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Relative stability of bcc structures in ternary alloys with Ti50Al25Mo25 composition
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In reviewing the literature that concerns the CsCl-type intermetallic compound Ti2AlMo ~B2!, the question
arises if this compound is preferably formed with respect to the high-temperature bcc completely disordered
structure~A2!. Our present work takes anab initio approach to this subject. The first-principles linear-muffin-
tin-orbital method was used to calculate the total energy of a series of bcc structures in the ternary system
Ti-Al-Mo. Second, a cluster expansion in the tetrahedron approximation was calculated for each formation
energy. Finally, a Connolly-Williams-like inversion scheme was used to obtain the formation energy of both
the A2 phase and the partially ordered structure B2. From the calculations, the B2 formation energy came out
to be aprox 10 mRy/atom lower than the A2 energy, suggesting a relative greater stability. The relative stability
of other possible structures with the same global composition Ti50Al25Mo25 is discussed.
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I. INTRODUCTION

To improve the performances of aircraft engines and
some nuclear devices, it is necessary to increase the se
temperature of hot components working in high-temperat
environments, typically from 1100 to 1900 K. In this co
text, research and development activities are underway
wide range of intermetallics-based alloys systems. Howe
ordered intermetallics in monolithic form have limited th
prospects of providing the required balance of mechan
properties because they suffer from inadequate ductility
extremely low fracture toughness at low temperature. N
merous attempts have therefore been made to overc
these limitations both through grain-size refinement or gra
boundary suppression and by micro or macroalloying.1

Following a different approach inspired by the outstan
ing mechanical performance of nickel-base superall
which results from an excellent phase compatibility betwe
their constituentg and g8 phases, Naka and Khan2 have
attempted to create ag-g8 type microstructure in a refractor
metal-base alloy. Since refractory metals have a bcc~A2!
lattice, a suitable second phase might be of the orde
cubic-centered B2 type. However, among about 300 bin
B2 compounds listed in the literature, no binary B2 co
pound can be formed with refractory metals. Therefore, t
extended the proposal to ternary and quaternary system
survey of the literature indicates that there are some tern
B2 compounds of the Ti2AlX type, whereX is molybdenum,
iron, chromium, or niobium. Their lattice parameters are
well known but seem to be of an order that might lead t
high compatibility with the A2 matrix.

The field of existence of these Ti2AlX type compounds in
terms of both concentration and temperature is not w
known, still demanding research efforts. For example, Ru
and Finel,3 M. Asta et al.,4 and also Chaumatet al.,5,6 re-
cently have investigated, through the cluster variat
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method~CVM! and experimental studies, the B2/A2 pha
boundary, the ordering temperature, and the probabilitie
sites around the composition Ti50Al25Nb25 ~at. %! in the Ti-
Al-Nb system.

In the ternary Ti-Al-Mo, a B2 phase was first reported
Böhm and Löhberg7 although site occupancy was not me
tioned. This phase was associated with an order-diso
B2→A2 second-order phase transition. Later, Hamajim
Luejtering, and Weissmann8 showed that for a Ti77Al16Mo7
~at. %! alloy a structure with B2 particles, having a diamet
of approximately 160 Å, surrounded by an A2 matrix w
produced upon quenching from 1273 K. However, Banerj
Krishnan, and Vasu,9 working on alloys around the compo
sition Ti48Al47Mo5 and annealing treatments up to tempe
ture of 1573 K followed by quenching in water, did not fin
the B2 phase although x-ray and electron diffraction char
terization were employed. A review of these publications h
been presented by Budberg and Schmid-Fetzer;10 there the
presence of a miscibility gap was suggested between the
and A2 phases, giving rise to a two-phase field A21B2
below 1273 K. Concerning the crystallography of this B
compound, Sikora, Hug, and Flanck11 arrived at the conclu-
sion through extended x-ray-absorption fine struct
~EXAFS! studies that Ti atoms fill one sublattice in the b
cell while Al and Mo atoms occupy randomly the othe
Figure 1 shows the A2 and B2 structures.

The aim of this paper is to calculate the ternary clus
expansion of the formation energy of A2 and B2 phases a
first step in the calculation of the Ti-Al-Mo phase diagra
by the CVM. We use a first-principles method to calcula
the total energy for the ordered structures and a struc
inversion method ~SIM! based on an idea o
Connolly-Williams12 for the disordered ones. A compariso
between the formation energy of both phases in the sa
Ti50Al25Mo25 composition is shown as an application of th
cluster expansion.
237 ©2000 The American Physical Society
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II. TOTAL AND FORMATION ENERGY CALCULATIONS

A. Ordered compounds

Total energy calculations were performed for all pu
constituents in the bcc structure, binary structures B2, B
and DO3 and ternary structures L21 and F4̄3m of the ternary
system Ti-Al-Mo. The tight-binding linear-muffin-tin-orbita
first-principles method was used in the atomic-sphere
proximation ~TB-LMTO-ASA!, including scalar relativistic
corrections.13 In order to choose ak-point mesh we calcu-
lated total energy for 83,103,123,143, and 163 k points, set-
ting the convergence in total energy to within 0.06 mR
atom in all cases. The precision of the total energy w
respect tok-point sampling was within 0.03 mRy/atom fo
the 83 k-point mesh~152 irreduciblek points in the Brillouin
zone!. It being acceptable, we preferred this size to gain

FIG. 1. ~a! High-temperature A2 phase, completely disorder
bcc, ~b! B2 phase~CsCl type!, and ~c! completely ordered L21
structure.
2,

p-

/
h

n

machine time. Relaxation curves of energy vs lattice para
eter were obtained varying the volume while keeping co
stant the cell shape. The curves were successfully fitte
cubic polynomials~Fig. 2!. The equilibrium energy for each
compound was taken as the minimum in these curves~Table
I!.

The formation energy is defined as the total energy of
structure at its equilibrium volume minus the concentratio
weighted average of the pure elements total energies at
equilibrium volumes:14

DEF5ET2cAEA2cBEB2cCEC .

It should be observed that even though some of the c
pounds show a positive formation energy, this fact does
imply instability by itself. The ordering or phase separati
tendency should be evaluated taking into account the for
tion energy of the compound together with the formati
energies of all possible phases which could be present at
composition. In Ref. 4, Astaet al. have presented the
ground-state phase diagram for Ti-Al-Nb resulting from su
considerations. In particular, the Ti-Al ground-state bina
structures resulting from our computations~Ti bcc, Al bcc,
Ti3AlDO3, and TiAl B2! are consistent with the phase di
gram atT50 K shown by Astaet al.4

B. Calculation of cluster interactions

In order to compute the formation energy of the diso
dered states for the Ti2AlMo compound, we have to conside
e

FIG. 2. Total energies of or-

dered compounds vs crystallin
parameters.ET* stands for ET

2ETmin .
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it as a cluster expansion. In this method, the formation
ergy is written as

DEF5(
i

n ixi , ~1!

wheren i are cluster interaction parameters depending on
lattice type~i.e., fcc, bcc, etc.! for an alloy system andxi are
cluster-occupation-dependent correlation functions. The s
is extended over all possible clusters, although in practic
is usually limited to a certain approximation. In this wor
we considered all clusters within the tetrahedron approxim
tion ~Fig. 3!.

Since the energiesDEF for a set of ordered structures ca
be obtained, for example, through a first-principles meth
andxi can be calculated for each of them, we can have a
of linear equations on the parametersn i . Therefore, then i
can be obtained by inversion. Now, the energy for anot

FIG. 3. The~irregular! tetrahedron cluster in the bcc cell. Fou
different sites~labeledn, m, o, andp) are considered to describ
the cell with twice the lattice constant.

TABLE I. TB-LMTO-ASA results for bcc ordered structure
total energies.

Structure a
~Böhr radius!

ET

~mRy/atom!
DEF

~mRy/atom!

Al bcc 12 -484297.638 0
Ti bcc 12.1 -1704760.32 0
Mo bcc 12 -8091097.76 0
TiAl B2 11.85 -1094559.84 -30.87
TiMo B2 11.9 -4897938.46 -9.42
AlMo B2 11.8 -4287699.94 -2.25
TiAl B32 11.88 -1094541.14 -12.16
TiMo B32 11.95 -4897941.34 -12.31
AlMo B32 11.72 -4287720.49 -22.79
Ti3Al DO3 11.99 -1399663.08 -18.43
Al3Ti DO3 11.9 -789418.938 -5.63
Ti3Mo DO3 11.93 -6494526.48 -13.08
Mo3Ti DO3 12 -3301353.18 -8.5
Al3Mo DO3 11.7 -2385995.21 2.46
Mo3Al DO3 11.86 -6189402.95 -5.22
Ti2AlMo L21 11.9 -2996260.09 -31.09
TiAl 2Mo L21 11.77 -2691134.65 -21.31
TiAlMo 2L21 11.83 -4592820.98 -7.61

Ti2AlMo F4̄3m 11.9 -2996245.32 -16.31

TiAl 2Mo F4̄3m 11.81 -2691134.54 -21.21

TiAlMo 2F4̄3m 11.87 -4592831.99 -18.62

Ti2AlMo A2 - - -15.25
Ti2AlMo B2 - - -26.4
-
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m
it

-

,
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r

structure with the same lattice type can be calculated writ
the proper functionsxi for it and considering the same ca
culatedn i . This is the SIM based on the idea of Connol
and Williams.

For the computation of thexi functions we followed the
formalism described by Inden and Pitsch.15 The first step is
to define a site operatorsn which takes the values11, 0 or
21 if site n is occupied by a Ti, Al, or Mo atom, respec
tively. The domain of the point variablesn has three values
Therefore, to fully specify a function ofsn , it is necessary to
choose three-point functions, products of which form t
corresponding cluster functions. A set of three-point fun
tions ~from which an orthonormal basis is constructed! is the
first three polynomials ofsn :$1,s,s2%. Cluster functions
formed from products of the set$1,s,s2%, are proposed as a
possible basis of functions for describing the ternary al
problem.16 The averages of these products over all equi
lent clusters in the crystal are called the correlation functio

Taking the tetrahedron as the largest cluster, for a tern
bcc alloy they take the form

xi5^sn
i 121

sm
i 221

so
i 321

sp
i 421

&, ~2!

wheren, m, o, andp denote the site of the tetrahedron a
i 1 ,i 2 ,i 3 ,i 451, 2, or 3. The distinction among the four type
of sites is necessary to the description of the occupanc
the superstructures B2, B32, DO3, L21, and F4̄3m.

The right-hand side of Eq.~2! can be computed from the
probabilities of finding atomsk1 , k2 , k3, and k4 on sites
n, m, o, andp as

^sn
i 121

sm
i 221

so
i 321

sp
i 421

&

5 (
k151

3

(
k251

3

(
k351

3

(
k451

3

Mi 1k1
Mi 2k2

Mi 3k3
Mi 4k4

rn m o p
k1k2k3k4 ,

~3!

wherek1 ,k2 ,k3 ,k451, 2 or 3 for atoms Ti, Al, or Mo, re-
spectively. The matrixM in this equation contains informa
tion from the site occupation operator and has the form

M5S 1 1 1

1 0 21

1 0 1
D .

The complete set of correlation functions adds up to
(Kr21, with K53, the number of elements in the alloy an
r 54 the largest cluster!. This would lead to an expansion o
the energy in 80 terms. Although as the interaction para
etersn i exhibit cluster symmeties of atomic sites and clus
decoration symmetries by the point functions, only 21
them remain distinct. In consequence correlation functio
can be grouped leading to an expansion in 21 terms~see the
Appendix!.

To apply the inversion method, we calculated the valu
of the correlation functions for the 21 ordered structu
mentioned above and obtained by inversion the values
the interaction parametersn i of Eq. ~1!. These are shown in
Tables II and III.
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TABLE II. Values of the correlation functions for the 21 structure set.

Compound x0 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13 x14 x15 x16 x17 x18 x19 x20

Al 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Ti 1 4 4 2 4 4 8 2 4 4 8 4 4 8 4 1 4 2 4 4 1
Mo 1 -4 4 2 4 -4 -8 2 4 -4 8 4 -4 -8 4 1 -4 2 4 -4
TiAl B2 1 2 2 1 0 2 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
TiMo B2 1 0 4 2 -4 0 0 2 4 0 -8 4 0 0 4 1 0 2 -4 0
AlMo B2 1 -2 2 1 0 -2 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
TiAl B32 1 2 2 0 1 0 2 0 1 0 0 0 0 0 0 0 0 0 0 0 0
TiMo B32 1 0 4 -2 0 0 0 2 4 0 0 -4 0 0 4 1 0 -2 0 0
AlMo B32 1 -2 2 0 1 0 -2 0 1 0 0 0 0 0 0 0 0 0 0 0
Ti3Al DO3 1 3 3 1 2 2 4 1 2 1 2 1 1 2 1 0 0 0 0 0
Al3Ti DO3 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
TiMo3DO3 1 -2 4 0 0 -2 -4 2 4 2 0 0 -2 -4 4 -1 2 0 0 -2
Ti3Mo DO3 1 2 4 0 0 2 4 2 4 -2 0 0 2 4 4 -1 -2 0 0 2
Al3Mo DO3 1 -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
AlMo3DO3 1 -3 3 1 2 -2 -4 1 2 -1 2 1 -1 -2 1 0 0 0 0 0
Ti2AlMo L12 1 1 3 1 -2 1 0 1 2 -1 -2 1 -1 2 1 0 0 0 0 0
TiAl 2Mo L12 1 0 2 -1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
TiAlMo 2 L12 1 -1 3 1 -2 -2 0 1 2 1 -2 1 1 -2 1 0 0 0 0 0

Ti2AlMo F4̄3m 1 1 3 -1 0 0 2 1 2 -1 0 -1 1 -1 1 0 0 0 0 0

TiAl 2Mo F4̄3m 1 0 2 0 -1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

TiAlMo 2F4̄3m 1 -1 3 -1 0 0 -2 1 2 1 0 -1 -1 0 1 0 0 0 0 0

Ti2AlMo A2 1 1 3 1
8

1
4
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4
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8

9
4
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16
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8

3
16

9
16

9
8

27
16

1
256

3
64

9
128

9
64

27
64

81
256

Ti2AlMo B2 1 1 3 5
4 -2 3

2 0 5
4 2 -1

2 -3 1
2 - 1

2 1 3
2

1
4 0 1

2 -1 0 1
4

b

a
rg
rr

sid
n
lly
in

th
le

th
n
is

et of
lar
ion.

er-
ure
as

t

it,

rgy
nd

ely
FS

e
o
he
ted

e-
rip-
ies
of
C. Disordered structures

The formation energy of the A2 and B2 structures can
obtained through Eq.~1! writing suitable correlation func-
tions.

For the A2 phase we made use of the fact that all sites
equivalent and computed the correlation functions for la
clusters as products of the point ones, being the point co
lation functions in this case15 ^s&5cTi2cMo and ^s2&
5cTi1cMo .

Following the experimental results of Sikoraet al.11 con-
cerning the site occupation in the B2 compound, we con
ered equivalent sites in the sublattice occupied by Al a
Mo, while the other sublattice was considered to be fu
occupied by Ti. Correlations functions were calculated us
Eq. ~3!, taking the probabilitiesrnmop

2 2 115rnmop
2 3 115rnmop

3 2 11

5rnmop
3 3 115 1

4 and the rest equal to zero.
The resulting values for the formation energies and for

correlation functions of both phases are included in Tab
and Table II, respectively.

III. DISCUSSION

As we have already mentioned, the computation of
formation energy via the inversion method is based o
cluster expansion within the irregular tetrahedron. That
e

re
e
e-

-
d

g

e
I

e
a
,

we restrict the expansion to a certain size and choose a s
ordered structures to perform the inversion. The particu
choice of this set may be regarded as a source of imprecis
It is thus worthwhile to evaluate the accuracy of the inv
sion computation. With this aim, we considered one struct
(Ti15Mo) not used in the inversion set. Its total energy w
calculated through the LMTO method (ELMTO) and through
the inversion method (EI). The energy difference turned ou
to be dE5EI2ELMTO50.04 mRy/atom. This quantity is
lower than 0.1 mRy/atom, our chosen convergence lim
thus proving the reliability of the procedure.

We have been comparing until now the formation ene
of A2 and B2 structures, being, respectively, completely a
partially disordered. It arises the question if a complet
ordered phase could take place. Taking into account EXA
results from Sikora, Hug, and Flanck11 showing that the
Ti2AlMo phase should be named Ti2(Al,Mo), that is, a B2-
like structure with Ti atoms filling one sublattice, we hav
evaluated the various possible distributions of Al and M
atoms in the other sublattice forming a superstructure. T
total energy of each of the resulting structures was calcula
through the TB-LMTO-ASA method with the same proc
dure that was explained before. The crystallographic desc
tion of the evaluated structures and their formation energ
are given in Table IV, where we follow the nomenclature
-46.31
TABLE III. Interaction parameters calculated via the inversion scheme.

v0 v1 v2 v3 v4 v5 v6 v7 v8 v9 v10 v11 v12 v13 v14 v15 v16 v17 v18 v19 v20

0 -4.05 -1.58 2.39 1.88 -3.09 6.70 -15.76 -16.17 2.23 0.39 -0.70 -8.24 -4.52 34.80 1.13 -2.80 0.91 -1.48 11.61
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TABLE IV. Evaluated superstructures for the Ti2(Al,Mo) B2 compound.~For Wickoff positions see Ref. 17!.

Pearsons´ symbol tP4 tP32 aP16 cP16 tP4 cF16
Spatial group P4/mmm P4mm P1 P2/m3 P4/mmm Fm3̄m
Spacial group No. 123 99 1 200 123 225
Axial relationship c52a52b c52a52b a5c52b a5b5A2c
Angles between axis a5b560°, g590°

Ti positions 2h z51/4 4d x51/4z51/8 1a x51/2y51/2z51/4 8i x50.25 2e 8c
~Wickoff positions! 4d x51/4z53/8 1a x53/4y50 z51/4

4d x51/4z55/8 1a x51/4y50 z51/4
4d x51/4z57/8 1a x53/4y50 z53/4

1a x51/2y51/2z53/4
1a x50 y51/2z53/4
1a x51/4y50 z53/4
1a x50 y51/2z51/4

Al positions 1b 1a z50 1a x50 y50 z50 1b 1a 4a
~Wickoff positions! 1a z51/2 1a x51/2y50 z50 3c

1b z51/4 1a x53/4y51/2z50
1b z53/4 1a x53/4y51/2z51/2
2c z51/4
2c z53/4

Mo positions 1a 1a z51/4 1a x51/4y51/2z50 1a 1c 4b
~Wickoff positions! 1az53/4 1a x50 y50 z51/2 3d

1b z50 1a x51/2y50 z51/2
1b z51/2 1a x51/4y51/2z51/2
2c z50

2c z51/2

DEF (mRy/atom) 228.52 229.19 228.33 228.57 229.09 À31.09
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Ref. 17. As can be seen from the referred values, the m
stable structure among them, and in consequence, the a
piate superstructure, should be the L21 phase~Fig. 1!. We
can indeed observe that the formation energy of the L1

phase is also lower than that of the F43̄m phase, as it can b
seen in Table I.

From our formation energy results it is found that bo
L21 and B2 phases are more stable than the A2 phase.
comparison between B2 and L21 results in a difference o
about 4.7 mRy/atom, indicating a possible ordering in a L1
phase at low temperatures. If this phase happens to exi
low temperatures, the ordering in a Ti50Al25Mo25 alloy
would follow the transitions A2→B2→L21. It is worth
mentioning that such transformations have already been
gested in an analogous system. Astaet al.4 and Chaumat,
Colinet and Moret5 have investigated the Ti-Al-Nb system
through the CVM, finding an ordering in the same sequen
although experimental work from some of these autho6

gives no evidence for the formation of an L21 compound.
A final comment on the ordering energy could be plac

here. The difference between the energy of the comple
random state and that of the ordered compound at the s
concentration is referred to as the ordering energy. Thi
typically18 of 0.1–0.01 eV~7.4–0.74 mRy!. As has been
pointed out by Wolvertonet al.,19 a large value of this en
ergy implies that the compound will be strongly ordered a
hence will only disorder at high temperatures. In our ca
the B2 ordering energy consists in a large value~aproxi-
re
ro-

he

at

g-

e,

d
ly
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,

mately 11.2 mRy/atom!, thus indicating that this compoun
could be formed at high temperatures. The L21 ordering en-
ergy, on the other hand, exhibits the intermediate value
4.7 mRy/atom, meaning that this completely ordered co
pound could be formed at relative lower temperatures.

IV. CONCLUSIONS

In this study, a ternary cluster expansion of the format
energy in a body-centered-cubic structure was obtained
the Ti-Al-Mo system. We considered the ternary basis fu
tions $1,s,s2% from which the correlation functions in th
tetrahedron approximation were explicitily written. Havin
computed the 21 ternary interaction parameters through
SIM, we are able now to obtain the formation energy of a
given composition alloy in this system. The SIM has prov
its reliability by reproducing the energy value for a com
pound not used in the inversion set.

As an application of these results, the formation energy
A2 and B2 phases in the same Ti50Al25Mo25 composition
was evaluated showing, atT50 K, a higher stability of the
B2 compound when compared with the A2 disordered pha
It’s also possible that an ordering in a L21 compound co
take place.

In order to generate a two-phaseg-g8 type microstructure
in the Ti-Al-Mo system, as proposed by Naka and Kha2

evidence of a miscibility gap between the B2 and A2 pha
giving rise to a two-phase field A21B2 has to be given. The
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ternary phase diagram calculation at a given temperature
ing input from our 21 ternary interaction parameters c
theoretically reveal this evidence. We are now undertak
these calculations together with experimental work.
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APPENDIX

Correlation functions in the tetrahedron approximation

x05empty cluster,

x15^sn&1^sm&1^so&1^sp&,

x25^sn
2&1^sm

2 &1^so
2&1^sp

2&,

x35^snsm&1^sosp&,

x45^snso&1^smsp&1^snsp&1^smso&,

x55^sn
2sm&1^so

2sp&1^snsm
2 &1^sosp

2&,

x65^sn
2so&1^sm

2 sp&1^sn
2sp&1^sm

2 so&1^snso
2&

1^smsp
2&1^snsp

2&1^smso
2&,

x75^sn
2sm

2 &1^so
2sp

2&,
us-
n
g

i-

t.

x85^sn
2so

2&1^sm
2 sp

2&1^sn
2sp

2&1^sm
2 so

2&,

x95^snsmso&1^snsmsp&1^snsosp&1^smsosp&,

x105^sn
2smso&1^sn

2smsp&1^snso
2sp&1^smso

2sp&

1^snsm
2 so&1^snsm

2 sp&1^snsosp
2&1^smsosp

2&,

x115^snsmso
2&1^snsmsp

2&1^sn
2sosp&1^sm

2 sosp&,

x125^sn
2sm

2 so&1^sn
2sm

2 sp&1^snso
2sp

2&1^smso
2sp

2&,

x135^snsm
2 so

2&1^snsm
2 sp

2&1^sn
2sosp

2&1^sm
2 so

2sp&

1^sn
2smso

2&1^sn
2smsp

2&1^sn
2so

2sp&1^sm
2 sosp

2&,

x145^sn
2sm

2 so
2&1^sn

2sm
2 sp

2&1^sn
2so

2sp
2&1^sm

2 so
2sp

2&,
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