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Low-temperature thermal conductivity of a single-grain Y-Mg-Zn icosahedral quasicrystal
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We report measurements of the thermal conductivityk(T) of a single-grain icosahedral Y8.6Mg34.6Zn56.8 in
the temperature range between 0.1 and 300 K. The quasilattice thermal conductivitykph increases monotoni-
cally with T by three orders of magnitude between 0.1 and 23 K. Above 23 K,kph(T) decreases substantially
with increasing temperature, typical for high-quality single grain quasicrystals. The decrease ends in a mini-
mum at approximately 140 K. The interpretation of our data is based on a Debye-type relaxation time approxi-
mation. At very low temperatures, the corresponding fit reveals that the phonon mean free path is of the order
of the smallest sample dimension, while at high temperatures, a power-law decrease of the phonon scattering
time with increasing temperature evidences the effect of structural scattering on the mean free path of itinerant
quasilattice excitations. The behavior ofkph(T) at intermediate temperatures may best be fit by assuming the
existence of stacking-fault-like phonon scatterers. No clear evidence for a scattering of phonons by tunneling
states has been observed. If compared to previously reported measurements of the thermal conductivity of
quasicrystals, these data indicate the very high structural perfection of this quasiperiodic material.
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I. INTRODUCTION

Since the discovery of the first quasicrystalline mate
by Shechtmanet al. in 1984,1 much effort has been put int
identifying distinct effects on the physical properties th
would be characteristic of the quasiperiodicity of these
loys. One of the remarkable features of quasicrystals is,
instance, the apparent conflict between the high struct
quality of these materials and their thermal and electr
conductivities, which are much lower than in periodica
structured metallic solids.

In 1993 a stable icosahedral phase (i -phase! was discov-
ered in the system~Y,RE!-Mg-Zn ~RE5rare earth! by Luo
et al.2 In contrast to most of the other knowni phases this
system is based on Zn—and not Al—as the main constitu
Another interesting feature of this quasicrystalline alloy
the possibility to substitute other RE elements for Y. D
tailed investigations showed the stability of thei phase for
RE5Gd, Tb, Dy, Ho, and Er.3,4 These alloys are so far th
only stable materials which allow to study the behavior
localized 4f magnetic moments embedded in a quasiperio
structure. In addition, an examination of how crystalli
electric field effects and the rare-earth concentration af
their magnetic properties is possible in this new class of s
stances. Neutron diffraction experiments on single-gr
samples5,6 show no evidence for long-range magnetic ord
in contrast to earlier measurements that were performed
ing multiphase polygrain materials.7 At temperatures below
10 K, both ac- and dc-susceptibility measurements on
rare-earth containing samples exhibit classical spin-glass
tures which are consistent with the geometrical frustration
the magnetic moments in an aperiodic structure.8

Previous studies oni-Y8.6Mg34.6Zn56.8 have mainly con-
centrated on establishing its structural characteristics. Av
able information on the physical properties of this compou
PRB 620163-1829/2000/62~1!/292~9!/$15.00
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includes data of the low-temperature magnetic properties
the electrical transport properties of single grain sample8

the magnetoresistance properties of bulk and ribb
samples,9 the electronic structure,10 the electronic specific
heat,11 and the optical properties of single-grain samples.12,13

Recent advances in the growth of large single-grain~Y,RE!-
Mg-Zn quasicrystals14,15 allow the study of transport proper
ties without the unwanted effects of second phases and g
boundaries upon the measured quantities. Reports on
low-temperature thermal transport properties of Y-Mg-
are still missing. In this work, we present the results of m
surements of the thermal conductivity of a high-quali
single-grain Y-Mg-Zn icosahedral quasicrystal. The pape
organized as follows. In Sec. II we start with a brief descr
tion of the sample preparation and the experimental se
used for measuring the thermal conductivityk between 0.1
and 300 K. In Sec. III, we show the results of our measu
ments and present a quantitative description of the data
nally, in Sec. IV, we discuss the physical implications of o
analysis.

II. EXPERIMENTAL

A large single-grain sample of Y8.6Mg34.6Zn56.8 has been
grown from the ternary melt, i.e., via a self-flux method.14 In
brief, this method involves the slow cooling of a ternary m
intersecting the primary solidification surface of the icosa
dral phase, as identified by Langsdorf, Ritter, and Assmu16

The obtained sample has a dodecahedral morphology,
clearly defined pentagonal facets.

In order to measure the thermal conductivityk of this
material, a specimen in the form of a bar with dimensio
1.93130.6 mm3 was cut from the single grain by spar
erosion. The sample faces were then polished using em
paper.
292 ©2000 The American Physical Society
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PRB 62 293LOW-TEMPERATURE THERMAL CONDUCTIVITY OF A . . .
The cooling of the sample was achieved by using a d
tion refrigerator from 0.1 to 0.5 K, a3He cryostat between
0.3 and 2 K, and a4He flux cryostat between 1.5 and 300 K
The thermal conductivity was measured by a stand
steady-state heat-flow technique. At one end the bar-sha
sample was glued to a heat sink made of OFHC coppe
means of EpoTek H20E. The sample heater, attached to
other end with the same glue, consisted of a 100V
ruthenium-oxyde chip resistor. At temperatures below 2
we measured the temperature gradient along the sample
two carbon resistor thermometers which were calibra
against the heat sink temperature when no heat-flux was
plied. The thermal contact of the thermometers to the sam
was made by 0.1 mm diameter gold wires which were
tached to one flat surface of the specimen by means
EpoTek H20E. In order to measure the thermal gradi
along the sample above 2 K, we preferred the use of c
brated chromel-gold/iron thermocouples. The advantage
is that the thermocouples have a much smaller surface
the carbon resistors, which results in a substantial reduc
of thermal radiative losses. Very thin~25 mm in diameter!
and long~up to 10 cm! wires have been chosen in order
reduce the heat flow through the thermocouples.

Thermal conductivity measurements of materials with l
k values are generally difficult to perform at high tempe
tures because of the detrimental effect of radiative losse
the results. In order to limit this type of energy dissipation
cylindrical radiation shield in good thermal contact with t
heat sink was installed. With this setup, the radiative los
in our measurements have been estimated to be below 1
the applied power over the whole temperature range u
the following arguments. At 300 K, the wavelengthlm cor-
responding to the maximum of the energy density of rad
tion may be calculated by applying Wien’s displaceme
law, which giveslm59.66 mm. The latter may be used fo
an estimate of the emissivity of Y8.6Mg34.6Zn56.8 in the clas-
sical approximation. The theory of Drude yields a relati
between the emissivitye, the radiation wavelengthlm(mm)
and the dc electrical resistivityr(Vm) of a metal via the
following expression:

e5365Ar/lm, ~1!

which is generally in good agreement with experimen
data at elevated temperatures. Inserting the value or
;231026 V m, measured on our sample at room tempe
ture, we obtaineYMZ50.17 for Y8.6Mg34.6Zn56.8. The litera-
ture value for the emissivity of oxidized copper, which w
the material used for our radiation shield, iseRS50.6. The
powerPrad, effectively emitted by our sample via radiatio
can now be calculated using Stefan’s law

Prad5s̃ESRS~T42TRS
4 !, ~2!

where T and TRS are the mean sample and the radiati
shield temperatures, respectively,SRS is the surface of the
radiation shield, ands̃55.6731028 W/m2K4 is Stefan’s
constant. The constantE is the effective emissivity for co-
axial cylinders and is given by17
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eYMZ1~SRS/SYMZ !~12eYMZ !e RS
, ~3!

whereSYMZ is the surface of our sample. Since the tempe
ture of the sample varies slightly along its length, Eq.~2!
may, strictly speaking, only be applied to a layer of t
sample with the temperatureT . Nevertheless, since the tem
perature difference along the sample is small compared t
average temperature, the error made by using Eq.~2! can be
neglected.

By using Eq. ~2!, we calculate Prad/P5k rad/kmeas
5531023 at 300 K, whereP is the power applied from the
heater to our sample,k rad is the error due to radiation effect
in the measurement of the thermal conductivity andkmeasis
the measured thermal conductivity. In a first order appro
mation, Eq. ~2! may be written asPrad52s̃ESRST

3DT,
whereDT is the temperature difference between the sam
heater and the thermal sink. For this reason, radiation eff
manifest themselves in the observation of a cubic-in-T de-
pendence of the thermal conductivity. As will be shown b
low, the absence of such aT3-regime in our data at the
highest temperatures confirms the validity of our argume
in favor of a negligible influence of radiation losses on o
data.

III. RESULTS AND ANALYSIS

In Fig. 1, we show the measured thermal conductiv
kmeasfor the whole temperature range which has been c
ered in our study. The quasilattice contribution to the therm
conductivitykph may in principle be obtained by subtractin
off the electronic contributionkel . The latter has been est
mated by using the data of the electrical conductivity m
sured on the same sample and assuming the validity of
Wiedemann-Franz law

kel5L0sT, ~4!

with the Lorenz numberL052.4431028 WV/T2. Equation
~4! has a very general range of validity. It usually holds f
arbitrary band structures, as long as the change in en

FIG. 1. Measured thermal conductivitykmeas of icosahedral
Y8.6Mg34.6Zn56.8 as a function of temperature between 0.1 and 3
K. The solid line is an estimate of the electronic contributionkel , as
explained in the text. The inset shows the region of the maxim
and the minimum ofkmeason linear scales.
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during an electron collision is small compared withkBT.
This happens to be the case at high temperatures, wher
dominant source of the electron collisions is given by
thermal vibrations of the ions, as well as at low temperatu
where elastic impurity scattering is the dominant mechan
for the degradation of the electronic thermal current. Nev
theless, a direct evaluation ofL0 is still missing in quasi-
crystals, as its measurement by conventional technique
inaccessible because of the high electrical resistivity of th
materials. Considering the length of our sample and the
eral extension of the thermal contacts, the uncertainty in
geometrical factor has been estimated to be about 10%
order to avoid additional uncertainties that arise in the s
traction of the electronic contributionkel from the measured
thermal conductivitykmeas, the same contacts used for th
measurement of the temperature gradient along the sa
were used as voltage terminals for the measurement of
electrical conductivity. The calculated electronic contrib
tion to the thermal conductivitykel is shown in Fig. 1 as a
solid line. Sincekel is comparable to the total thermal co
ductivity at the lowest and at the highest temperatures,
estimated quasilattice contribution is expected to be sens
to deviations from the Wiedemann-Franz relation in the
temperature ranges.

In order to present the connection between thermal
electrical conduction, we plotted the ratiokmeas/sT in the
whole temperature range covered by our experiment in
2. The data seem to reach asymptotically a constant valuL
in the limit of high temperatures. This value is about 40
higher than the Lorenz number (L53.531028 W/VK2). In
the inset of Fig. 2, we plotted the ratiokmeas/s and a fit
linear in temperature, to the last points taken at the high
temperatures reached in our experiment. The constant
temperature component resulting from the fit is within t
error margins of the extrapolation from high to low tempe
tures. On the basis of our data alone we are thus in princ
not able to exclude that the upturn of the measured ther
conductivity at high temperatures has to be assigned c
pletely to heat conduction via conduction electrons. Nev
theless, an increase of the thermal conductivity at high te

FIG. 2. kmeas/sT as a function of temperature i
Y8.6Mg34.6Zn56.8. The solid horizontal line is a fit to the high tem
perature data. The inset shows the ratiokmeas/s as a function of
temperature. The solid line is a fit consistent with that shown in
main frame, as explained in the text.
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peratures has also been observed in icosahedral quasicry
with negligible electronic thermal conduction.18 We are
therefore confident that at least part of the high tempera
thermal conductivity increasing withT is due to quasilattice
vibrational modes. For this reason, we will base our analy
on the assumption that the classical Lorenz number appr
mately also applies for the material investigated here.

In Fig. 3, we show the calculated quasilattice contributi
kph5kmeas2kel to the thermal conductivity of icosahedra
Y8.6Mg34.6Zn56.8 wherekel has been evaluated according
Eq. ~4!. The lattice conductivity increases monotonica
with T between 0.1 and 23 K. Between 23 and 140 K,kph(T)
decreases to almost half of its maximum value but increa
again with further increasing temperature above 140 K.
we argued above, the rather unusual increase ofkph with
increasing temperature above the temperature region w
structural scattering is dominant, and which is commonly
observed in crystals with periodic structures, cannot sim
be ascribed to radiative thermal losses.

In what follows, we present a quantitative analysis of o
data in the long-wavelength limit. As it will be shown, ou
experimental results can successfully be described in a q
titative way between 0.1 and 70 K, i.e., over almost thr
orders of magnitude.

Bloch-type wave functions are generally not the approp
ate description of lattice excitations in quasicrystals.19 The
eigenstates in quasiperiodic structures are always affecte
an intrinsic decay rate and are not localized in moment
space as they are in periodically structured materials.20 For
this reason, the calculation of the dynamical response
three-dimensional quasilattices is a difficult task. Nevert
less, we may assume the validity of the use of quasi-Blo
states in the long-wavelength limit where their decay rate
so low that other scattering mechanisms will certain
dominate.19 Thus, in the following we may identify the itin-
erant quasilattice excitations as phonons and we will sp
about phonon momentum as if it were a good quantum nu
ber. Well defined phonons whose energy width is limited
the instrumental resolution have in fact been observed in
long-wavelength limit by means of inelastic neutron scatt
ing experiments.21,22

e

FIG. 3. The phonon contributionkph to the thermal conductivity
of icosahedral Y8.6Mg34.6Zn56.8 as a function of temperature be
tween 0.1 and 300 K. The solid line is a fit to the data based on
~6!. The dashed line is an estimate of the thermal conductivity
to diffusive phonon propagation using Eq.~13! ~see text!.
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Theoretical calculations of the dynamical properties
one-dimensional Fibonacci chains predict a linear pho
dispersion relation in the long-wavelength limit, where t
quasicrystal can be regarded as a continuum.23,24 Isotropic
linear phonon dispersion relations are also predicted
have been observed in the long-wavelength limit of thr
dimensional icosahedral quasicrystals.21,25 For these reasons
we have based the analysis of our data at low temperat
where only long-wavelength states can thermally be exci
on a Debye-type relaxation time approximation.

In a relaxation-time approximation, the quasilattice th
mal conductivitykph can be written as

kph
fit 5

1

3E Cv~v,T!vph
2 t~v,T!dv, ~5!

whereCv(v,T) is the quasilattice specific heat andt(v,T)
is the mean lifetime of a phonon. In the Debye model,
phonon dispersion relation is approximated by line
branches for whichvph in the expression above is simply
constant mean phonon velocity, extending over all wave v
tors up to the Debye wave-vectorkD . In this simplification,
the density of phonon states is quadratic inv, and Eq.~5!
may be rewritten as

kph
fit 53nkBS T

Q D
D 3

vph
2 E

0

Q D /T x4ex

~ex21!2
t~x,T!dx, ~6!

wheren51/6p2(kBQD /\vph)
3 is the number density of at

oms in the quasicrystal,x5\v/kBT, and QD is the Debye
temperature. The value ofQD5348 K corresponding to a
phonon velocityvph53040 m sec21 may be extracted from
specific-heat measurements which have been performe
the same sample.13

Some comments about the range of the validity of Eq.~6!
seem in order. As we mentioned above, inelastic neu
scattering experiments showed a linear phonon disper
relation up to wave vectors with approximatelyq
;0.3 Å 21 in icosahedral Al-Mn-Pd.21 A phonon density of
states quadratic inv has been estimated by Hafner a
Krajčı́ for higher-order rational approximants toi-Al-Mg-Zn
quasicrystals up to energies of the order of magnitude o
meV, which also correspond to wave vectors withq
;0.3 Å 21.25 If we assume the existence of a similar ‘‘we
behaved’’ phonon-spectrum for Y8.6Mg34.6Zn56.8 at low q’s,
we expect the Debye approximation to be valid at those t
peratures where the thermal excitation of phonons wit
wave vectorq,0.3 Å 21 is dominant. By considering

g~v,T!5
3

2p2vph
3

v2

expS \v

kBTD21

, ~7!

whereg(v,T) expresses the density of the thermally excit
phonons at a given temperature and frequency, this is
case for temperatures lower than 50 K.

As already mentioned, it has been argued that the pho
eigenstates in quasicrystals are always affected by an in
sic decay rate.19 However, this decay is exponentially slo
in the long-wavelength limit, and other scattering mech
nisms will dominate. In order to take into account the diffe
f
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ent phonon scattering mechanisms, we used the follow
expression for the total phonon scattering ratet21:

t21~v,T!5~tCas
211t sf

211tU
21!~v,T!. ~8!

In Eq. ~8!, the different scattering rates represent possi
individual scattering channels. At very low temperatures
may expect a temperature independent mean free path
phonons, known as Casimir limit, such thattCas5 l Cas/vph.
The termtsf

215Av2 is introduced to describe the scatterin
rate due to phonon interactions with stacking fault-like d
fects. For the power law describing Umklapp scattering,19 we
found that a ratetU

215Bv3T provides the best fit to ou
data. We attempted to fit our data using Eq.~8!, letting l Cas,
A, andB as free parameters. The resulting curve which
produces our data below;70 K very well is displayed in
Fig. 3 as a solid line.

Previously reported results of thermal conductivity me
surements on icosahedral quasicrystals were characterize
a temperature regime in whichkph varied approximately pro-
portional toT2, suggestive for a termt21;v in the scatter-
ing rate.26,18 Scattering of phonons by two-level systems
well as phonon-electron scattering do account for such te
in the scattering rate. Since a scattering of phonons on e
trons was not expected to be dominant in these previou
investigated materials, thekph;T2 dependence was inter
preted as being due to the presence of tunneling states in
investigated quasicrystals. This observation was also s
ported by the fact that tunneling states ini-Al-Mn-Pd have
been observed by analyzing the results of ultrasou
experiments.27 Phonon interactions with two-level system
are described by a scattering rate

tTS
215

P̄g2

r̃v ph
2

pv tanhS \v

2k BTD , ~9!

where P̄ is the density of tunneling states,g decribes the
average coupling between them and the phonons, andr̃ is
the mass density of Y8.6Mg34.6Zn56.8.28,29 As we tried to use
the additional termtTS

21 in the scattering rate given by Eq.~8!

and leavingP̄g2 as a free parameter, the quality of our fit d
not improve and the free parameter tended to be zero.
tempts to fix the factorP̄g2 to values of the same order o
magnitude as those observed ini-Al-Mn-Pd26 or
i-Al-Re-Pd18 lead to nonconvergent fits, suggesting that tu
neling states in Y8.6Mg34.6Zn56.8 if present at all, are charac
terized by a coupling parameterP̄g2 which is much lower
than those observed in other icosahedral quasicrystals. It
been argued that tunneling states might not necessarily b
intrinsic feature of quasicrystalline materials.18 The absence
of any evidence in our data for a scattering of phonons
tunneling states supports this point of view.

By inspecting the insert of Fig. 1 it may well be seen th
the measured total thermal conductivitykmeasexhibits a dis-
tinct maximum around 25 K. This feature, even more prom
nent forkph, is typical for periodic crystals and quite differ
ent from the plateau-type behavior ofkph of amorphous
materials. The appearance of a plateau in the thermal c
ductivity of amorphoussolids is thought to be the conse
quence of a rapidly decreasing phonon mean free path
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increasing frequency. Zaitlin and Anderson30 were able to
describe this feature by introducing a termtRay

21}v4 which
has been compared to theoretical estimates of Rayleigh
tering. Such a term clearly fails to describe the features m
sured on Y8.6Mg34.6Zn56.8 where the appearance of a max
mum implies that the mean free path of phonons with a gi
frequency decreases with increasing temperature, where
amorphous solids an explicit temperature dependence oft is
not required. For these two reasons, i.e., the absence of
neling states and absence of a plateau region at interme
temperatures, it is definetely misleading to characterize
quasilattice thermal conductivitykph of quasicrystals as
‘‘glasslike.’’

In what follows we discuss in more detail and quanti
tively the parameters that follow from the measured tempe
ture dependence ofkph in this quasicrystalline material.

IV. DISCUSSION

A. The temperature independent mean free pathtCas

At the lowest temperatures reached in our experiment,kph
varies approximately asT3, as may be seen in Fig. 4. Th
trend suggests that the mechanism which limits the pho
mean free path at the lowest temperatures is tempera
and frequency-independent. The fit to our data using a t
tCas

215vph/ l Cas with l Cas as a free parameter andvph fixed to
the value given above, leads to a mean free pathl Cas5(9.8
60.7)31024 m, which is of the same order of magnitude
the lateral dimensions of our specimen. The size-limi
thermal conductivity of solids due to nonspecular scatter
of phonons at the sample surface, known as the Cas
limit, is well documented for periodic crystals,31 but is usu-
ally not observed in amorphous substances. It has been
gued that the absence of a temperature- and freque
independent phonon mean free path in glassy materia
due to the fact that the defects responsible for diffusive s
tering of phonons at the surfaces of periodic crystals are
present in amorphous solids.32 Attempts to roughen or dam
age the flat surfaces of glassy materials did not supp
specular surface-reflection of phonons, which is a proc
which leaves the flow of heat unaltered.32 It is still not
known whether the necessary kind of defects exists at

FIG. 4. kph/T3 vs T of icosahedral Y8.6Mg34.6Zn56.8 below 2 K.
The solid line corresponds to the fit to our data as explained in
text.
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faces of quasicrystals. Previous low-temperature meas
ments of the thermal conductivity oni-Al-Mn-Pd26 seemed
to suggest that the scattering of phonons on microholes o
grain boundaries were responsible for the appearance
rather long temperature-independent mean free patl
52.531024 m.

According to Zaitlinet al.,32 l 5a(4A/p)1/2 is a good ap-
proximation for the boundary limited phonon mean free p
for samples with a square cross sectionA. Taking into ac-
count the finite sample length by introducing the factora
50.6, as derived by Bermanet al.,31 we calculate l
55.231024 m for our sample, which is shorter than th
temperature independent mean free path imposed by the
of the sample. This can be explained by using argume
given in Ref. 31, stating that only about half of the phono
undergo diffusive boundary reflection. Thus our measu
ments seem to provide evidence that also in quasicrystal
in periodic structures, phonons are thermalized so that u
leaving the surface they are, at least partly, independen
the incident phonons in energy as well as in the direction
propagation.

B. Scattering of phonons on defects

In order to reproduce our thermal conductivity data, w
had to assume a termtsf

21}v2 in the total phonon scattering
rate t21 given in Eq.~8!. According to Klemens,33 such a
frequency dependence of the scattering rate can be asc
to the presence of stacking faults. By following this a
proach, the effective value oftsf

21 is

tsf
2150.7

a2

vph
g2v2Ns, ~10!

where a is an averaged lattice constant,vph is the phonon
velocity,g is the Grüneisen-constant andNs is the number of
stacking faults crossing a line of unit length.

The measured thermal expansion ofi-Al-Mn-Pd does not
differ more than 50% from the thermal expansion of t
isolated elements,34 and the low temperature limit of the
Grüneisen parameter has been calculated to beg51.14–1.32
for Mg andg52.15–2.24 for Zn.35 By averaging these val
ues for Mg and Zn, using the formula ratio as a weighi
factor, we getg51.8 for Y8.6Mg34.6Zn56.8. Therefore, taking
A52.9310216 sec from the fit shown in Fig. 3 and usin
the valuea52.96 Å from Ref. 3, we getNs5(5.160.1)
3106 m21 for the linear stacking fault-density o
Y8.6Mg34.6Zn56.8. This value has simply to be understood
a rough estimate of the stacking fault density. Neverthele
the calculatedNs is comparable with those reported for A
Mn-Pd (Ns;1.53107 m21), Al-Cu-Fe (Ns;6.33106

m21), and Al-Ni-Co (Ns52.43107 m21).36,37 An analysis
of our sample using scanning and transmission electron
croscopy is in progress for confirming the presence of s
stacking faults in Y8.6Mg34.6Zn56.8. It is not clear whether
either phason walls or similar sheetlike defects can mani
themselves in the same manner as stacking faults would

C. Generalized Umklapp processes

The concept of generalized Umklapp processes in qu
periodic structures has been introduced by Kaluginet al.19 It
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has been argued that these processes lead to a powe
dependence of the mean free path of delocalized quasila
excitations on temperature as opposed to the expone
temperature dependence of the phonon mean free path d
conventional Umklapp processes in periodic structures.
der the assumption that three-phonon processes are not
hibited by the conservation laws, it has been shown t
tU

21}v2T4 is expected for Umklapp processes in quasicr
tals, which leads to a power-law dependence of the ther
conductivitykph}T23.

The observation of the regime where the proportion
phonon-phonon interactions leading to U-processes ‘‘fre
out’’ is not trivial, even in periodic structures. Defects inev
tably suppress the maximum which ought to appear in
crossover regime between the Casimir limit of bound
scattering leading tokph}T3 and the region of increasin
importance of Umklapp processes which is supposed to
approximately tokph}T23. In comparison withkph(T) of an
ideal, defect-free sample, the defect scattering mechan
presented in the previous section may also result in an o
all shift of this maximum towards higher temperatures, ev
tually masking the manifestation of the theoretical low te
perature dependence oftU

21 .
A decrease of the thermal conductivity with increasi

temperature, compatible with a power-law decrease of
phonon mean free path, is observed in our experim
between 23 and 140 K. As can be seen in Fig.
Y8.6Mg34.6Zn56.8 exhibits a very pronounced peak in the tem
perature dependence of the thermal conductivitykph, at least
when compared to analogous data on other quasicrysta
samples. For instance, the region with a negative sl
dkph/dT is more extended in temperature than for any q
sicrystalline system investigated so far. Also, the ra
kph

max/kph
min between the values of the thermal conductiv

maximum and the subsequent minimum at higher temp
tures is 50% larger for Y8.6Mg34.6Zn56.8 than reported for
i-Al-Mn-Pd in Ref. 26.

The best fit to our data was achieved using a termtU
21

}v3T, which leads to an approximate temperature dep
dence of the thermal conductivitykph}T21 instead ofT23.

FIG. 5. The phonon contributionkph to the thermal conductivity
of icosahedral Y8.6Mg34.6Zn56.8 as a function of temperature be
tween 0.1 and 300 K on linear scales. The inset shows the a
tional contribution to the thermal conductivityk exc above 70 K, as
explained in the text.
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Since we do not take into account any dispersion in the p
non spectrum, the exponent in the frequency dependenc
the given scattering ratetU

21 may actually be lower than
three. A decrease ofkph}T21 with increasing temperature i
usually obeyed in periodic systems at temperaturesabove
QD where the thermal resistivity is determined by thre
phonon processes and the temperature variation of the
mal conductivity depends only on the variation in the pop
lation of the modes and not on the increasing ratio of
phonons undergoing structural scattering. We would like
mention here that the appearance of a gap in the pho
spectrum ofi-Y-Mg-Zn at frequencies lower than the Deby
frequencyvD could lead to aT21-temperature dependenc
of the thermal conductivity at temperaturesbelowthe Debye
temperature. Actually, an infinite number of gaps, opening
the dispersion curves ofi-Y-Mg-Zn at any energy less tha
the Debye energy, is expected due to the quasicrystallinit
the sample.19 The widths of these gaps are of no concern
the long-wavelength limit, as the spectrum appears as c
tinuous.

Major gaps defining pseudo-Brillouin zone boundar
may be located by introducing quasiperiodicity as a we
perturbation.21 The acoustic branches are expected to flat
out when crossing such a boundary. The calculated dis
sion relations fori-Al-Mg-Zn meet with zero slope at wave
vectors qmax;0.5 Å21.25 This has been identified a
the crossing to a quasi-Brillouin-zone boundary where a
opening could be expected. Phonons with wave vectorq
;qmax/2 can thermally be excited at temperaturesT;30 K,
i.e., just above the peak in the quasilattice thermal cond
tivity of Y 8.6Mg34.6Zn56.8. This means that if ini-Y-Mg-Zn a
gap is situated at wave vectorsqmax;0.5 Å 21, the U pro-
cesses would ‘‘freeze out’’ at temperatures where the ch
acteristic temperature behavior is masked by the defect s
tering mechanism presented above. Nevertheless,
emphasize that, to the best of our knowledge, no gaps in
dispersion relation of quasicrystals have as yet been dete
within the limits of instrumental resolution.21

D. Thermal conduction above 70 K

The increase of the quasilattice contribution to the therm
conductivity withT at high temperatures seems to be a g
eral feature of quasicrystals.26,38 It has been argued tha
above temperatures of the order of 100 K, quasilattice vib
tional modes responsible for heat transport cannot be
scribed as propagating collective excitations.38 A localization
of the high-frequency vibrational modes in Al-Mn-Pd qua
crystals has previously been claimed by de Boissieuet al.21

by analyzing the results of inelastic neutron scattering
periments. In their data, a broadening of the acoustic mo
occurs for wave vectors of aboutq50.5 Å 21, corresponding
to a wavelength of the order of 10 Å . Since this is the size
the Mackay icosahedra and of the intercluster bond lengt
has been pointed out that the hierarchical and quasiperi
tiling of these clusters might be at the origin of the localiz
tion of the phonons.21

In order to understand the deviation of the quasilatt
contribution to the thermal conductivity from our low

di-
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temperature fit above approximately 70 K, we have tried
relatekph at 70 K to a characteristic phonon scattering len
^ l ph&, defined so that

kph~T!5
1

3
Cvvpĥ l ph&~T!. ~11!

The scattering lengthl ph(v,T)5vpht(v,T) is, as implied by
Eq. ~8!, a function of temperatureand frequency, and there
fore needs to be averaged over the frequency spectrum
an appropriate weighing function. The proper way to cal
late ^ l ph&, such that Eq.~11! is fulfilled, is mentioned in Ref.
39, and

^ l ph~T!&215Cv
21~T!E Cv~v,T!

l ph~v,T!
dv. ~12!

The resulting function has been plotted in Fig. 6. As may
inferred from this diagram, the averaged phonon mean
path at 70 K, i.e., the temperature at which the experime
kph starts to deviate from the calculated one, is close to 2
This has to be compared with the results of a powder x-
diffraction study of the Zn-Mg-Ho icosahedral phase, whe
atomic clusters which have been interpreted as exten
Bergman clusters could be identified with shell-radii varyi
from 2.6 to 8.8 Å .40

In Fig. 7, we show the calculated phonon mean free p
l ph as a function of frequency for the temperaturesT51 and
70 K together with the phonon wavelengthl52p/k, calcu-
lated by assuming a constant phonon velocityvph. At fre-
quencies of the order ofv;231013 rad/sec, the phonon
mean free path at 70 K becomes smaller than the pho
wavelengthl and is of the order of 10 Å . A maximum in the
density of states as given in Eq.~7! occurs at frequencie
v;231013 rad/sec for temperatures around 90 K. T
equality ofl ph andl suggests that high frequency phonons
70 K are localized and that this localization is related
some characteristic structural correlation length of the or
of a few Å . It is not possible to exactly determine th
characteristic length, since the calculation of it is based
the Debye model which is not expected to be valid at th
temperatures, as discussed above.

FIG. 6. The averaged phonon mean free path as a functio
temperature calculated as explained in the text. The phonon sc
ing length corresponding to the quasilattice contribution to the th
mal conductivity at 70 K is of the order of 2 Å .
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In attempts to explain the thermal conductivity of syste
where the high-frequency vibrational states are localiz
several models have been proposed. In the following, we
compare our data with different theoretical predictions
kph.

The concept of hierarchically variable-range hopping b
tween localized states in quasicrystals was introduced
Janot.41 In order to explain the increase ofkph at high tem-
peratures, an interaction between high-energy locali
modes and low-energy extended phonons is assumed.
interaction induces the hopping of localized states betw
equivalent sites of the structure. Since the quasicrystal
structure in this model is described as a hierarchically pac
ensemble of pseudo-Mackay icosahedra,41 the possible hop-
ping distances corresponding to the distances between
equivalent sites of the structure are expected to scale with
cube of the golden meant. In this picture, a thermal conduc
tivity kph}Ta21 is expected, wherea describes the damping
of thermal propagation and depends on the hierarch
structure of the quasicrystal. Assuming for Y8.6Mg34.6Zn56.8 a
similar hierarchical structure as fori-Al-Mn-Pd where a
52.5,41 we would expectkph}T1.5.

The excess high temperature contribution to the ther
conductivity of Y8.6Mg34.6Zn56.8, which cannot be describe
in the Debye approximation, can be expressed askexc5kph

2kph
fit . In the inset of Fig. 5, we have plottedkexc versusT on

logarithmic scales. As may be seen, above 140 Kkexc is
nicely approximated by a power-lawkexc;Tn with n51.7
which in the inset, is represented by the solid line. This va
is close to the exponentn51.5 which has been predicted fo
the hierarchical phonon hopping mechanism, provoked
the hierarchical structural characteristics of quasicrystals

The temperature variation ofkph;Tn with n>1.5 ought
to be compared withkph;T, often observed in amorphou
solids far above thek-plateau, typical for this type of mate
rials. This difference is again an indication that quasicryst
should not simply be regarded as another species of di
dered solids.

Quite generally, the increase of the thermal conductiv
of solids at elevated temperatures has, in some cases,
cessfully been described by using a model originally p
posed by Einstein,42 who assumed a mechanism of he
transport due to a random exchange of thermal energy
tween neigboring atoms vibrating with random phases.
hill and Pohl43 modified Einstein’s result by dividing the

of
er-
r-

FIG. 7. The frequency dependence of the phonon mean free
at T51 and 70 K and of the phonon wavelengthl ~dash-dotted
line! assuming a constant phonon velocity.



l-

al

ve

o
h

’s
ts

te
d
em
re
h
N
h

ar
n

A
to
iat
e

ed
tely

des
as

ers
ng-
ea-
at

ble-
tural

that
ent
ree
ta-
ring
ter-
the
all

re

en
re

iz-
n
fice
for
5-

PRB 62 299LOW-TEMPERATURE THERMAL CONDUCTIVITY OF A . . .
sample into regions of sizel/2, whose frequencies of osci
lation are given by the low-frequency speed of soundv
52pv/l. This modification leads to a minimum therm
conductivitykmin

kmin5S 3n

4p D 1/3kB
2T2

\QD
E

0

QD /T x3ex

~ex21!2
dx, ~13!

wheren is the number of atoms per unit volume. We ha
plotted kmin as a dotted line in Fig. 3, using the valueQD
5348 K from Ref. 13. Although previous measurements
the thermal conductivity of quasicrystals at hig
temperatures18,38 were close to the prediction of Einstein
model, the minimum thermal conductivity model predic
kmin50.71 W/m K at 300 K for Y8.6Mg34.6Zn56.8 which is
distinctly less than the observedkph51.9 W/m K.

V. SUMMARY AND CONCLUSION

Measurements of the thermal transport ofi-
Y8.6Mg34.6Zn56.8 between 0.1 and 300 K have been repor
and analyzed. The thermal conductivity data have been
cussed on the basis of the Debye approximation in the t
perature region below 70 K. At the lowest temperatu
reached in our experiment, the phonon mean free pat
close to the smallest lateral dimension of our sample.
evidence for a scattering of phonons by tunneling states
been observed. These latter two facts and the rather l
absolute value ofkph at its maximum, at least in compariso
with previously reported results ofk(T) of quasicrystals,
indicate a fairly high structural perfection of our sample.
term proportional tov2 in the phonon scattering rate had
be introduced for the description of our data at intermed
temperatures. This is usually ascribed to the presenc
e
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stacking faults. Evidence for the effect of generaliz
Umklapp-processes has been found between approxima
23 and 140 K. Above these temperatures, vibrational mo
responsible for the heat transport cannot be described
propagating excitations. Einstein’s model which consid
the energy transfer between localized modes via a stro
coupling mechanism cannot successfully explain the m
sured high temperature thermal conductivity. Our data
high temperatures are, however, compatible with a varia
range hopping mechanism based on a hierarchical struc
model of quasicrystals.

Taken altogether, our results provide strong evidence
the lattice properties of quasicrystals are indeed differ
from those of glassy materials. The very long mean f
path, limited by the sample size, of itinerant lattice exci
tions at low temperatures, the lacking evidence for scatte
at two level centers, the typical features of structural scat
ing in quasiperiodic lattices and the characteristics of
increase of the lattice conductivity at high temperatures,
point in this direction. The trends for this behavior we
recognized and discussed in earlier work,18,26,38 but it is,
most likely, the high structural perfection of the specim
investigated in this work, which allows for a much mo
obvious identification of these features.
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