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First-principles calculations of the thermodynamic and structural properties
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We present first-principles calculations of the thermodynamic and structural properties of cubic InxGa12xN
and AlxGa12xN alloys. They are based on the generalized quasichemical approach to disorder and composition
effects and a pseudopotential-plane-wave approximation for the total energy. The cluster treatment is gener-
alized to study the influence of biaxial strain. We find a remarkable suppression of phase separation in
InxGa12xN.
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I. INTRODUCTION

During the past few years remarkable progress has b
made in the development of optical and electronic devi
based on group-III nitrides AlN, GaN, and InN. Importa
examples are active optoelectronic devices operating in
green, blue and ultraviolet spectral region.1 Moreover, high-
frequency and high-temperature electronic devices as fi
effect transistors have been proposed.2 A common feature of
these device structures is the use of ternary InxGa12xN or
Al xGa12xN alloys. Alloying among the group-III nitrides al
lows in principle to change the band gap from about 1.89
in InN to 6.28 eV in AlN with an intermediate value 3.44 e
for GaN ~at 300 K!.3

For group-III nitride mixed crystals there are strong ind
cations for a miscibility gap.4–7 In a closely lattice matched
Al xGa12xN system the critical temperature for the occu
rence of a miscibility gap was shown to be rather low8 and,
hence one may expect to have more or less a true solid
lution under normal conditions. In InxGa12xN alloys, how-
ever, phase separation effects have been observed ex
mentally in a wide composition range.9–11 Recently, such
ordering phenomena have been also reported for
Al xGa12xN system: Instead of a random alloy, for an inte
mediate composition region a tendency for the formation
self-organized superlattice structures has been found.12

Under ambient conditions AlN, GaN, and InN crystalliz
in the hexagonal wurtzite~2H! structure. The ternary alloy
grow also in wurtzite structure independent of the deposit
technique: molecular beam epitaxy~MBE!,9 metal-organic
chemical vapor phase deposition,13 and hybride vapor phas
epitaxy ~HVPE!.14 Recent epitaxy of thin AlN, GaN, and
InN films has been demonstrated to result in the cubic z
blende~3C! structure.15 The remarkable progress in the sy
thesis of such 3C-GaN films,16,17 but also 3C-AlN18 and
3C-InN19,20 layers is related to the plasma-assisted MBE
GaAs~001! or 3C-SiC~001! substrates. Meanwhile, also te
nary cubic AlxGa12xN as well as InxGa12xN layers have
been deposited.18,21,22

A common feature of the nitride alloy epitaxies is th
strain due to lattice mismatch and different thermal exp
sion coefficients. The lattice mismatch between GaN a
PRB 620163-1829/2000/62~4!/2475~11!/$15.00
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AlN is 2.5% and 4.1% for the hexagonala and c lattice
constants, respectively. The lattice mismatch increase
10.7% and 15%~about 10.4% in the cubic case! between
InN and GaN. The thermal expansion coefficients vary
tween 5.6 ~3.2! and 4.2 ~5.3! 31026 K for the a-axis
(c-axis! direction in hexagonal GaN and AlN.3 The large
differences in the equilibrium lattice constants and expans
coefficients result in several consequences. First, due to
very different bond lengths, a considerable internal str
arises. It drives the tendency of the ternary nitrides to ph
separation. Second, already small contributions of ano
group-III element into a compound give rise to remarka
changes of the lattice constant. As a consequence, an ep
ial layer of a ternary nitride grown pseudomorphically on
binary system becomes highly strained. Its growth proces
well as its properties are influenced. Recent investigati
have revealed a compositional pulling effect in InxGa12xN
due to the lattice-mismatched growth.23,24The accompanying
composition variations in space influence the opti
properties.25 The compositional splitting may even result
the existence of InN inclusions in InxGa12xN epilayers
grown on sapphire~0001! substrates.26 Strain and composi-
tion fluctuations influence all types of properties of the
tride alloys including the miscibility. Theoretical studies
the InxGa12xN alloys performed within the framework of th
valence force field~VFF! approximation indicate a shift o
the miscibility gap into the area of higher InN
concentration27 or lower InN concentration28 in dependence
on the details of the simplified calculation. Structurally t
first- and second-nearest-neighbor distances
influenced.29–31

In this paper we present a rigorous theoretical study
thermodynamic and structural properties of strain
InxGa12xN and AlxGa12xN alloys. The interplay of compo-
sition fluctuations, miscibility and strain influence is di
cussed. Contrary to previous works performed so far,
calculations carried out here taking strain effects into acco
are based on first-principles methods. The so-called gene
zation of the quasichemical approximation is adopted to tr
disorder and composition effects. We investigate the in
ence of a biaxial strain on the miscibility of the alloy using
microscopic model. In the work we discuss the length sc
2475 ©2000 The American Physical Society
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and the limiting situations of the strain influence within
cluster expansion method. In Sec. II we describe the ca
lational methods, whereas a detailed discussion of the a
behavior and properties as well as of the strain influenc
given in Sec. III. Finally, in Sec. IV a brief summary
given.

II. CALCULATIONAL METHODS

A. Cluster expansion

We consider a pseudobinary nitride alloyXxGa12xN (X
5In,Al), which crystallizes nearly in a tetrahedrally coord
nated lattice. We assume the cubic zinc-blende struct
However, the results can be immediately transferred t
tetragonal system. Explicitly we study zinc-blende cryst
biaxially strained in the direction of a cubic axis. The allo
atomsX and Ga should randomly occupy their fcc sublatt
sites while the N atoms occupy the other fcc sublattice.
reality, even in an unstrained alloy the sublattices dev
from the ideal fcc structure,28–30,32and the distribution of the
X and Ga atoms over the cation sublattice may be ne
random.

The Helmholtz free energyF of the system can be divide
into two contributions,F5F01DF, for each volumeV, tem-
peratureT, andX molar fractionx. The contribution

F0~x,T!5~12x!FGaN~T!1xFXN~T! ~1!

describes the free energy of a macroscopic mixture of
two binary constituents. The free energiesFGaN andFXN can
be calculated using standard thermodynamic propertie
binary compounds. The microscopic intermixing of the d
ferent cations is given by the free-energy contribution

DF~x,T!5DU~x,T!2TDS~x,T!, ~2!

whereDU is the mixing internal energy andDS denotes the
mixing entropy. The differenceDU can be also identified
with the mixing enthalpy of the alloy.

The knowledge of the free energyF(x,T) allows the con-
struction of aT-x phase diagram of theXxGa12xN system.33

SinceDU(x,T).0 atT50 K holds for typical semiconduc
tor alloys, a critical temperatureTcrit exists. For temperature
T.Tcrit random alloys with any molar fractionx are stable.
However, for a temperatureT,Tcrit a miscibility gap forx
within the intervalx1,x,x2 should occur. The composi
tions x1 andx2 are the points at which the common tange
touches theF(x,T) curve. With the definition of the chemi
cal potentialm(x,T)5(]/]x)F(x,T) it therefore holds

m~x1 ,T!5m~x2 ,T!. ~3!

The two branchesx15x1(T) and x25x2(T) define the bi-
nodal line in the phase diagram. For a given temperature
alloy XxGa12xN is thermally stable against decompositio
for X molar fractionsx<x1 andx>x2. Inside the interval the
mixture of the two alloys Xx1

Ga12x1
N andXx2

Ga12x2
N pos-

sesses the free energy

Fmix~x,T!5
x22x

x22x1
F~x1 ,T!1

x2x1

x22x1
F~x2 ,T!, ~4!
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which is lower than that of the alloy with the averaged co
positionx, i.e., Fmix(x,T),F(x,T) within x1,x,x2. There
are two other special molar fractions,x18 andx28 , defined at
the inflection points ofF(x,T) and DF(x,T) at eachT
,Tcrit , i.e.,

]2

]x2
F~x,T!5

]2

]x2
DF~x,T!50 ~5!

at these compositionx values.34 The branchesx185x18(T) and
x285x28(T) define the spinodal curve. In the intervalsx1,x
,x18 andx2,x,x28 the alloy is metastable against local d
composition. An energy barrier exists. On the other ha
spontaneous decomposition into alloys with the avera
compositionsx1 and x2 happens within the intervalx18,x
,x28 .

In order to describe the mixing free energy~2! of a ran-
dom alloy we follow a cluster expansion approach,35,36 the
so-called generalized quasichemical approximat
~GQCA!.37 In this approximation the considered mixed cry
tal XxGa12xN is divided into an ensemble of clusters, each
which is taken to be independent statistically and energ
cally of the surrounding atomic configuration. In the sense
a random alloy the material is assumed to be spatially ho
geneous everywhere on a macroscopic~or at least mesos
copic! length scale. In the cation sublattice we considerN
sites on which theX5In, Al, and Ga atoms assume som
configuration. The numbers ofX and Ga atoms are

NX5xN,

NGa5~12x!N, ~6!

N5NX1NGa.

We first compose the system inM clusters of 2n-atoms (N
5nM) each which are treated independently. For a giv
alloy configuration the clusters can be arranged in (J11)
classes with distinct total energies of the clusters,« j with j
50,1, . . . ,J. In each class there areM j clusters with the
same energy« j . It holdsM5( jM j . Introducing the fraction
xj5M j /M of clusters of energy« j , the last equation can b
written as

(
j 50

J

xj51. ~7!

Besides in energy the clusters can also differ with respec
the numbernj of X atoms and the number (n2nj ) of Ga
atoms, respectively. These numbers underly a constraint
to the given averaged compositionx, i.e., theX molar frac-
tion, as

(
j 50

J

njxj5nx. ~8!

According to the Connolly-Williams method,38 the con-
straint ~8! can be interpreted as a special case of the re
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sentation of the configurationally averaged and he
composition-dependent~and in general also temperatur
dependent! value

P~x,T!5(
j 50

J

xj Pj ~9!

of a propertyP of interest for the pseudobinary alloy wit
mainly compositional disorder. Such a property is differe
for each cluster, depends on the cluster class indexj, and
hence gives rise toPj . In the case of Eq.~8! it holds Pj
5nj /n andP(x,T)5x. The definition of the configurationa
average allows the introduction of fluctuations around
mean values by considering the mean-square~rms! devia-
tions

DP~x,T!5H (
j 50

J

xj Pj
22F (

j 50

J

xj Pj G2J 1/2

. ~10!

The definition~9! has also consequences for the total e
ergy ~more strictly the internal energy! of the alloy consist-
ing of 2N atoms. For the alloy configured within the set
clustersM0 ,M1 , . . . ,M j it holds

U~x,T!5(
j 50

J

M j« j . ~11!

Divided by the numberM of clusters in the alloy, Eq.~11!
corresponds to the definition of the averaged energy o
cluster according to Eq.~9! and the definitionxj5M j /M .
The representation~11! corresponds formally to the descrip
tion of a many-particle system, which can be described i
single-particle approximation of independent particles w
energies« j . Equation ~11! corresponds to the second a
sumption of the GQCA, that the energy of each cluste
independent of its environment. In this approach the to
mixing internal energy is then

DU~x,T!5(
j 50

J

M j« j2M @~12x!«01x«J#. ~12!

B. Statistics

The configurational or mixing entropy can be calculat
from the Boltzmann definitionDS(x,T)5kBln W, whereW
is the number of ways to configure the alloy with the s
M0 ,M1 , . . . ,MJ of clusters.37 This numberW of configura-
tions is given by the total number of waysN!/(NX!NGa!), in
which NGa Ga atoms andNX X atoms can be placed onN
sites. First, this number has to be multiplied by the proba
ity M !/P j 50

J M j !, i.e., the fraction of ways to arrange th
different clustersM0 ,M1 , . . . MJ . Second, with the as
sumption that the various clusters are independent, one
to multiply by the joint probability of finding the set of clus
tersM0 ,M1 , . . . ,MJ in the alloyP j 50

J (xj
0)M j with

xj
05gjx

nj~12x!42nj ~13!

the fraction of clusters of typej for a given compositionx in
a regular solid solution. The degeneracy factorgj is the num-
ber of ways of arranging the alloying cations in a cluster w
energy« j . Summarizing it holds
e
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W5
N!

NX!NGa!

M !

P j 50
J M j !

P j 50
J ~xj

0!M j . ~14!

In the Stirling limit it follows for the mixing entropy

DS~x,T!52kBH N@x ln x1~12x!ln~12x!#

1M (
j 50

J

xj lnS xj

xj
0D J . ~15!

We mention that forxj5xj
0 the GQCA expression~15!

changes over into the mixing entropy of the ideal soluti
model.34

The cluster fractionsxj are unknown. However, they ca
be interpreted as variational parameters. Then, by minim
ing the free energy~or the mixing free energy! under the
constraints~7! and ~8!, one finds (b51/kBT)

xj5
gjh

je2b« j

(
j 50

J

gjh
je2b« j

. ~16!

The unknown parameterh has to be determined from th
condition that expression~16! fulfills the constraint~8!. In
the high-temperature limitb→0, it holds h5xnj(1
2x)42nj and the fractionsxj ~16! are equal to the probabili
ties of a random cluster distribution~13!. The mixing en-
tropy ~15! becomes that of an ideal solid solution.

C. Clusters for strained and unstrained alloys

Within the GQCA the size and the shape of the clust
with the energy« j used are important. Four-bond cluste
centered at the alloyingX and Ga atoms are too small. Suc
clusters do not yield information about the local correlati
of the cations. The smallest clusters that consider local c
relation are 16-bond clusters with a central N atom and f
alloying atoms bound to the environment by 12 seco
neighbor N atoms.34 These clusters are schematically show
in Fig. 1. There is another advantage using such 16-bon

FIG. 1. Schematic representation of 16-bond or 8-atom clus
in a pseudobinaryXxGa12xN alloy. The figure shows two possibl
clusters~a! and~b! with nj52,X5In,Al atoms~shaded circles! and
(42nj )52 Ga atoms~open circles!. The N atoms are represente
by filled circles. The presence of a possible biaxial strain paralle
the @001# direction is indicated by the two different lattice constan
aj uu andaj' in ~b!.
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8-atom clusters,Xnj
Ga42nj

N4 with n54. Their choice
means that the counting scheme~14! for the configurational
entropy ~15! is exact, since no two clusters share the sa
alloying atoms; in other words, since the cluster surfaces
chemically ordered.

In the absence of external stresses, there are five kinj
50, . . . ,4 (J54) of clusters distinguished by distinct clu
ter energies« j . These clusters can be labeled according
the numbers nj and (42nj ) of different cations,
X0Ga4N4 , X1Ga3N4 , X2Ga2N4 , X3Ga1N4, and X4Ga0N4
with nj5 j 50,1,2,3,4 andn5J54. The degeneracy factor
are gj5( j

4)54!/ j !(42 j )!, i.e., g051, g154, g256, g3

54, andg451. Each cluster occupies one cube in the cr
tal. The total number of clusters isM5N/4. The cluster
energies« j can be calculated using a supercell meth
where the system consists only of supercells correspon
to one and the same cluster under consideration. The clu
energies« j5« j (aj ) depend on the cubic lattice constantaj .
In our approach the crystals consisting of clustersX2Ga2N4
correspond to (XN)1(GaN)1(001), ~010! or ~100! superlat-
tices. Because of their simple tetragonal structure, one ha
optimize the total energy at least with respect to two diff
ent lattice constants. However, the energies of these su
lattices are nearly the same. Moreover, an arithmetic ave
over the sixX2Ga2N4 superlattices gives again practically
cubic system. Therefore, since we have to determine an
eraged cubic lattice constant for the total alloy system,
neglect the differences in the lattice constants parallel
perpendicular to the superlattice axis and work only with
averaged clusterj 52 with an averaged cubic lattice consta
a2, at least in the strain-free situation.

In the calculation of« j we replaceaj by the equilibrium
one obtained by minimizing the total energy of a crystal o
consisting of clusters of kindj. That means, we assume th
each cluster occurring in the alloy takes its equilibrium v
ume independent of the averaged atomic distances in o
regions of the alloy. According to the general definition
the configurational average~9! the composition- and slightly
temperature-dependent lattice constanta5a(x,T) of the
pseudobinary nitride alloy follows as

a5(
j 50

J

xjaj ~17!

with the equilibrium lattice constantsaj of the various clus-
ter kinds. We have also tested the choice of a unique lat
constant for all clusters. The minimization of the correspo
ing free energyF(x,T) gives an averaged lattice consta
that indeed fulfills Vegard’s rule. However, this free ener
does not give the minimum energy of the system in cont
to the method used by us here. These findings are in ag
ment with more general predictions.36

The described method has an additional advantage
principle, in the total energy calculations using a cube o
the inside cations are allowed to relax to account for
bond length alternation. Thus, for a given cube the seco
nearest neighbor relaxation in the alloyed sublattice is
glected. However, we go beyond this limitation. We rel
the second-nearest neighbor distances by assuming diffe
volumes for the various configurations. It has been found
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GaAsxSb12x ~Ref. 39! that this relaxation releases a lot o
the strain energy stored in the tetrahedra and leads to ex
lent agreement between theoretical and experimental p
diagrams.

There is another advantage of the 16-bond clusters. T
allow to model easily the presence of strain in each clus
We consider a biaxial strain parallel to the cubic@001# direc-
tion that deforms the cubes. Consequently, the crystals c
sisting of a certain cluster kind become tetragonal symme
One has to study two lattice constantsaj uu andaj' different
from the equilibrium lattice constantaj in the strain-free
case. The resulting strain tensor remains diagonal and
sesses the two independent componentse j uu ande j' .

The presence of the biaxial strain partially lifts the clus
degeneracy in thej 52 case. Whereas the total number
clusters distributed over the entire alloy is stillM5N/4, the
number of cluster kinds is increased toJ555n11. It holds
nj5 j for j 50,1,2 ornj5 j 21 for j 53,4,5. The degenerac
factors areg051, g154, g252, g354, g454, andg551.
For clusters with oneX5In, Al or one Ga atom the cluste
energy« j with j 51 or 4 is independent of the site occupie
by this atom. However, in the case of equal numbersn2
5n352 of X5In, Al atoms ~and, hence, also Ga atom!
different atomic arrangements give rise to different clus
energies«2Þ«3 as indicated in Fig. 1. There are two equiv
lent planes perpendicular to@001# for the arrangement of two
equal cations in Fig. 1~a!. If the two atoms in these plane
@cf. Fig. 1~b!# are different, four distinct geometries with th
same energy are possible.

D. Modeling of macroscopic strain

The modeling of the macroscopic strain behavior is n
obvious in the cluster approach. Whereas the treatment
given strain is well defined on the microscopic length sc
of the clusters considered, there are principal difficulties o
macroscopic length scale with characteristic distances la
than the cluster extent, in particular if phase separation m
occur in the mixed crystal. Considering epitaxial pseudom
phic growth of a nitride alloy or such an alloy layer with
residual biaxial strain, one automatically discusses the r
ization of a homogeneous macroscopic strain field charac
ized by the averaged quantitiese uu(x) and e'(x). If phase
separation happens, one expects such a strain field define
the local compositionx in each phase. However, differen
microscopic realizations of such a strain field are imaginab

For a given alloy with a homogeneous average comp
tion x two extreme limiting situations can be considered
the strain distribution. Assuming ahomogeneous strain dis
tribution the same in-plane strain occurs in all clusters. T
strain tensor componente j uu5(aj uu2aj )/aj becomes inde-
pendent ofj and takes the same valuee uu(x). However, this
model cannot completely correctly describe real biaxia
strained alloys. In agreement with the assumption that e
cluster takes its own equilibrium volume, the straine j uu
5(auu2aj )/aj in the clusters should be different. One a
sumes that, for instance during pseudomorphic growth,
substrate determines~and hence fixes! the in-plane lattice
constantauu in each cluster at the same value. Consequent
spatially inhomogeneous strain reliefoccurs. The strain var-
ies locally on a characteristic length of the order of the cl
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ter size. In order to obtain the homogeneous or inhomo
neous strain distributions, we fix the in-plane lattice const
aj uu in each cluster and minimize the total energy of the cr
tal with corresponding cluster supercells with respect toaj' .
The in-plane lattice constantaj uu follows either from e j uu
5e uu ~homogeneous situation! or aj uu5auu ~inhomogeneous
situation!.

E. Total energy

The total-energy calculations for each cluster kind
based on the density functional theory~DFT! in the local
density approximation~LDA !.40 Besides the valence elec
trons also the semicore Ga 3d and In 4d states are explic-
itly considered. Their interaction with the atomic cores
treated by non-normconservingab initio Vanderbilt
pseudopotentials.41 They allow a substantial potential softe
ing also for first-row elements with the lack of corep elec-
trons as well as for the attraction of shallowd electrons.42 As
a consequence of the optimization the plane-wave expan
of the single-particle eigenfunctions may be restricted by
energy cutoff of 22.2 Ry for all nitrides and their alloys. Th
cutoffs have been carefully tested in the case of bulk str
tures, cleavage and basal-plane surfaces.43 However, to be on
the safe side the cutoff is substantially increased since in
ternary alloy case shorter bond lengths as in the binary
trides occur. The electron-electron interaction is descri
within the Ceperley-Alder scheme as parametrized by P
dew and Zunger.44 The k-space integrals are approximate
by sums over a 53535 special-point mesh of the
Monkhorst-Pack type45 within the irreducible part of the
Brillouin zone~BZ!. Our calculations employ the conjugat
gradient method to minimize the total energy. Explicitly w
use the Vienna Ab-initio Simulation Package.46

In order to determine the cluster energies« j
5« j (aj uu ,aj') the lattice constantsaj uu andaj' are kept fixed
in a first step. All atomic coordinates in the supercell a
relaxed until the Hellmann-Feynman forces vanish. In a s
ond step the total energy is minimized with respect toaj'
using a parabola fit. For each clusterj, the second linearly
independent component of the diagonal strain tensor follo
from the relatione j'5(aj'2aj )/aj . The diagonal element
of the stress tensor

s j uu5~cj
111cj

12!e j uu1cj
12e j' ,

s j'52cj
12e j uu1cj

11e j' ~18!

with the elastic stiffness constantscj
ab give with the bound-

ary condition,s j'50, the relation

e j'522~cj
12/cj

11!e j uu . ~19!

The comparison of theaj'-lattice constant versus th
aj uu-lattice constant with Eq.~19! allows the determination o
the ratiocj

12/cj
11 for each cluster. A measure of the averag

elastic properties, the bulk modulus Bj , follows from the
volume dependence of the total energy described by M
naghan equation of state.47 The configurationally average
quantities,c12/c11 and B, are computed by means of Eq.~9!.
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III. RESULTS AND DISCUSSION

A. Equilibrium and fluctuations

We first investigate the randomness of the mixed nitr
crystals for the example of unstrained InxGa12xN alloy. The
complete randomness is defined by the regular solu
model, for which the quantitiesxj

0 in Eq. ~13! give the a
priori fractions of clusters of thejth type. Thus, the devia-
tions (xj2xj

0) of the randomness are given by th
temperature-dependent actual fractionsxj in Eq. ~16!. These
excess probabilities to find clusters ofj th kind, xj2xj

0 , are
plotted in Fig. 2 for characteristic growth temperatures
5800, 950, and 1100 K. Note that the shapes of the cur
at the three temperatures are similar, but the amplitude
the deviations from the complete random populations
larger for the lower temperatures. The symmetry known
the random probabilitiesxj

0 is destroyed. The true cluste
fractionsx0 andx4 as well asx1 andx3 are different. This is
a consequence of the different cluster energies« j . In con-
trast to the AlxGa12xN system the deviations from the ran
dom population are substantial in InxGa12xN reflecting the
stronger tendency towards clustering. Independent of t
perature and composition excess is found forj 50 and j
54. This is in agreement with the lattice-matche
Al jGa42 jAs4 clusters but in disagreement with other lattic
mismatched III-V compounds.36

The cluster fractionsxj immediately give the mean-squar
deviationDx of the compositionx according to expression
~10!. The corresponding results are represented in Fig
They basically show the same dependence as the h
temperature resultDx5Ax(12x)/2. However, for lower
temperatures the composition fluctuations slightly incre
and the mirror symmetry with respect tox50.5 is destroyed.
The maximum fluctuations occur for molar fractionsx,0.5.
The two tendencies are again stronger for InxGa12xN. In the
case of AlxGa12xN the random limit is rather independent o
temperature. It should be noted that the large fluctuati
obtained are occurring in the length scale of the clust
used.

The cluster energies« j also define the mixing interna
energy ~or the mixing enthalpy! according to expression
~12!. Results for DU(x,T) are plotted in Fig. 4 for
InxGa12xN. The deviations of« j from a linear behavior with

FIG. 2. Excess cluster populations (xj2xj
0) for the five clusters

j 50, . . . ,4considered for unstrained InxGa12xN.
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2480 PRB 62L. K. TELES et al.
the cluster kindj have an important consequence, the mixi
enthalpy becomes asymmetric. It cannot anymore be
scribed by an expression such asDU5Vx(12x), as in the
case of the ideal solution model.34 Rather a composition
dependent quantityV has to be considered. Its maximu
value~per cation-anion pair! determines the critical tempera
ture in the mixed crystal bykBTcrit5Vmax/2. Hence, the
composition dependence ofV influences the miscibility
gap.28 The mixing enthalpy of AlxGa12xN is not plotted in
Fig. 4. It is practically zero for all temperatures. Cons
quently the critical temperature approaches to zero within
GQCA. Within a treatment as a regular solution (xj5xj

0) we
estimate a valueTcrit587 K.

The volume dependence of the cluster energies« j gives
the bulk moduli Bj ~cf. Sec. II E!. The corresponding con
figurationally averaged values as obtained through exp
sion ~9! of the isothermal bulk modulus versus compositi

FIG. 3. Mean-square deviationsDx of the averaged compositio
x in InxGa12xN and AlxGa12xN alloys. Three different tempera
turesT5800 ~1!, 950 ~2!, and 1100~3! K are considered.

FIG. 4. Mixing enthalpyDU(x,T) for InxGa12xN per cation-
anion pair. Three different temperaturesT5800 ~1!, 950 ~2!, and
1100 ~3! K are considered.
e-

-
e

s-

are plotted in Fig. 5. Because of the extremely small te
perature variation ofB, only one temperatureT5950 K is
considered. The composition dependence in the case
Al xGa12xN practically vanishes due to the nearly identic
bulk modulus values of the underlying binary nitrides.
bowing occurs for InxGa12xN. It nearly holds B(x)5(1
2x)B(GaN)1xB(InN)2Bbowx(12x) with Bbow529 GPa.
The values for the binary nitrides are about 10 GPa so
what larger than values obtained from oth
calculations.5,48–50Altogether, the weak variation of the bul
modulus with composition can be interpreted as an indi
tion for a reliable approach to the mixed crystals.

Figure 6 depicts the mixing free energy resulting f
InxGa12xN. The shapes of the curves versus the In mo
fraction are asymmetric. Below the critical temperatureTcrit
51295 K the excess free energy shows a common tan
at two differentx values indicating the tendency for pha
decomposition, i.e., the occurrence of a miscibility gap. A
cording to expressions~3!, ~4! and ~5! the knowledge of the
free energies allows the construction of a phase diagr
Because of the low valueTcrit this is somewhat unrealistic
for Al xGa12xN. The T2x phase diagram resulting fo
InxGa12xN is represented in Fig. 7. More in detail Fig.

FIG. 5. Bulk modulus B versus composition. The temperature
fixed atT5950 K.

FIG. 6. Mixing free energyDF(x,T) of InxGa12xN alloys ver-
sus composition.
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shows the spinodal and binodal curves calculated within
GQCA and theab initio total energy method. The spinod
curve in the phase diagram marks the equilibrium solubi
limit, i.e., the miscibility gap. For temperatures and comp
sitions above this curve a homogeneous random alloy is
dicted. In the temperature-composition area below the b
odal curve spontaneous decomposition occurs into al
with fixed compositions defined by the spinodal curve at
considered temperature. The phase separation, which sh
occur at growth temperatures in InxGa12xN, is driven by the
internal strain due to the mixing of the two lattice
mismatched components InN and GaN. Forx&0.5 (x
*0.5) indium ~gallium! atoms are excluded from th
InxGa12xN lattice to form alloys of different compositions
hence, locally the strain is reduced, with a consequent re
tion of the strain energy of the system.

More in detail, for a typical growth temperature ofT
51000 K the solubility limit of InN~GaN! in GaN ~InN! is
less than 5%~10%!. However, the phase diagram also ind
cates that in a wider range between spinodal and bino
curves the random alloy may exist as a metastable ph
The decomposition tendency is much larger for an In con
of 16 until 75%. Such a picture is in agreement with expe
mental findings.9,13,51–53The phase diagram depicted in Fi
7 is also similar to that obtained by other authors.4,5,28 The
main difference to the results of the other DFT-LD
calculations5 is due to regular-solution model used in Ref.
and the calculation of the mixing enthalpy by using only o
alloy configuration. The agreement with Ho an
Stringfellow4 as well as Saito and Arakawa28 is surprising
because these authors perform the calculations within a

FIG. 7. T-x phase diagram of InxGa12xN ternary alloy system.
Solid line: binodal curve; dashed line: spinodal curve.
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method and the regular-solution limit. However, our pha
diagram in Fig. 7 is much more asymmetric than the ot
ones. In particular, we obtain a larger range of miscibility f
higher In molar fractionsx. Moreover, the phase boundarie
are much steeper forx→0 andx→1 than for ideal alloys.
These observations are consequences of the more asym
ric excess internal energy shown in Fig. 4 and the use of
GQCA for the alloy statistics.

B. Structural parameters

Discussing the structural properties of the ternary nitr
alloys we focus our attention to the configurationally av
aged quantities, lattice constanta, bond lengthsdX-N and
dGa-N, as well as second-nearest-neighbor~2NN! distances
dX-X , dX-Ga anddGa-Ga. The results are presented in Figs.
9, and 10. In general, the deviations of the bond lengths

FIG. 8. Configurationally averaged lattice parametera versus
compositionx for InxGa12xN and AlxGa12xN. The temperatureT
5950 K is assumed. The range of the fluctuations in the lat
constant is indicated by dashed lines.

FIG. 9. Averaged bond lengths~solid lines! in InxGa12xN ~a!
and AlxGa12xN ~b! versus composition. The temperatureT
5950 K is assumed. The dashed line corresponds to the fictit
common bond length according to Vegard’s rule. The filled squa
~Ref. 32! and circles~Ref. 54! describe measured values. Vertic
lines correspond to experimental error bars.
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2482 PRB 62L. K. TELES et al.
2NN distances are more important for InxGa12xN. The
changes are much smaller in the AlxGa12xN case due to the
smaller lattice mismatch between AlN and GaN. The seco
nearest neighbor distancesdN-N are not given in the figures
Due to the limited size of the considered clusters the cha
in this length in dependence on the In or Ga atom in betw
the two nitrogen ones30 cannot be described. The configur
tionally averaged lattice constantsa in Fig. 8 clearly fulfill
Vegard’s law for both the ternary alloys InxGa12xN or
Al xGa12xN. Thereby the influence of the temperature var
tion is negligible. The curves for other temperatures fall
gether with the line drawn in Fig. 8. Figure 8 also indica
the influence of the fluctuationsDa of the lattice constanta
in dependence on the averaged compositionx. Whereas for
Al xGa12xN these deviationsDa are small compared to th
averaged lattice constanta itself, they are nonnegligible in
the InxGa12xN alloy. For an intermediate composition ofx
50.5 it holdsDa50.15 Å. That means, the mean-squa
deviation of the lattice constant amounts about 3%. This h
pens already for a random alloy without any decompositi

In contrast to the lattice constant the definition of the co
figurational average~17! has to be generalized for the firs
and second-nearest neighbor distancesdX-Y , because differ-
ent types of atomic pairsX-Y exist in one cluster. Rather,
holds

dX-Y5

(
j 50

J

xjnX-Y
j dX-Y

j

(
j 50

J

xjnX-Y
j

, ~20!

where nX-Y
j is the relative number ofX-Y distances (X-N

bond length,X-Y cation-cation 2NN distances! in the cluster.
There are constraintsnX-N

j 1nGa-N
j 51 and nX-X

j 1nX-Ga
j

1nGa-Ga
j 51 (X5In or Al! for each cluster typej. The char-

acteristic distancesdX-Y
j are taken for each cluster from th

results of the total-energy optimization. In agreement w

FIG. 10. Averaged second-nearest-neighbor distances~solid
lines! in InxGa12xN ~a! and AlxGa12xN ~b! versus composition.
The temperatureT5950 K is assumed. The filled squares32 and
circles/triangles~Ref. 54! describe measured values. Vertical lin
correspond to experimental error bars. Dashed lines linking
measured values are to guide the eyes.
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experiment32,54 two different bond lengthsdX-N (X5In,Al)
anddGa-N occur in Fig. 9. Apart from the small overbindin
effect due to the used DFT-LDA, there is not only a quan
tative agreement with the recent experimental results
tained by means of an extended x-ray absorption fine st
ture ~EXAFS! technique for MBE InxGa12xN layers32 but
also for AlxGa12xN alloys.54 The same reasonable agreeme
can be stated with recent VFF calculations using extrem
large supercells.28,30 This holds in particular taking into con
sideration the fluctuations of the bond lengths calculated
accordance with the findings for the lattice constants in F
8. Figure 9 makes obvious that Vegard’s rule fails for t
bond lengths of both InxGa12xN and AlxGa12xN as in other
III-V ternary alloys ~cf. Refs. 36 and 37 and reference
therein!.

The 2NN cation distancesdX-Y (X,Y5Al,Ga,In) are plot-
ted in Fig. 10 versus composition. These distances also
not follow Vegard’s rule. Rather, in InxGa12xN ternary al-
loys four distinct values are observed in Fig. 10~a!. The mag-
nitude ofdX-Y follows the covalent radii of the contributing
atoms. Hence, the sequence of decreasing distances I
In-Ga and Ga-Ga occurs. Taking into account the overbi
ing tendency in DFT-LDA, again qualitative and quantitati
agreement with experimental32 and other theoretical28,30 pre-
dictions can be stated, in particular if the uncertainties due
the length fluctuations and the method of determining
lengths are taken into consideration. Qualitatively the sa
behavior is observed for AlxGa12xN @cf. Fig. 10~b!#. How-
ever, the variations are much smaller due to the smaller
tice mismatch between AlN and GaN than InN and Ga
Also the agreement with other calculations30 and measured
values32,54 is reasonable.

C. Influence of biaxial strain

Again we focus our attention to the ternary InxGa12xN
alloy system. We expect much stronger changes than in
Al xGa12xN case. Due to the minor lattice mismatch betwe
AlN and GaN, the strain-induced changes of the propertie
Al xGa12xN should be similar to those already known for th
binary crystals AlN and GaN. First of all, we show in Fig. 1
the influence of compressive strain on the excess free en
for different temperatures. In the calculation we have
sumed that the random alloy is homogeneously strained,
all clusters of different kindj are strained by the same in
plane straine uu520.01 or20.05. Figure 11 shows that th
excess free energy is decreased by the elastic energy d
the build-up strain. At least, there is a tendency towa
more negative excess free energies. Consequently the m
bility gap should be decreased. In the correspondingT-x
phase diagram~Fig. 12! such a trend is indeed observed. F
a small biaxial strain of21% the critical temperature is prac
tically not changed, comparing with that of the unstrain
alloy ~Fig. 7!. The phase diagram becomes only sligh
more asymmetric. The reason is the extremely small ela
energy. However, drastic changes occur for larger bia
strains, since the strain energy is proportional to the squ
of the in-plane straine uu . In the case of25% strain the
critical temperature is reduced by about 120 K. Simul
neously the miscibility gap as well as the region of spon
neous decomposition is reduced, in particular for larger

e
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molar fractions. One can indeed speak about a tendency
suppression of the phase separation inInxGa12xN due to
elastic strain.

There are indications that the assumption of an equ
strain in all microclusters of the alloy is not suitable. Fo
instance, we observe a nonlinear behavior of the rat
c12/c11 of the elastic stiffness constants versus compositio
considering both a compressive and a tensile strain of 1%
Only the arithmetic average of the two curves gives an a

FIG. 11. Mixing free energy of homogeneously strained
InxGa12xN alloys versus composition for three different tempera
tures T5700, 1000, and 1300 K. The biaxial strain is variede uu
50.00 ~solid line!, 20.01 ~dashed line!, and20.05 ~dotted line!.

FIG. 12. T-x phase diagram for homogeneously straine
InxGa12xN. Binodal curves: thick and thin solid lines; spinodal
curves: dashed and dot-dashed lines.
for

al

io
n
.
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most linear variation of the ratioc12/c11 with x between the
values known for GaN and InN. Hence, one has also to c
sider the situation of an inhomogeneous strain distribution
the alloy on a microscopic length scale. In agreement w
one of the basic assumptions of the alloy description, t
each cluster takes its own volume, we assume a pseudo
phically strained alloy. That means, each clusterj is strained
according to the buildup lattice constantauu . The in-plane
strain in each cluster is therefore given bye j uu5(auu
2aj )/aj . In the following we consider two extreme differen
inhomogeneous strain situations, the pseudomorphic gro
of the ternary InxGa12xN alloy on a binary nitride substrate
GaN with auu5aGaN or InN with auu5aInN .

The resulting thermodynamic potential is represented
Fig. 13. The assumed inhomogeneous strain distribu
drastically influences the mixing free energy of the syst
by changing mainly the mixing enthalpy. Due to elastic e
ergy of each cluster;e j uu

2 the internal energy of mixing is
remarkably reduced, even changing sign, in comparison w
the strain-free situation shown in Fig. 6. The free ene
exhibits only one minimum at an intermediate molar fracti
x. Consequently, the critical temperatureTcrit of an inhomo-
geneously strained InxGa12xN alloy approaches values sma
compared to the growth temperatures or even vanishes. C
sequently the ideal random alloy system is stabilized in
entire composition range independent of temperature. O
observes not only a suppression of the tendency for ph
separation in the pseudomorphically grown alloy layers,
no phase separation for sufficiently large biaxial strain
considered in Fig. 13. This result explains why, for exam
in InxGa12xN epilayers with In content up tox50.3 and
grown at temperatures of 1150–1200 K no evidence
phase separation has been observed.9,13

Since the in-plane lattice constantauu is fixed for each
cluster, it also represents the averaged in-plane constan
the entire alloy system. On the other hand, we have de
mined the lattice constantsaj' by a total-energy minimiza-
tion for each cluster. Hence, the averaged lattice constana'

of the alloy system can be determined using expression~9!.

-

FIG. 13. Mixing free energy of inhomogeneously strain
InxGa12xN alloys versus composition for two different temper
tures T5700 and 950 K. The biaxial strain is defined byauu
5aGaN ~solid line! or auu5aInN ~dashed line!.
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2484 PRB 62L. K. TELES et al.
The comparison of the lattice constantsauu and a' of the
strained ternary nitride with the lattice constanta5a(x) of
the unstrained alloy yields the macroscopic~in the sense of
the configurational average! strain by e uu5(auu2a)/a and
e'5(a'2a)/a. Assuming that Hooke’s law is still valid
~what is perhaps not true for about 10% strain in certa
clusters!, the ratio2e'/2e uu defines the ratioc12/c11 of the
averaged elastic coefficients according to Eq.~19!. This ratio
is plotted in Fig. 14 versus composition. Indeed in the lim
of vanishing strain, i.e., InxGa12xN with x→0 grown on
GaN and InxGa12xN with x→1 grown on InN, the ratios
c12/c1150.54 and 0.69 observed for the respective bina
nitrides are recovered. These ratios slightly increase~de-
crease! with rising ~decreasing! In molar fraction x for
growth on GaN~InN!. The weak variation of the ratio
2e'/2e uu with composition in Fig. 14 should be interpreted
that both important assumptions are reliable, the validity
~i! the 16-bond cluster approach and~ii ! the inhomogeneous
strain distribution on a microscopic scale. Two reasons c
be mentioned. The 8-atom clusters already allow the mod
ling of the strain on a microscopic scale. The contribution o
a microclusterj, for which the assumption of a pseudomor
phic strained lattice is perhaps unrealistic, contributes to t
random alloy only with a small probabilityxj .

IV. SUMMARY

In conclusion, we have presented a combination of diffe
ent methods to study unstrained and strained terna

FIG. 14. Macroscopic strain ratio2e'/2e uu versus composition.
Solid line: InxGa12xN grown on GaN; dashed line: InxGa12xN
grown on InN.
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In xGa12xN and AlxGa12xN alloys. We have combined th
cluster expansion method with the generalized quasichem
approach andab initio DFT-LDA calculations. Cubes or de
formed cubes with eight atoms have been used as basic
ters. They have the advantage of a chemically ordered
face given by the nitrogen second neighbors of a cen
nitrogen atom. The cluster statistics has been descr
within the generalized quasichemical method that introdu
a temperature dependence of the cluster fractions. The
energy of each cluster has been calculated within
pseudopotential-plane-wave code at the equilibrium lat
constants of each cluster. The configurationally avera
quantities then follow by a summation over the quantity b
ing characteristic for each cluster and weighted by the fr
tions of clusters. Biaxial strain has been taken into acco
by fixing the in-plane lattice constant. We considered t
different situations, homogeneously strained alloys and in
mogeneously strained alloys, where the strain in each clu
is either equal or different.

Whereas the immiscibility does not play a role for th
Al xGa12xN system, we observe a broad miscibility gap f
growth temperatures around 1000 K for unstrain
InxGa12xN alloys. The critical temperature is about 1295
However, there is also a wide range of compositions whe
random InxGa12xN alloy may exist as a metastable phas
The resulting structural properties, in particular the comp
sition dependence of the lattice constant, the bond leng
and the second-nearest neighbor distances are in agree
with results of other calculations or measurements. We p
dict remarkable fluctuations of the structural parameters
intermediate In molar fractions.

A biaxial strain is extremely important for the miscibilit
behavior of the alloys. In the case of cubic InxGa12xN the
strain effects on the immiscibility suppression can be d
matic. This effect is more pronounced for more In-ric
samples. In general, the region of spontaneous decomp
tion is reduced. By considering an inhomogeneous strain
tribution over the clusters contributing to the ternary alloy
is shown that a regular behavior of the structural and ela
properties are obtained. In this limit the miscibility gap a
the critical temperature are remarkably reduced. At in-pla
lattice constants of the underlying binary compounds
phase separation is even completely suppressed.
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