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Theory of orbital excitation and resonant inelastic x-ray scattering in manganites
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~Received 30 November 1998; revised manuscript received 12 August 1999!

We study theoretically the collective orbital excitation called the orbital wave in the orbital ordered man-
ganites. The dispersion relation of the orbital wave is strongly correlated with the static spin structure through
the coupling between spin and orbital degrees of freedom. As a probe to detect the dispersion relation of the
orbital wave, we propose possible excitation processes in the resonant inelastic x-ray scattering. The scattering
cross section due to the orbital wave is calculated in several types of the orbital and spin structures.
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I. INTRODUCTION

It is widely accepted that one of the important ingredie
for the colossal magnetoresistance1–4 ~CMR! and various
complex phenomena observed in manganites is the or
degree of freedom. Although the long range orbital order a
its implications in the magnetic interaction were discusse
long time ago,5–7 it has been recognized as a hidden deg
of freedom, because the observation technique has b
limited.8 Recently, resonant x-ray scattering sheds light
the subject, that is, by using this method the orbital orde
La0.5Sr1.5MnO4 was directly observed.9 The alternate orbita
alignment was confirmed by observation of the superlat
reflection induced by the anisotropy of the atomic scatter
factor. This experimental technique was recognized a
powerful probe to detect the orbital order through intens
experimental and theoretical studies.10–14

On the other hand, the dynamics of the orbital degree
freedom is still far from our understanding. In orbital order
insulators, the collective excitation for the orbital degree
freedom was first investigated by Cyrot and Lyon-Caen
the model where the orbital space was assumed to
isotropic.15 It was termedorbital wavein analogy with spin
wave. For actual compounds, the present authors calcu
the dispersion relation of the orbital wave in th
(3d3x22r 2,3d3y22r 2)-type orbital ordered state with~A!layer-
type antiferromagnetic structure in LaMnO3.16 It is supposed
that the orbital excitation affects the thermodynamic, tra
port, and optical properties17 as well as the dispersion rela
tions of the spin wave18 and phonon. As a probe to observ
the orbital excitation, Inoueet al. theoretically examined Ra
man scattering19 where the excitation process is analogous
that in the magnon Raman scattering. In this method,
information of the orbital wave at theG point and its density
of states are obtained.

In this paper, we study theoretically the orbital wave
orbital ordered manganites. We calculate the dispersion r
tion of the orbital wave in several spin structures where sp
are assumed to be frozen. It is shown that the anisotro
spin structure brings about the gap of the orbital wave. A
probe to observe the orbital wave, we study the reson
inelastic x-ray scattering~RIXS!. RIXS is rapidly developed
through the recent progress of the synchrotron radia
source20,21 and is applied to several highly correlated ele
tron systems.22,23 One of the advantages of this method
PRB 620163-1829/2000/62~4!/2338~8!/$15.00
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the subject is that the wavelength of the x ray is compara
to the lattice constant and the dispersion relation of the
bital wave is detectable. We propose the excitation proce
of the orbital wave by RIXS and formulate the cross sect
of the scattering.

In Sec. II, the dispersion relation of the orbital wave
calculated in the several spin structures. In Sec. III, the
citation processes of the orbital wave by RIXS are propo
and the characteristic properties of the cross section are
cussed. Section IV is devoted to summary and discussio

II. ORBITAL WAVE

In order to calculate the collective excitations in an orbi
ordered insulator, we start with the Hamiltonian describi
the low energy electronic structure in perovskite mangani
The cubic lattice consisting of Mn ions is considered and t
eg orbitals and at2g localized spin are introduced in eac
site. The Coulomb interactions betweeneg electrons
(U,U8,J) and the Hund coupling (JH) betweeneg and tg
spins are considered. Because the Coulomb interactions
the largest energy among the relevant parameters, the Ha
tonian is derived by excluding the doubly occupiedeg states
as follows,

H̃3d5He-e1He-t1Ht-t . ~1!

The detailed derivation is presented in Ref.16. The first te
describes the interaction between nearest neighboring~NN!
spins and orbitals ineg orbitals,

He-e522J1(̂
i j &

S 3

4
1Si•Sj D S 1

4
2C i

†t i j C j D
22J2(̂

i j &
S 1

4
2Si•Sj D S 3

4
1C i

†t i j C j1Ai j D , ~2!

where a relationU5U81J is assumed withU, U8, and J
being the intra- and inter-orbital Coulomb interactions a
the exchange interaction ineg orbitals, respectively.J1

5t0
2/(U82J) and J25t0

2/(U81J12JH) with J1.J2 . t0 is
the hopping integral between the nearest neighbor
3d3z22r 2 orbitals in the z direction. C i5@Tiz ,Tix# t is a
doublet of the orbital pseudospin operator:T i
2338 ©2000 The American Physical Society
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5(1/2)(sgg8d̃igs
† (s)gg8d̃ig8s and Si is the spin operator

with S51/2 for aneg electron.t i j andAi j are defined by

t i i 1 l5
1

2S 11cosnl

2p

3
sinnl

2p

3

sinnl

2p

3
12cosnl

2p

3
D , ~3!

and

Ai j 5C i
†Mi j nj1H.c. , ~4!

respectively, whereMii 1 l5(cosnl2p/3,2sinnl2p/3)t with
(nx ,ny ,nz)5(1,2,3). The forms oft i j andMi j are obtained

by the Slater-Koster formulas for the transfer intensityt i j
gg8

between sitei with orbital g and sitej with g8. It is worth
noting that the orbital part ofHe-e is represented byTz and

Tx , since t i j
gg8 is rewritten by the rotation matrix of the

(Tz ,Tx) plane and the projection operator for 3d3z2-r 2 or-
bital. The first term in Eq.~2! favors the ferromagnetic spi
structure with the antiferromagnetic-type orbital order
state where two kinds of orbital sublattice exist. On the ot
hand, the second one favors the antiferromagnetic struc
with the ferromagnetic-type orbital ordered state where
occupied orbital is the same in all sites. The sum of
second and third terms in Eq.~1! is given by

He-t1Ht-t52JH(
i

St2gi•Si1JAF(̂
i j &

St2gi•St2gj , ~5!

whereSt2gi is the spin operator fort2g spin with S53/2 and

JAF is the antiferromagnetic superexchange interaction
tween NNt2g spins.

We first study the spin and orbital ordered structures
zero temperature in the mean field approximation. It is
sumed that in each Mn site, one of theeg orbitals is occupied
by an electron. For both spin and orbital structures, we
troduce four types of the ordered state: ferromagnetic typ~F
type! where spins or orbitals in all sites are parallel, and th
kinds of antiferromagnetic type, that is, layer type (A type!,
rod type~C type!, and NaCl type~G type!, where two kinds
of spin or orbital sublattice exist. The rotating frame is intr
duced in the orbital space and the orbital state is describe
an angleu in the (Tz ,Tx) plane. In the scheme, the occupie
orbital is represented by u3dg&5cos(ug/2)u3d3z22r 2&
2sin(ug/2)u3dx22y2&. As the order parameters,^Sz&, ^St2gz&,
and^T(u)z&5cosu^Tz&2sinu^Tx& with ^St2gz&53^Sz& are in-
troduced.

The mean field phase diagram is presented in Fig. 1
sequential change in the spin structure, that is,F→A→C
→G with increasingJ2 and JAF is caused by an enhance
ment of the antiferromagnetic interactions. As for the orb
structure in the spin-F and spin-G phases, the orbital-G ph
with (uA ,uB)5(uA ,uA1p)-type ordered state for anyuA
and the orbital-C phase with a (uA ,uB)5(p/2,3p/2)-type
state are the mean field solutions.7,24,25 uA and uB are the
angles inA and B orbital sublattices, respectively. In th
orbital-G case, especially, the orbital space becomes iso
pic in the (Tz ,Tx) plane, although the orbital part in th
r
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Hamiltonian@Eq. ~2!# is not written by a simple vector prod
uct. This result originates from the following two condition
~1! the relation,

(
l 5x,y,z

t ii 1 l
gg8 5

3

2
t0dgg8 , ~6!

due to the cubic symmetry of the lattice and~2! the cubic
symmetry of the spin structure, that is, spin F and G. B
cause of these two conditions, the orbital part inHe-e be-
comes diagonal and theAi j term vanishes. On the othe
hand, in spin-A and -C phases, the orbital state is uniqu
determined. In the spin-A phase, the orbital structure in
mean field theory is the orbital-C and -G phases with
(uA ,uB)5(uA ,2uA)-type orbital ordered state, whereuA is
determined by the equationuA5cos21@2J2 /(5J12J2)#. It in-
cludes the @(1/A2)(3d3z22r 223dx22y2),(1/A2)(3d3z22r 2

13dx22y2)#-type orbital ordered state atJ250 and the
(3dz22x2,3dy22z2)-type ordered state atJ25J1.7,24,25 The
(uA ,2uA)-type ordered state in the spin-A phase is cons
tent with the experimental results of the polarization dep
dence of the resonant x-ray scattering.10,14 In the spin-C
phase, the mean field solution is of orbital-G pha
with a (0,p)-type state corresponding to th
(3d3z22r 2,3dx22y2)-type ordered state. In both cases, the s
structure breaks the cubic symmetry in the system and ca
the anisotropic interaction between NN orbitals. This notic
able feature in the interplay between spin and orbital degr
clearly reflects on the dispersion relation of the orbital ex
tation, as will be discussed below.

We next study the orbital excitation in the orbital order
states obtained in the mean field theory. The collective e
tations in the orbital degree of freedom26–28 are obtained by
utilizing the conventional Holstein-Primakoff transform
tion. The spin structures are assumed to be frozen. The
persion relation in the spin-F case is shown in Fig. 2 wh
the types of the orbital ordered state are chosen asuA
5pn/65uB2p. The face-centered cubic~fcc! lattice is
adopted as a unit cell that includes two Mn ions. The analy
form of the dispersion relation and the eigenoperator
given by

vk
(6)53AVA~VA6VB!, ~7!

FIG. 1. The mean field phase diagram at zero temperature. F
C, and G imply the ferromagnetic structure and the layer type,
type, and NaCl type antiferromagnetic structures, respectively.



he
e
d

te
is
a
g

b

r

ly
h

ur

ex-

the

st

the
re-
s:

of

-F
i

d

2340 PRB 62SUMIO ISHIHARA AND SADAMICHI MAEKAWA
with

VA522J1

1

3 (
l 5x,y,z

~ t̃ i i 1 l !11, ~8!

VB52J1

1

3 (
l 5x,y,z

cos~akl !~ t̃ i i 1 l !22, ~9!

and

ak
(6)5coshuk

(6) 1

A2
~ak

(A)6ak
(B)!1sinhuk

(6)

3
1

A2
~a2k

(A)†6a2k
(B)†!, ~10!

with 2uk
(6)5tanh21@6VB /(2VA6VB)#, respectively.t̃ i j cor-

responds tot i j in the rotating frame.ak
(A) and ak

(B) are the
Fourier transform of the Holstein-Primakoff boson for t
two orbital sublattices defined in the rotating frame. Th
(1) mode is the gapless mode and its eigenoperator inclu
the componentsTAx2TBx andTAy1TBy . At theG point, the
x component of the staggered orbital order parame
^(( i PATix2( i PBTix)2& diverges since the orbital space
isotropic. As shown in Fig. 2, the stiffness of the orbit
wave along theG-X direction becomes weak with increasin
uA and it becomes flat atuA5(4p/6)(3d3x22r 2,3dy22z2). It
originates from (t̃ i i 1x)2250 in Eq. ~9!, since the electron
transfer between 3dy22z2 orbitals along thex direction van-
ishes. The isotropic nature in the orbital space is seen
Fourier-transforming the Hamiltonian@Eq. ~2!# as

He-e522J1(
k

S 3

2
2 (

l 5z,x
T̂l~k!t̂ l~k!T̂l~k! D , ~11!

in the spin-F case.17 T̂l(k) is the orbital pseudospin operato
that diagonalizes the matrixt i j and

t̂ l~k!52@~cx1cy1cz!

6~cx
21cy

21cz
22cxcy2cycz2czcx!

1/2#, ~12!

where 1 and 2 are for l 5z and x, respectively, andcl

5cos(akl). At the G andR points,t̂x5 t̂z , so that the orbital
system becomes isotropic at these points.

The orbital excitation in the spin-A case is qualitative
different from that in the spin-F case as shown in Fig. 3. T

FIG. 2. The dispersion relation of the orbital wave in the spin
case. The Brillouin zone for the face-centered cubic lattice
adopted. The orbital states for the two orbital sublattices are
noted by (uA ,uA1p). m denotes the mode of the orbital wave.
es
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unit cell with four Mn ions is adopted, so that there exist fo
modes. Two of them have the dispersion relations

vk
(16)25S VAxy1

VAzz

2 D F ~VAxy1VBxy!1
~VAzz6VBzz!

2 G ,
~13!

and the other twov (26) are given by replacing (VAxy
1VBxy) in Eq. ~13! by (VAxy2VBxy). Here,

VAlm522J1S 3

4
1KlmD ~ t̃ lm!1112J2S 1

4
2KlmD

3@~ t̃ lm!1112~M̃ lm!1#, ~14!

and

VBlm5F2J1S 3

4
1KlmD22J2S 1

4
2KlmD G~g lm!22, ~15!

for ( lm)5(xy) or (zz). In these formulas, Alm

5(1/2)(n5 l ,mAii 1n for A5 t̃ and M̃ which corresponds to
M in the rotating frame.g lm5(1/2)(n5 l ,mt̃ i i 1ncos(akn) and
Klm is the spin correlation function given byKlm
5(1/2)(n5 l ,m^(Si)z(Si 1n)z&. Among the four modes, the
(11) mode is the lowest one and its eigenoperator is
pressed as

ak
(11)5coshuk

(11) 1

2
~ak

(A1)1ak
(A2)1ak

(B1)1ak
(B2)!

1sinhuk
(11) 1

2
~a2k

(A1)†1a2k
(A2)†1a2k

(B1)†1a2k
(B2)†!,

~16!

where the superscriptsA(B) and 1~2! imply the orbital and
spin sublattices, respectively. This operator includes
components TA1x1TA2x2TB1x2TB2x and TA1y1TA2y
1TB1y1TB2y and it corresponds to (1) mode in the spin-F
case. At theG point, the energy is obtained as

vk5G
(11)5

1

2
A~2VAxy1VAzz!A

(11), ~17!

with

A(11)5 (
( lm)5(xy),(zz)

zlmH F22J1S 3

4
1KlmD

12J2S 1

4
2KlmD G@~ t̃ lm!112~ t̃ lm!22#

12J2S 1

4
2KlmD2~M̃ lm!1J , ~18!

wherezxy52 andzzz51. This mode has a gap in contra
with the spin-F case. The right hand side in Eq.~18! is rep-
resented by a product of the spin correlation function and
hopping integral, which has an anisotropic character. The
fore, the origin of the gap is attributed to the following fact
~1! The orbital space is anisotropic, i.e., (t̃)11Þ( t̃)22 and
Ai j Þ0, which originates from the anisotropic character

the hopping integralt i j
gg8Þdgg8t0. ~2! The spin correlation

s
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function in thexy plane and that in thez direction are dif-
ferent (KxyÞKzz) in the spin-A case. The excitation with
gap is also obtained in the spin-C case. It is concluded
the anisotropic spin structure breaks the cubic symmetry
causes the gap in the orbital wave.

III. RESONANT INELASTIC X-RAY SCATTERING

In this section, we theoretically study RIXS as a probe
detect the orbital wave. The following two excitation pr
cesses are considered: the incident energy is tuned at~1! the
Mn31 L edge and~2! the Mn31 K edge. The former and
latter are termedL-edge andK-edge cases, respectively. W
discuss qualitatively the general properties of the scatte
due to the orbital wave, such as the excitation process,
ergy, and polarization dependences of the scattering c
section.

We first focus on theL-edge case. The excitation proce
is schematically shown in Fig. 4. The incident x ray exci
an electron from the Mn 2p orbital to the unoccupied Mn 3d
orbital, and then one of the 3d electrons fills the core hole b
emitting an x ray. When the occupied orbitals are differe
between the initial and final states, the orbital excitation
brought about. This process is denoted by

u3dg
1&1hn→u3dg

13dḡ
12p&→u3dḡ

1
&1hn8, ~19!

where2p implies that one hole occupies the Mn 2p orbital

and g (ḡ) indicates the occupied~unoccupied! Mn 3d or-
bital in the initial state. It is noted that since the waveleng
of the x ray for theL-edge case (;20 Å) is larger than the
lattice constant (;4 Å) of the cubic unit cell, observed mo
mentum of the orbital wave is limited in this case. The sc
tering cross section is calculated by the second order pe

FIG. 3. The dispersion relation of the orbital wave in the spin
case. The Brillouin zone for the tetragonal lattice is adopt
J2 /J150.5, which corresponds to the orbital states (uA ,2uA) with
uA51.34. m denotes the mode of the orbital wave.

FIG. 4. The schematic picture of the orbital excitation proces
in the L-edge case. The broken arrows indicate the incident
scattered x-rays.
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bation with respect to the electron-photon interaction. W
consider the scattering where the momentum and energ
the incident~scattered! x ray are represented byk i ( f ) and
v i ( f ) , respectively, and definek f i5k f2k i and v f i5v f
2v i . The polarization vector of the incident~scattered! x
ray are denoted byei ( f ) . The most relevant term of the cros
section is obtained as29,20,21

d2s

dVdv f
5S e2

mc2D 2S v f

v i
D (

aGqm
~ei !a

2~ef !a
2UFmaG~q!

DE U2

3@dk f i1G1qd~v f i1vq
(m)!~11nq

(m)!

1dk f i1G2qd~v f i2vq
(m)!nq

(m)#, ~20!

wherenq
(m) is the number of the boson of modem and mo-

mentumq, a5(x,y,z) andG is the reciprocal lattice vector
On resonance, the energy denominatorDE, which indicates
the difference between the energies for the initial and in
mediate states, is assumed to be a constant of the order
damping factor of the core holeG. In this formula, the gen-
eralized structure factorFmaG(q) is given by

FmaG~q!5
3

2 (
n

Anga
(L)* Anḡa

(L)
@Vnm~q!1Wnm~q!#eiG•rn.

~21!

Alga
(L) is the coupling constant between the electronic curr

corresponding to the 2p→3d transition at sitel and the x ray
divided by a factore/Am. It is defined by

Alga
(L) 5A0 cosS ug

2
1na

2p

3 D , ~22!

whereA0 is a constant,ug is the angle in the orbital space fo
orbital g and (nx ,ny ,nz)5(1,2,3). Vnm(q) and Wnm(q) in
Eq. ~21! are the coefficients in the Bogoliubov transform
tion, which connects the boson operator for thenth ion in the
unit cell to that for the mth eigenmode asaq

(n)

5(m@Vnm(q)aq
(m)1Wnm(q)a2q

(m)†#.
We numerically calculate the square of the structure f

tor I L5uFmaG(q)u2/(3uA0u2/2)2. The results in the spin-F
case with (uA ,uB)5(p/2,3p/2)-type orbital ordered
state and those in the spin-A case with (uA ,uB)
5(1.34,21.34)-type state are presented in Figs. 5~a! and
5~b!, respectively. We note the following characteristics
the scattering cross section:~1! The G dependence of the
cross section is dominated by the factoreiG•rn. In the spin-F
case, the1 (2) mode of the dispersion relation is observ
only for h1k1 l 5odd ~even!. Although this selection rule is
broken in the spin-A case, the~11~2!! and ~21~2!!
modes are mainly observed forh1k5odd, l 5odd ~even!
and h1k5even, l 5odd(even), respectively.~2! The q de-
pendence of the scattering cross section is dominated by
factor Vnm(q)1Wnm(q). In the spin-F case, the scatterin
intensity with h1k1 l 5odd diverges at theG point due to
this factor.~3! The polarization dependence is determined
the factor Anga

(L)* Anḡa
(L) , which is proportional to sin(ug

1na4p/3). Due to this factor, the scattering cross section
a5z is larger than that fora5x(y).

.
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In the K-edge case of RIXS, we propose the followin
two excitation processes of the orbital wave. The schem
pictures of the processes are shown in Fig. 6.~a! The inci-
dent x ray excites an electron from the Mn 1s orbital to the
Mn 4p orbital. In the intermediate state, the 3d electron is
excited from the occupied orbital to the unoccupied o
through the Coulomb interaction between 3d and 4p elec-
trons. Finally, the 4p electron fills the core hole by emittin
x ray. This process is denoted by

u3dg
1&1hn→u3dg

14p11s&→u3dḡ
14p11s&→u3dḡ

1
&1hn8.

~23!

The one-orbital wave excitation occurs at the site where th
ray is absorbed.~b! In the intermediate state in the scatterin
one hole is created in the Mn 1s orbital. In order to screen
the core hole potential, an electron comes from one of
NN O 2p orbitals to the Mn site. Due to the hybridizatio
between the O 2p and Mn 3d orbitals, this state strongly
mixes with the state where theeg orbitals in one of the NN
Mn sites (j site! are empty. When the 4p electron fills the 1s

FIG. 5. The square of the structure factor for the orbital wave
the L-edge case. The polarization is parallel to thex direction. ~a!
spin-F case with (p/2,p/21p)-type orbital ordered state. Soli
and dashed lines show the squares of the structure factor forh1k
1 l 5even and odd, respectively.~b! Spin-A case with
(uA ,2uA)-type orbital ordered state withuA51.34 (J2 /J150.5).
Solid and dashed lines show the squares of the structure facto
h1k5even, l 5even, andh1k5odd, l 5even, respectively. (6)
and (66) indicate the modes of the orbital wave.
ic

e

x
,

e

orbital by emitting an x ray, one of the 3d electrons in thei
site comes back to thej site. This process is denoted by

u3dig i

1 3dj g j

1 &1hn→u3dig i

1 3dig
i8

1
1si4pi

1&

→u3dig
i9

1
3dj g

j8
1

&1hn8, ~24!

where O 2p states are integrated out. Both one- and tw
orbital wave excitations occur ini and j sites. In the severa
transition metal oxides, the final state of the x-ray absorpt
spectroscopy~XAS!, which corresponds to the intermedia
state of RIXS with the lowest energy, is assigned as
so-called well screened stateu3d24p11s L&, which mixes
with the stateu3d14p11s&.23,30,31,13Here,L implies that one
hole occupies the NN O 2p orbital. Therefore, both excita
tion processes, that is,~a! and~b!, are the main processes o
x-ray scattering by the orbital wave in theK-edge case. In the
case of the manganites, process~b! occurs more easily than
in cuprates and nickelates, because the effective intra
Coulomb interaction between 3d electrons is smaller in
manganites.32

The scattering cross section in process~a! is given by the
same form with Eq.~20!, where the most relevant term of th
form factor is obtained as

FmaG~q!52uA(K)u2(
n

Vn
ḡgaa

D«n
ga

@Vnm~q!1Wnm~q!#eiG•rn,

~25!

whereA(K) is the coupling constant between the electro
current corresponding to the 1s→4p transition and the x ray

divided by a factore/Am.13 Vn
ḡgaa is the off-diagonal matrix

element of the Coulomb interaction between Mn 3d and 4p
electrons defined by

n

for

FIG. 6. The schematic picture of the orbital excitation proces
in theK-edge case.j denotes one of the nearest neighboring sites
i. The broken arrows indicate the incident and scattered x rays
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Vn
ḡgaa5e2E dr1dr2

fdḡ
~r1!* fdg

~r1!fpa
~r2!* fpa

~r2!

ur12r2u

5
4

35
F (2)sinS ug1

na4p

3 D , ~26!

wherefdg
(fpa

) is the atomic wave function of the 3d (4p)

electron with orbitalg (a) and F (2) is the Slater integra
between 3d and 4p electrons.D«n

ga indicates difference be
tween the energy for the intermediate state with the low
excitation energy and that for the stateu3dḡ

14pa
11s&. It is

clear from Eqs.~21! and ~25! that theG andq dependences
of the cross section in this case are the same as those i
L-edge case. Although the polarization dependence of

scattering factor is provided by the two factorsVn
ḡgaa and

D«n
ga in Eq. ~25!, the former is a dominant term and is pr

portional to sin(ug1na4p/3) as well asAnga
(L)* Anḡa

(L) in Eq.
~21!.

On the other hand, the most relevant term of the scatte
cross section in process~b! with the one-orbital wave exci
tation is given by Eq.~20! with

FmaG~q!52uA(K)u2(
nn8

eiG•rnS 3

4
1^Sn•Sn8& D

3H 2@Vnm~q!1Wnm~q!#
tnn8
gg tnn8

ḡg

d«n
gad«n

ḡa
1@Vn8m~q!

1Wn8m~q!#
tnn8
ḡḡ tnn8

ḡg

d«n
ga2

eiq•(rn2rn8)J , ~27!

wheren andn8 indicate the site where the x ray is absorb
and its NN site, respectively.d«n

ga is difference between the
energy for the well screened stateu3dng

1 3dnḡ
1 1sn4pna

1 L& and
that for the poorly screened oneu3dng

1 1sn4pna
1 &. The two

terms in the curly bracket in Eq.~27! correspond to the or
bital excitations at sitesn andn8, respectively.

We present the numerical results of the squ
of the structure factor in case ~b!, I K

5uFma(q)/DEu2/(2uA(K)u2t0
21)2, in Figs. 7~a! and 7~b!,

where the spin and orbital states are chosen to be the s
with those in Figs. 5~a! and 5~b!, respectively. In comparison
with the L-edge case, we note the following characteristi
~1! Even in the spin-F case, the selection rule between
modes of the orbital wave andG is broken.~2! Theq depen-
dence of the cross section is caused by the factoreiq•(rn2rn8)

in Eq. ~27! and is more remarkable than that in theL-edge
case. In particular, the scattering cross section is zero a
G-point in spin-F case@Fig. 7~a!#. This is attributed to the

relations of the hopping integral:(dtnn1d
gg tnn1d

ḡg 50 and

(dtnn1d
ḡḡ tnn1d

ḡg 50. ~3! The polarization dependence of the i
tensity is caused byd«n

ga and is weaker than that in th
L-edge case.

IV. SUMMARY AND DISCUSSION

We study the orbital excitation in the orbital ordered ma
ganites and reveal the correlation between the spin struc
st

the
e

g

e

me

:
e

he

-
re

and the dispersion relation of the orbital wave. The gap
the orbital wave is caused by an anisotropic spin struct
such as the spin-A structure. On the other hand, the orb
wave is gapless in the spin-F and paramagnetic spin st
tures where the cubic symmetry is preserved. In the calc
tion in Sec. II, the spin degree of freedom is assumed to
frozen. On the contrary, in Refs. 26 and 27, roles of the s
fluctuations on the orbital excitation were investigated in
model Hamiltonian withS51/2 and no Hund coupling be
tween eg electrons. It was shown that the spin fluctuati
originating from the anisotropic exchange interaction bre
the cubic symmetry even in the ferromagnetic phase and
fects the gap and the dispersion relation of the orbital wa
However, in the manganites, the effects of the spin fluct
tion may be neglected, because the magnitude of spin
Mn31 ion is S52 due to the strong Hund coupling, and th
almost full magnetic moment is experimentally confirmed
low temperatures.3

LaMnO3 below the Ne´el temperature is one of the cand
dates for the system where the excitation with a gap exi

FIG. 7. The square of the structure factor for the orbital wave
the K-edge case@process~b!#. The polarization is parallel to thex
direction. ~a! Spin-F case with (p/2,p/21p)-type orbital ordered
state. Solid and dashed lines show the squares of the structure f
for h1k1 l 5even and odd, respectively.~b! Spin-A case with
(uA ,2uA)-type orbital ordered state withuA51.34 (J2 /J150.5).
Solid and dashed lines show the squares of the structure facto
h1k5even, l 5even andh1k5odd, l 5even, respectively. (6)
and (66) indicate the modes of the orbital wave.
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The magnitude of the gap in the present mechanism is of
order of zt0

2/U;0.1 eV, wherez is the number of the NN
Mn ions. The Jahn-Teller type distortion in a MnO6 octahe-
dron also contributes to the gap of the orbital excitatio
Since the gap is larger than the band width of the spin w
@;0.04 eV ~Refs. 16 and 33!# and that of the Jahn-Telle
mode of phonon@;0.05 eV ~Refs. 34 and 35!#, the cou-
plings between the orbital wave and these excitations
weak. In the spin-F case, the orbital excitation becomes g
less and the low-lying excitation affects the thermodynam
and electrical transport. The specific heat, being proportio
to T3, is caused by the linear dispersion relation and is d
tinguishable from theT3/2 component caused by the ferro
magnetic spin wave. One possible candidate, where the
less excitation is anticipated, is the ferromagnetic insulat
phase in lightly doped manganites. In La0.88Sr0.12MnO3, the
orbital ordering is confirmed by the resonant x-ray scatter
belowTOO5145 K where the static Jahn-Teller distortion
almost quenched.11 The low-lying excitation is expected t
be observed without disturbance of the static lattice dis
tion.

In the spin canted phase, the gap gradually decreases
decreasing canting angle. The magnitude of the gap is
o

K.
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sh
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changed by applying a magnetic field in the spin-A sta
With increasing field, the gap is gradually reduced and
excitation becomes gapless at the transition from the ca
spin-A state to the spin-F one.

The energy resolution of RIXS to detect the dispers
relation of the orbital wave is required to be of the order
the interaction between the NN orbital pseudospins, whic
estimated aszt0

2/U;0.1 eV. It will be possible to realize the
resolution in the recent RIXS experiments.
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