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Exciton formation assisted by LO phonons in quantum wells
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Kinetics of exciton formation involving LO phonons is investigated in quantum wells. Considering the
formation of an exciton from a free excited electron-hole pair due to LO-phonon emission, an expression is
derived for the rate of formation of an exciton as a function of carrier densities, temperature, and wave vector
K i of the center of mass of excitons in quantum wells, and the formation time of an exciton is also calculated.
The theory is applied to GaAs quantum wells, in which it is found that the exciton formation dominantly
occurs atK iÞ0.
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I. INTRODUCTION

The dynamics of excitons in semiconductor nanostr
tures plays a very significant role in the ultrafast excito
processes, which govern the basic performance charact
tics of optoelectronic devices fabricated from these str
tures. Information on processes of exciton formation in su
nanostructures is, therefore, very useful in studying their
toelectronic properties. When the energy of an incident p
ton on a nanostructure semiconductor is above its band
energy, the photon gets absorbed and a free electron-
pair is excited. Such photogenerated electron-hole pairs
relax nonradiatively by emitting phonons and form exciton1

Excitons thus formed can also dissociate back into elect
hole pairs, form other excitonic complexes such as biex
tons and trions, or relax into other excitonic states throu
active participation of phonons. Such dynamical excito
processes are very complicated to study, because they
pend on many physical quantities, such as densities of e
tons, electrons and holes, temperature, and interactions
tween charge carriers and charge carriers, charge carrier
excitons, excitons and excitons, excitons and phonons,
charge carriers and phonons. One of the most importan
teractions in the dynamics of excitons is the exciton-phon
interaction,2 and its influence can be observed experim
tally in the exciton linewidth and dephasing time,3 time-
resolved photoluminescence,4 luminescence rise time,5 mo-
bility of excitons,6 etc. It has been suggested7,8 that at
excitation energies larger than the band-gap energy, a ph
excited electron-hole pair can form an exciton first with
large total wave vectorK i , corresponding to its center-of
mass motion. The exciton then relaxes nonradiatively do
to theK i;0 state by emitting phonons, and finally it recom
bines radiatively from theK i;0 excitonic state by emitting
a photon to conserve energy and momentum. Therefore
exciton luminescence experiments, the information on
formation time of an exciton as a function of exciton wa
vector is crucial to study the luminescence rise timetR .

Experimentally, the first investigation of the dynamics
exciton formation was done by Damenet al.7 in GaAs quan-
tum wells. They found that the exciton formation timet f
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<20 ps after the creation of electron-hole pairs and s
gested that excitons are formed in states with large w
vector~i.e., K iÞ0). After the work of Damenet al., several
groups have reported the values of formation time of ex
tons in GaAs quantum wells. Apparently, different a
proaches have been used to determine the formation tim
excitons experimentally; some groups5,7 have deduced it
from the luminescence rise time,tR , and some9,10 from the
evolution of free-carrier luminescence using phenomenolo
cal rate equations. Strobelet al.9 have reportedt f514.4 ps
in a GaAs double-quantum-well structure. Blomet al.5 have
obtained LO-phonon-assisted exciton formation timet f

51 ps and acoustic-phonon-assistedt f512 ps from their
luminescence data. Deveaudet al.11 have observedt f

5200 ps from their time-resolved exciton luminescence
periments. Robartet al.12 have obtainedt f&10 ps, and Ku-
mar et al.10 obtainedt f550 ps. There have also been se
eral values reported for the luminescence rise timetR ,13 e.g.,
tR;400 ps at an excitation density,53109 cm227, tR

525–40 ps at a quantum-well width,Lz526 Å,5 tR

;70–160 ps,4 and tR;100–350 ps,14 depending on the
carrier densities.

Theoretically, Thilagam and Singh15 have calculatedt f
.100 ps forLz525–200 Å by considering that exciton
are formed by emitting an acoustic phonon via deformati
potential coupling. Selbmannet al.16 have obtainedtR
550–150 ps in bulk GaAs using an ensemble Monte Ca
approach. By solving the Boltzmann equation for an 80
GaAs quantum well, Zhanget al.17 have obtainedt f
5108 ps ~electron-hole densityneh5431010 cm22 and
electron-hole plasma temperatureTeh550 K), 113 ps (neh
5431010 cm22 and Teh580 K), and 192 ps (neh52
31010 cm22 and Teh550 K). Gulia et al.18 have studied
the exciton formation and relaxation in GaAs quantum we
using a Monte Carlo simulation of the coupled free carr
and exciton. They have obtainedtR580 ps forLz526 Å
and 120 ps forLz580 Å. By analyzing their results of the
formation coefficient,18,19 they have shown that the excito
formation processes in quantum wells at low carrier densi
are dominated by the LO-phonon emission during the fi
2045 ©2000 The American Physical Society
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few ps after the photoexcitation. Recently, an attempt at
culating the formation time of an exciton as a function
exciton wave vector has been made using the Fermi go
rule and fractional dimensional wave function.20 However, a
comprehensive theoretical development to study the de
dence of the exciton formation time on the wave vector
the center of mass of the exciton has not yet been done

In this paper, we have derived an expression for the
of formation of an exciton as a function of the wave vector
its center of mass. The theory is then applied to calculate
formation time of an exciton in GaAs quantum wells. He
we have focused only on the exciton formation process
without considering the exciton relaxation processes, wh
are published elsewhere.21,22 We have found that the forma
tion process of an exciton in GaAs quantum wells is dom
nant at a nonzero value ofK i depending on charge-carrie
density and temperature and also that the behavior of
formation of an exciton is very sensitive to the width
quantum wells. Our results demonstrate the square-law
pendence of the formation rate of an exciton on the exc
tion densityne-h , which agrees very well with the observe
square-law dependence of photoluminescence on the ex
tion density. This work is expected to be very useful in u
derstanding the exciton formation processes, and in ana
ing the experimental data of exciton luminescence
quantum wells.

This paper is organized as follows. In Sec. II, we ha
developed a theory to calculate the rate of formation of
exciton as a function of carrier densities, temperature,
wave vectorK i in quantum wells. In Sec. III, the numerica
results of the formation rate and time in GaAs quantum w
are presented and discussed.

II. THEORY OF FORMATION OF EXCITONS

In this section, we develop a theory of the exciton–L
phonon interaction in quantum-well structures, suitable
studying the process of exciton formation. We assume
charge carriers are confined in quantum wells. The proces
formation of excitons is considered as a quantum transi
from an initial state of a photoexcited free electron-hole p
to a final state of an exciton formed due to electron-hole
charge-carrier–LO-phonon interactions.

The Hamiltonian of a pair of electrons and holes or/and
exciton interacting with LO phonons can be written by ad
ing electron–LO-phonon and hole–LO-phonon interact
Hamiltonians as21

HI~re ,rh!5(
q

C@~eiq•re2eiq•rh!b̂q1c.c.#, ~1!

whereb̂q is the annihilation operator of a phonon with wa
vector q, re @rh# is the position coordinate of the electro
@hole#, and

C5 ieA\vLO

2e0V S 1

k`
2

1

k0
D 1

q
. ~2!

Here,vLO is the frequency of the LO phonon,V is the vol-
ume of the crystal,e0 is the permittivity of free space, andk0
is the low-frequency andk` the high-frequency relative di
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electric constants. The motion of phonons is considered to
in 3D space, whereas that of excitons is in quasi-2D spa

Assuming the plane of the quantum well as thexy plane
and introducing the center of mass and relative coordina
of an exciton in the plane of quantum wells as

Ri5aerei1ahrhi , r i5rei2rhi , ~3!

with

ae5
mei*

M i*
, ah5

mhi*

M i*
, M i* 5mei* 1mhi* , ~4!

the interaction Hamiltonian in Eq.~1! can be expressed as

HI~r i ,Ri ,ze ,zh!5(
qiqz

C@eiqi•Ri~eiahqi•r ieiqzze

2e2 iaeqi•r ieiqzzh!b̂q1c.c.#, ~5!

whereze andzh are the coordinates of the electron and ho
respectively, in thez direction perpendicular to the plane o
the quantum well.

We assume that in the initial state there is an electron
a heavy hole occupying their lowest subband in the quan
well, and then in the final state after the transition they fo
a heavy-hole exciton in the lowest exciton band. The fi
operatorĉe-h

† (Ri ,r i ,ze ,zh) describing the simultaneous cre
ation of a pair of electrons and holes atre and rh , respec-
tively, in the quantum well can be written as

ĉe-h
† ~Ri ,r i ,ze ,zh!5

1

A0
(
K iki

e2 iK i•Rie2 iki•r ife* ~ze!

3fh* ~zh!d̂h,ahK i2ki

† âc,aeK i1ki

† , ~6!

whereA0 is the 2D area of quantum wells andd̂h,ahK i2ki

† and

âc,aeK i1ki

† are hole and electron creation operators in the

lence and conduction bands, respectively. The wave ve
of the center-of-mass motionK i and the wave vector of the
relative motionki are defined in terms of electron and ho
wave vectorskei andkhi in the plane of the quantum well a

K i5kei1khi and ki5ahkei2aekhi .

fe(ze) andfh(zh) in Eq. ~6! are, respectively, the electro
and hole wave functions of their lowest-energy states of th
motions along thez axis perpendicular to the wall of quan
tum wells, given by23

f j~zj !5H Aj coskjzj for uzj u,
Lz

2

Bje
2b j (uzj u2Lz/2) for uzj u.

Lz

2
, j 5e,h,

~7!

where Aj and Bj are constants to be determined from t
boundary and normalization conditions andLz is the
quantum-well width. In the initial state, the excited electr
and hole are regarded to be a noninteracting pair~free
electron-hole pair!.



e
io

ai
b

a

n
on
.
ol
he

the
nto
hat
s of
ons,

tor
e
c-

ir.
r
s,
sith-
is
ers
,

om

-
ely.

mal
oc-

the

PRB 62 2047EXCITON FORMATION ASSISTED BY LO PHONONS IN . . .
By introducing the creation operatorB̂K i

† of an exciton

with center-of-mass momentum wave vectorK i in the plane
of the quantum well and with its wave functioncex

5(1/AA0)eiK i•Rifx(r i)fe(ze)fh(zh), the field operatorĉex
†

describing the creation of an exciton atRi ,r i ,ze ,zh can be
written as

ĉex
† ~Ri ,r i ,ze ,zh!5

1

AA0
(
K i

e2 iK i•Rifx* ~r i!

3fe* ~ze!fh* ~zh!B̂K i

† , ~8!

where fx(r i), the 1s state exciton wave function in th
quantum-well plane, is chosen to be a trial wave funct
given by23

fx~r i!5A2b2

p
e2br i, ~9!

with b being the variational parameter.
Using Eqs.~5!, ~6!, and ~8!, the interaction Hamiltonian

for the formation of an exciton from a free electron-hole p
due to emission or absorption of a single phonon can
written in the second quantized form as

ĤI
eh→ex5E dRi E dr i E dzeE dzhĉex

† HI ĉe-h

5
1

AA0
(

K ikiqiqz

C@F2
0 ~qi ,qz ,ki!B̂K i

† b̂q

3d̂h,ah(K i2qi)2ki
âc,ae(K i2qi)1ki

1F1
0 ~qi ,qz ,ki!B̂K i

† b̂q
†d̂h,ah(K i1qi)2ki

3âc,ae(K i1qi)1ki
#, ~10!

whereĉe-h is the conjugate operator of Eq.~6!, and

F7
0 ~qi ,qz ,ki!5@Fe~6qz!G1~ki6ahqi!

2Fh~6qz!G1~ki7aeqi!#. ~11!

HereF j (qz) ( j 5e,h) is a form factor obtained as

F j~qz!5E dzj uf j~zj !u2eiqzzj , j 5e,h, ~12!

andG1 is another form factor, obtained using the variation
wave function in Eq.~9!, as

G1~ki1aqi!5E dr ifex* ~r i!e
i (ki1aqi)•r i

5A8p

b2 F S uki1aqiu
b D 2

11G23/2

. ~13!

The first term of Eq.~10! corresponds to the formation of a
exciton due to an LO-phonon absorption, and the sec
term corresponds to that due to an LO phonon emission

Here we consider a case where free electrons and h
excitons, and phonons are initially assumed to occupy t
n

r
e

l

d

es,
ir

states with occupation numbersf ke

e , f kh

h , f kex

ex , andnq with

their wave vectorske , kh , kex, andq, respectively. A tran-
sition is considered to take place from the initial state to
final state in which one free electron-hole pair changes i
an exciton due to Coulomb and phonon interactions. T
means in the final state the occupation numbers of state
all four, free electrons and holes and excitons and phon
change by 1.

Using the Fermi golden rule and the interaction opera
in Eq. ~10!, the rate of exciton formation from a fre
electron-hole pair involving a single phonon with wave ve
tor q is obtained as

W~K i6qi ,qz ,ki→K i!

5
1

A0

2p

\
uCF6

0 ~qi ,qz ,ki!u2f ah(K i6qi)2ki

h

3 f ae(K i6qi)1ki

e ~ f K i

ex11!

3S nq1
1

2
6

1

2D d~Ex2Ee-h6\vLO!, ~14!

where the1 sign represents emission of phonon and the2
represents absorption, and

Ex5
\2uK iu2

2M i*
2Eb ~15!

and

Ee-h5
\2uK i6qiu2

2M i*
1

\2ukiu2

2m*
, ~16!

where Eb is the exciton binding energy andm i* (1/m i*
51/mei* 11/mhi* ) the reduced mass of the electron-hole pa

As the time of formation of an exciton is relatively longe
than that of the scattering of excitons, electrons, and hole24

it can be assumed that electrons and holes are in the qua
ermal equilibrium before and after the transition. With th
assumption, we can replace the occupation numb
f ah(K i6qi)2ki

h and f ae(K i6qi)1ki

e of hole and electron states

respectively, by their thermal average values obtained fr
the Fermi-Dirac distribution as25

f k j

j 5@e[Ej (k j )2m j ]/kBTj11#21,

m j5kBTj ln~e\2pnj /mj i* kBTj21!, j 5e,h, ~17!

where m j , Tj , and nj denote the chemical potential, tem
perature, and 2D density of electrons and holes, respectiv
Also assuming that excitons and phonons are in ther
equilibrium as bosons before and after the transition, the
cupation number,nq , of phonon andf K i

ex of exciton states

can be replaced by their average values obtained from
Bose-Einstein distribution as

nq5@e\vLO /kBT21#21, f K i

ex5@e[E(K i)2mex]/kBTex21#21,

~18!
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wheremex is the chemical potential of 2D excitons, andT
and Tex correspond to lattice and exciton temperatures,
spectively. The chemical potentialmex can be expressed i
terms of exciton temperatureTex and 2D exciton densitynex
as26

mex5kBTex ln@12e22pnex\
2/(gMi* kBTex)#, ~19!

whereg is the spin degeneracy factor of 2D excitons.
Finally, the total rate of formation of an exciton wit

wave vectorK i is obtained by summing the rate in Eq.~14!
over allki , qz , andqi . The total rateW1(K i) thus obtained
gives the inverse of the time of formation,t f(K i), of an
exciton with wave vectorK i as

1

t f~K i!
5W1~K i!5 (

qi ,qz ,ki

W~K i1qi ,qz ,ki→K i!.

~20!

III. RESULTS AND DISCUSSION

We have calculated the formation rate of excitons in
@001# GaAs/Al0.3Ga0.7As quantum wells by using the mate
rial parameter asmei* 5me'* 50.0665me (me59.109 53
310231 kg), mhi* 50.11me , mh'

* 50.33me , k0512.9, k`

510.9, \vLO536.2 meV,27 andT54.2 K. For simplicity,
we set the exciton wave vector in the direction of thex axis,
i.e., K i5K ix̂, which is not expected to cause any loss
generality, because the exciton dispersion relation is con
ered to be parabolic and isotropic in the plane (xy plane! of
quantum wells. We assume that there are no excitons in
system in the initial state, i.e.,f K i

ex50. The densities of the

photogenerated electron and hole can be considered to b
same (ne5nh5ne-h) in an intrinsic quantum well. We also
assume that electrons and holes are at the same temper
i.e., Te5Th5Te-h .

In Fig. 1 are plotted the calculated values for the form
tion rate of an exciton as a function of exciton wave vec
K i for different values of charge-carrier temperatures

FIG. 1. The formation rate of an exciton in GaAs quantum we
as a function of the center-of-mass wave vectorK i for Lz

580 Å, ne-h5131010 cm22, and different temperatures, i.e
Te-h530 K ~solid curve!, Te-h540 K ~dotted curve!, Te-h550 K
~dashed curve!, Te-h560 K ~dash-dot curve!, Te-h570 K ~dash-
dot-dot-dot curve!, andTe-h580 K ~long dashed curve!.
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quantum wells with a well width ofLz580 Å and a charge-
carrier density ofne-h5131010 cm22. For charge-carrier
temperatureTe-h&30 K, the formation of an exciton occur
dominantly atK i50, but for Te-h*30 K it occurs at non-
zero K i.0.008231010 m21. Our results indicate that firs
the formation rate of an exciton decreases with increas
K i , and then it increases to a peak value at aboutK i
.0.008231010 m21, after which it decreases continuous
as the exciton wave vectorK i increases~see Fig. 1!. The
results of Fig. 1 are in agreement with those of Damenet al.7

that excitons are formed dominantly atK iÞ0, but our results
also suggest that the formation process depends onTe-h and
ne-h . For instance, according to Fig. 1, an exciton can
dominantly formed atK i50 at low carrier temperature
Te-h&30 K for a carrier density ofne-h5131010 cm22.
However, at higher carrier temperatures, the situation can
different. For example, for a fixed carrier density ofne-h
5131010 cm22, by raising the temperature toTe-h
540 K, we find that the formation timet f5133 ps atK i
50, which is slightly slower thant f5118 ps found atK i
50.008231010 m21. Likewise, if the temperature is raise
further to Te-h550 K, it is found again thatt f540 ps at
K i50 higher thant f530 ps at K i50.007431010 m21.
This trend seems to continue even at higher temperature
well ~see Fig. 1!.

We have plotted in Fig. 2 the calculated formation rate
an exciton as a function of exciton wave vectorK i at six
different carrier temperatures, from 30 K to 80 K, at
charge-carrier density ofne-h5531010 cm22 in a GaAs
quantum-well widthLz580 Å. Although the dependence o
the formation rate of an exciton on the center-of-mass w
vector for ne-h5531010 cm22 is similar to that forne-h
5131010 cm22, as it is clear from Figs. 1 and 2, the fo
mation rates forne-h5531010 cm22 are relatively larger
than those forne-h5131010 cm22.

Figure 3 shows the formation rate of an exciton as a fu
tion of exciton wave vectorK i at Te-h560 K for three dif-
ferent well widths, 80, 150, and 250 Å, and two differe
charge-carrier densities. For all three quantum wells,
maximum formation rate occurs at nonzeroK i . This is ob-

FIG. 2. The formation rate of an exciton in GaAs quantum we
as a function of the center-of-mass wave vectorK i for Lz

580 Å, ne-h5531010 cm22, and different temperatures, i.e
Te-h530 K ~solid curve!, Te-h540 K ~dotted curve!, Te-h550 K
~dashed curve!, Te-h560 K ~dash-dot curve!, Te-h570 K ~dash-
dot-dot-dot curve!, andTe-h580 K ~long dashed curve!.
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vious from Fig. 3, which shows that for quantum-well widt
80 and 150 Å the maximum formation rate occurs atK i
50.007431010 m21 and 0.001631010 m21, at the carrier
density of ne-h5131010 cm22, which change to 0.0081
31010 m21 and 0.002531010 m21, respectively, at the
carrier density of 531010 cm22. However, for the well of
Lz5250 Å, the maximum rate occurs atK i50.0041
31010 m21, for both the carrier densities. For quantu
wells of widths Lz580 Å and Lz5250 Å, the formation
rates first decrease slightly, then increase to a maximum,
then decrease again continuously asK i increases. However
the formation rate forLz5150 Å quantum wells first in-
creases up to its maximum and then decreases continuo
with increasingK i . The formation time corresponding to th
maximum formation rate in theLz5150 Å quantum well is
obtained ast f517 ps and 0.7 ps at the carrier density
ne-h5131010 cm22 and 531010 cm22, respectively. Such
a trend that the formation time corresponding to the ma
mum rate becomes shorter with the increase in the ca
density is obtained in all three well widths.

In Fig. 4, we have plotted the rate of formation of a
exciton as a function of charge-carrier densityne-h , by vary-
ing it from 13108 to 531010 cm22 at Te-h560 K for the
three well widths. From the calculated results of the form
tion rate, we have carried out curve fittings using the relat
W(neh)5bne-h

x , whereb and x are fitting parameters. Ou
results givex'2 as shown in Fig. 4. In other words, ou
theory shows a square-law dependence of the formation
of an exciton onne-h . This provides a theoretical confirma
tion of the observed experimental square-law dependenc
the photoluminescence on excitation density obtained
Strobelet al.9

We have also calculated the formation rate of light-h
excitons as a function ofK i using the effective masses a
mlhi* 50.20me andmlh'

* 50.09me ~Ref. 27! for quantum wells
of width Lz580 Å. The formation rate thus obtained for
light-hole exciton is comparable with that of a heavy-ho
exciton near the zero center-of-mass wave vector. For

FIG. 3. The formation rate of an exciton in GaAs quantum we
as a function of the center-of-mass wave vectorK i at Te-h560 K
for different well widths and charge-carrier densities,Lz580 Å,
ne-h5531010 cm22 ~solid curve!, Lz5150 Å, ne-h55
31010 cm22 ~dotted curve!, Lz5250 Å, ne-h5531010 cm22

~dashed curve!, Lz580 Å, ne-h5131010 cm22 ~dash-dot curve!,
Lz5150 Å, ne-h5131010 cm22 ~dash-dot-dot-dot curve!, and
Lz5250 Å, ne-h5131010 cm22 ~long dashed curve!.
nd

sly

f

i-
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-
n

te
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stance,ne-h5131010 cm22 andTe-h550 K, the formation
rate of a light-hole exciton is slightly larger than that of
heavy-hole exciton forK i in the range 0<K i&0.0063
31010 m21 andK i*0.014231010 m21. However, the re-
verse of this apparently occurs in the range 0.00
31010 m21&K i&0.014231010 m21, and the latter be-
comes larger than the former. The maximum rate for a lig
hole exciton is 2.731010 s21 at K i50.001031010 m21

and that for a heavy-hole exciton 3.331010 s21 at K i
50.007431010 m21. The corresponding formation time
are 37 ps for the light-hole exciton and 30 ps for the hea
hole exciton. On the other hand, atK i50 the formation rate
and time of the light-hole exciton are 2.631010 s21 and 38
ps, and those for the heavy-hole exciton are 2.531010 s21

and 40 ps, respectively. Therefore, in this case, we conc
that the formation of a light-hole exciton is dominant ne
zero values ofK i whereas that of a heavy-hole exciton
dominant at larger values ofK i .

In summary, we have presented the theory of format
processes of an exciton due to the LO-phonon interaction
a function of exciton wave vectorK i , charge-carrier tem-
peratureTe-h , and charge-carrier densityne-h in quantum
wells. The theory developed is applied to GaAs quant
wells. We have found that the formation of an exciton occ
dominantly at a nonzeroK i , and it depends on the charge
carrier density and temperature. It is also found that the
havior of the formation of an exciton depends significan
on the width of the quantum wells. Our results also illustra
very clearly the square-law dependence of the formation
of an exciton onne-h in agreement with the square-law d
pendence of photoluminescence on the excitation densit
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FIG. 4. The formation rate of an exciton in GaAs quantum we
as a function of the carrier densityne-h at Te-h560 K for different
well widths and center-of-mass wave vectors,Lz580 Å, K i50
~dash-dot curve!, Lz5150 Å, K i50 ~solid curve with triangles!,
Lz5250 Å, K i50 (1111 curve!, Lz580 Å, K i50.003
31010 m21 ~dashed curve!, Lz5150 Å, K i50.00331010 m21

~dash-dot-dot-dot curve!, Lz5250 Å, K i50.00331010 m21

~solid curve!, Lz580 Å, K i50.007531010 m21 ~solid curve with
diamonds!, Lz5150 Å, K i50.007531010 m21 ~long dashed
curve!, and Lz5250 Å, K i50.007531010 m21 ~dotted curve!.
The numbersx in the figure are obtained from the curve fittin
W(ne-n)5bne-h

x .
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