of averaging
neutron polarization over neutron wavelengths. This is c
veniently made by treating the propagation of an initial~be-
fore the apparatus att0) neutron wave packet

c5E dkA~k!exp@ i $k•r2E~k!t0 /\%# ~3!

through the apparatus. The initial wave packet can be re
sented as a superposition of plane waves, i.e., of neu
states with a definite energy and momentum. We shall c
sider the propagation of neutrons in a sharp energy and
mentum initial state~at t0) through the apparatus. The ne
tron polarization along the beam may then be found
averaging over neutrons with different initial energies a
momenta~trajectories!. As it follows from the superposition
principle of quantum mechanics, the wave-packet descrip
and the plane-wave description are, in principle, equivale
The plane-wave description is widely used in papers dea
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with neutron beams, because it is simpler for analysis. T
Bloch equation~1! is formulated in the neutron rest frame
i.e. also for neutrons in a sharp energy and momentum s

The incident-plane-wave solutionsC of the Schro¨dinger
equation may play a heuristic role. The assumptions ab
perfect monochromatization and polarization of the init
beam, perfect field homogeneity, and perfect resonance
rameters of the rf flipper may be relaxed without losing co
clusions obtained from analysis of these solutions. The qu
tity uC(r ,t)u2 is proportional to the probability of finding a
neutron in a volumedxdydzat a pointr in the time interval
(t,t1dt). The neutron spin orientation in this point and tim
is fully defined byC(r ,t). Therefore, we can describe ho
the spin behaves as we move along the beam. Different
locities of motion along the beam~different reference
frames! may be used. It would be natural to move with th
neutron velocity. However, the neutron state may be a su
position of two or more coherent states with different velo
ties. Therefore, we do not try to define a ‘‘neutron velocity
but look for a reference frame in which the description of t
spin behavior is simpler.

In textbooks on classical mechanics, we find that nutat
requires at least that the symmetry axis of a gyroscope
noncollinear to the axis of rotation of the gyroscope. Fo
1/2 spin particle such an asymmetry cannot exist, beca
higher moments would be necessary. However, the poss
ity to prepare the spin particle in a state, which is a super
sition of two or more states with different energies~in con-
trast to the classical particle where the energy is definite
any time and position!, gives a purely quantum condition fo
the nutation behavior of its spin. A detailed analysis is giv
below. Now we only mention that quantum nutations of t
spin vanish in the classical limit (l→0), as one could ex-
pect.

There are different possibilities to prepare neutrons i
state, which is a superposition of two coherent states w
different energies and with spins noncollinear not only to
static field direction but also to each other. One of possi
experimental schemes is given in Fig. 1. We assume that
boundary between media 1 and 2 is sharp and that the
fields are not collinear. Designate the nuclear potentials
the fields in mediumj as Un, j and Bj ( j 51,2). In order to
find the wave function in medium 2, one should solve t
problem of reflection and transmission of neutrons throu
the boundary of partition of magnetically noncollinear med
~see a detailed consideration in Ref. 7!. The superposition of
the solutions for the spin components with total energiesE↑
and E↓ yields the wave function in medium 2
2994 ©2000 The American Physical Society
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C~r ,t !5S A↑
1exp~ iK ↑

1r2 i tE↑ /\!1A↓
1exp~ iK ↓

1r2 i tE↓ /\!

A↑
2exp~ iK ↑

2r2 i tE↑ /\!1A↓
2exp~ iK ↓

2r2 i tE↓ /\!
D

B2

~4!
n

p
ip
er
s

n

~the subscriptB2 shows that a representation with the qua
tization axisZiB2 is used!, where

K↑↓
6 5A2mn

\2
@E↑↓2~Un,26umnB2u!#. ~5!

The quantities related to the neutron states with the s
parallel to6B2 are designated by the subscripts/superscr
(6). The quantities related to the neutron states with diff
ent energies are designated by the subscripts/superscript↑)
and (↓). The squared moduli of the amplitudesA↑↓

6 yield the
four probabilities to find the neutron in either (1) or (2)
spin states with the energy eitherE↑ or E↓ . Designate the
states with different energies as the (↑) and (↓) states. Cer-
tain spin orientations (↑ spin and↓ spin! correspond to these
states at any instant and point. The neutron spin orientatio
found from superposition of the (↑) and (↓) states. Gener-
ally, the (↑) and (↓) states are not orthogonal~the↑ spin and
the ↓ spin are not antiparallel!.

To describe the neutron spin behavior, chooseV for the
velocity of the reference frame~it moves along the neutron
beam! and rewrite Eq.~4! as
-

in
ts
-
(

is

C~ t !5S A↑
1exp~2 i tv↑/2!

A↑
2exp~ i tv↑/2!

D
B2

expF i t

\
~mnvav

↑ V2E↑!G
1S A↓

1exp~2 i tv↓/2!

A↓
2exp~ i tv↓/2!

D
B2

expF i t

\
~mnvav

↓ V2E↓!G ,
~6!

v↑5
v

vav
↑ vL , v↓5

v

vav
↓ vL , ~7!

vav
↑↓5~v↑↓

1 1v↑↓
2 !/2, v↑↓

6 5~\/mn!K↑↓
6 . ~8!

It follows from Eq. ~6! that the↑ spin and the↓ spin rotate
aboutB2 with the frequencies, respectively,v↑ and v↓ . If
we choose the velocity

vp5~E↑2E↓!@mn~vav
↑ 2vav

↓ !#21 ~9!

for V, the spin behavior is determined by the function
c~ t !5S A↑
1expS 2 i t

v↑
2 D

A↑
2expS i t

v↑
2 D D

B2

1S A↓
1expS 2 i t

v↓
2 D

A↓
2expS i t

v↓
2 D D

B2

5S FA↑
1expS 2 i t

v↑2v↓
4 D1A↓

1expS i t
v↑2v↓

4 D GexpS 2 i t
v↑1v↓

4 D
FA↑

2expS i t
v↑2v↓

4 D1A↓
2expS 2 i t

v↑2v↓
4 D GexpS i t

v↑1v↓
4 D D

B2

. ~10!
In the reference frame rotating aboutB2 with a frequency

vp52
v↑1v↓

2
52

vpvav

vav
↑ vav

↓ vL , ~11!

where

vav5~vav
↑ 1vav

↓ !/2, ~12!

the spin motion is described by
c~ t !5S A↑
1

A↓
2D

B2

expS 2 i t
v↑2v↓

4 D
1S A↓

1

A↑
2D

B2

expS i t
v↑2v↓

4 D . ~13!

One can see from Eq.~11! that the difference betweenuvpu
andvL ~by definition,vL.0) is usually very small.

The ‘‘first spin’’ and the ‘‘second spin’’ in Eq.~13! do not
coincide with the↑ spin and the↓ spin. It may be shown8

that Eq. ~13! with arbitrary magnitudes and phases ofA↑↓
6

describes the neutron spin rotation about an axis~for reasons
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stated below, we shall call it ‘‘the nutation axis’’!. The ori-
entation of the nutation axis can be found analytically.8 The
period of the neutron spin rotation about the nutation axi
2p/vn , where

vn52
v↑2v↓

2
52

1

2 S 1

vav
↑ 2

1

vav
↓ D vpvL5

1

2

E↑2E↓
mnvav

↑ vav
↓ vL ,

~14!

but the angular velocity of rotation changes during one
riod, when the ‘‘first spin’’ and the ‘‘second spin’’ are no
antiparallel.

We may conclude that the neutron spin motion is a sup
position of two rotations: the neutron spin rotates with
period 2p/vn about the nutation axis, which, in its turn
rotates aboutB2 with a frequencyvp . As it follows from Eq.
~14!, the origin of quantum nutation is a difference in th
frequencies of rotation of the↑ spin (v↑) and the↓ spin
(v↓) aboutB2. The mutual orientation of the↑ spin and the
↓ spin changes with time. Consequently, the angle betw
the neutron spin andB2 changes, leading to quantum nut
tion.

The rotation about the nutation axis actually looks li
‘‘nutation’’ known from classical mechanics. Of course, th
analogy with classical mechanics cannot be stretched too
the more so that the nature of nutations is different. So
rotation of the neutron spin about the nutation axis is m
correctly to be called ‘‘quantum nutation.’’ The use of th
word ‘‘nutation’’ may be justified only by the apparent like
lihood of the motion of the neutron spin with that of a cla
sical top when it precesses and nutates. It allows being b
in explanations and gives a helpful ‘‘visualization’’ of th
effect. It is noteworthy that precession is also treated diff
ently in quantum mechanics and in classical mechan
~CM!. Nevertheless, the notion ‘‘precession’’ is not reject
in QM just because it has an exact definition in CM.

Usually, the kinetic energy of neutrons is much grea
than the neutron potential energy andE↓>E↑>E. Then the
frequency of quantum nutations of the neutron spin is

vn>
E↑2E↓

4E
vL>3.6931027H0

(RF)l2vL , ~15!

wherevn ~Hz!, vL ~Hz!, l (Å) is the neutron wavelength
andH0

(RF) ~T! is the static field of the rf flipper. Therefore
the frequency of the spin nutations is usually by orders
magnitude lower thanvL . The nutation frequency is propor

FIG. 1. The neutron beam from the source~S! is polarized with
the polarizer (P). The precession coil~PC! makes the neutron po
larization vector noncollinear to the guide field. Neutrons in t
coherent states with the spin up and down the static field in th
flipper ~RFF! acquire different total energies. The boundary b
tween magnetic media 1 (B1) and 2 (B2) is sharp. The behavior o
the neutron spin in medium 2 is analyzed. The registering sys
includes the analyzer~A! and the detector (D).
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tional to l2, so the nutations in the limitl→0 just vanish.
The length at which the spin makes one nutation is

Ln5vp

2p

vn
5

4p

vL
S 1

vav
↓ 2

1

vav
↑ D 21

>
369

H0
(RF)B2l3

, ~16!

where Ln ~m!, if l(Å), H0
(RF) ~T!, B2 ~T!. E.g., if H0

(RF)

50.01 T, B250.1 T, thenLn5369 km for l51 Å and
Ln50.369 mm forl51000 Å. In the overwhelming ma
jority of cases the nutations may certainly be ignored. T
strong dependence ofLn on the neutron wavelengthl pro-
vides that the quantum nutations can be observed only
very large wavelengths.

The length at which the spin makes one precession m
also be found:

Lp5vp

2p

uvpu
5

vav
↑ vav

↓

vav

2p

vL
>

1.35631024

B2l
, ~17!

whereLp ~m!, if l (Å) andB2 ~T!. E.g., if B250.1 T, then
Lp51.356 mm for l51 Å and Lp51.356 mm for l
51000 Å.

What is the resultant behavior of the neutron polarizat
vectorP in a cross section perpendicular to the beam~at L)?
It can be found for eachL by substitution ofV50 into Eq.
~6!. The respective analysis shows thatP rotates about a
fixed axis~‘‘local dynamic axis’’! with a frequency

vRF5~E↑2E↓!/\ ~18!

defined by the rf flipper. When the↑ spin and the↓ spin are
not antiparallel, the rotation ofP is not uniform~the angular
velocity changes during one period 2p/vRF). The orienta-
tion of the local dynamic axis in each beam cross section
be found analytically.8 When we move along the beam, th
local dynamic axis uniformly rotates aboutB2 with a period
Lp , and the angle between this axis andB2 changes with a
periodLn . However, the change in this angle is usually ne
ligible, the reason being that the angles of rotation of the
↑ spin and the↓ spin @see the two terms in Eq.~6!# aboutB2
due to the change inL are practically the same, so the
mutual orientation does not change@see also evaluation~16!
for Ln#.

The calculations from Eq.~4! confirm the results obtained
in the analysis given above. WhenV5vp , the neutron spin
motion is, generally, a superposition of two rotations, nu
tion and precession. It is to be emphasized that no refere
frame then exists in which the spin behavior in space a
time looks like a mere precession about the field directi
Nor such reference frame exists among noninertial refere
frames (V is changing!.

Of course, when nutations are negligible~and usually they
are!, we come to the picture of the classical Larmor prec
sion. The Bloch equation yields a uniform spin precess
about the magnetic induction vector in a homogeneous fi
On the other hand, we concluded that the neutron polar
tion vectorP in a cross section perpendicular to the bea
rotates about a local dynamic axis that is, generally, not c
linear to the field. Yet, such a behavior does not contrad
the Bloch equation. Indeed, solving the Bloch equation w
the time of the neutron entry into the apparatus as a par
eter, we obtain the same behavior ofP. However, the Bloch
equation may fail even when quantum nutations are ne
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gible. It is derived on the assumption that the neutron ex
riences the field along its trajectory point by point. This co
dition is not satisfied when neutron scattering is essen
This condition is not satisfied in the interferometer where
existence of two paths for a neutron is essential. A state w
arbitrary orientations of the↑ spin and the↓ spin may be
prepared in the interferometer. When the↑ spin and the↓
spin are not antiparallel, the rotation ofP about the local
dynamic axis is not uniform and can by no means be deri
from the Bloch equation. Of course, one may postulate
unusual behavior ofP in a beam cross section after the i
terferometer, and describe the further evolution ofP by the
Bloch equation.

In conclusion, note that the spin behavior in a homo
neous field may be even more intricate when the neu
state is a superposition of more than two coherent states
tt.
e-
-
l.
e
th

d
e

-
n
ith

different energies. The analysis of such states is out of
scope of the present paper~more details will be given
elsewhere8!. Here, we only mention that, when the kinet
energy of neutrons greatly exceeds the potential of inte
tion with magnetic media, the neutron spin evolution in t
magnetic media is described by the Bloch equation. Ho
ever, the study of the neutron spin behavior in a beam cr
section is complementary to the conventional thre
dimensional~3D! polarization analysis. The correspondin
technique may be called ‘‘4D polarization analysis’’~time is
the fourth dimension!. In principle, it may allow synchroni-
zation of processes in a sample under a periodic exte
force ~e.g., magnetization processes in oscillating magn
fields! to be studied.

This work was supported by the INTAS Foundatio
~Grant No. INTAS-97-11329!.
*FAX: ~007!-81271-39053.
E-mail address: pnk@hep486.pnpi.spb.ru

1F. Mezei, Z. Phys.255, 146 ~1972!.
2M.Th. Rekveldt, Z. Phys.259, 391 ~1973!.
3G. Badurek, H. Rauch, and J. Summhammer, Phys. Rev. Le51,

1015 ~1983!.
4F. Mezei, Physica B151, 74 ~1988!.
5R. Golub, R. Gaehler, and T. Keller, Am. J. Phys.62, 779

~1994!.
6F. Mezei, J. Phys. Soc. Jpn.65, 25 ~1996!.
7N.K. Pleshanov, Z. Phys. B94, 233 ~1994!; 100, 423 ~1996!.
8N.K. Pleshanov~unpublished!.


