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Column buckling of multiwalled carbon nanotubes with interlayer radial displacements
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An elastic model is presented for column buckling of a multiwalled carbon nanotube embedded within an
elastic medium. The emphasis is placed on the role of interlayer radial displacements between adjacent nano-
tubes. In contrast to an existing model which treats the entire multiwalled nanotube as a single column, the
present model treats each of the nested tubes as an individual column interacting with adjacent nanotubes
through the intertube van der Waals forces. Based on this model, a condition is derived in terms of the
parameters describing the van der Waals interaction, under which the effect of the noncoincidence of all
deflected column axes is so small that it does not virtually affect the critical axial strain. In particular, this
condition is met for carbon multiwalled nanotubes provided that the half-wavelength of the buckling mode is
much larger than the outermost diameter. In this case, the critical axial strain can be predicted correctly by the
existing single-column model. On the other hand, the existing model could overestimate the critical axial strain
when the half-wavelength of the buckling mode is close to or smaller than the outermost radius.
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I. INTRODUCTION

The discovery of carbon nanotubes1 attracted wide atten
tion and stimulated extensive experimental and theoret
studies.2 Numerous studies showed that carbon nanotu
exhibit superior mechanical properties over other known m
terials, and hold substantial promise as superfibers for c
posite materials.3 Hence one of the most promising applic
tions of carbon nanotubes is likely to take advantage of th
exceptionally high stiffness combined with their excelle
resilience. Owing to their large aspect ratio and hollow g
ometry, various buckling behaviors of carbon nanotubes,
shell or a column, and under bending4 or axial
compression,5–9 have been the subjects of numerous rec
experimental and molecular-dynamics simulations. More
cently, considerable attention was directed to mechanical
havior of carbon nanotubes embedded in a polymer or m
matrix.7,10–13These prior studies indicated that ‘‘the laws
continuum mechanics are amazingly robust and allow on
treat even intrinsically discrete objects only a few atoms
diameter’’ ~Yakobson and Smalley2!. Thus, because atomis
tic modeling remains expensive for MWNT’s~multiwalled
nanotubes!, continuum mechanics models are particula
useful for the study of carbon nanotubes. However, ther
strong evidence14 that the interlayer displacements and t
associated van der Waals forces could have a crucial e
on the mechanical behavior of carbon MWNT’s. For th
reason, existing continuum models~for instance, elastic col-
umn, and shell models! cannot be directly applied to
MWNT’s. This raises a major challenge to conventional co
tinuum models.

It is known5 that actual bending stiffness of carbo
SWNT’s ~single-walled nanotubes! is low ~about 25 times
lower than that predicted by the elastic shell model if a r
resentative thickness of 0.34 nm is used!. Hence one could
consider MWNT’s as candidates to improve bending st
ness. Carbon MWNT’s are distinguished from tradition
single-layer elastic tubes due to their hollow multilay
structure and the associated intertube van der Waals fo
PRB 620163-1829/2000/62~24!/16962~6!/$15.00
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On the one hand, it is known that the friction energy barr
between adjacent tubes in carbon MWNT’s is so low that
latter could freely slide and rotate toward each other15 ~see
Ref. 16 for the curvature effect!. On the other hand, althoug
the van der Waals forces17,18 resist interlayer radial displace
ments, it is not clear whether the magnitude of the van
Waals interaction in carbon nanotubes is strong enough
prevent any significant interlayer radial displacement. He
it is anticipated5 that interlayer displacements could affe
the overall buckling behavior of carbon MWNT’s. In spite o
this, almost all previous works~see, e.g., Ref. 7 and Falv
et al. and Govindjee and Sackman in Ref. 4! ignored inter-
layer displacements, and treated a MWNT as a single she
column described by a single deflection function. The val
ity and limitations of such a simplified model call for a tho
ough study. To our knowledge, this issue has yet to be
vestigated.

To study this issue, a double-shell model was recen
suggested by the present author19 for axially compressed
shell buckling of carbon DWNT’s~double-walled nano-
tubes!. It was shown19 that inserting an inner tube into
SWNT does not change the critical axial strain of the sh
buckling, provided the inner tube is allowed to freely slid
with respect to the outer one.15 This conclusion is in sharp
contrast to the single-layer shell model~see Ref. 20!, which
predicted that the critical axial strain of a cylindrical she
doubles when its thickness doubles. This remarkable disc
ancy clearly indicates the significant effect of interlayer d
placements. It is this idea that encourages us to study
effect of interlayer displacements on column buckling of c
bon MWNT’s.

In this paper, a multiple-column model is presented
linearized column buckling of carbon MWNT’s. In contra
to the existing single-column model, which ignores inte
layer displacements and treats a MWNT as a single colu
the present model assumes that each of the nested conc
nanotubes is an individual hollow column, and that the d
flections of all columns are coupled to each other through
van der Waals interaction between adjacent nanotu
16 962 ©2000 The American Physical Society
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Based on this model, a general condition is derived wh
ensures that the effect of interlayer radial displacements
column buckling is negligible. Under this condition, the cri
cal axial strain predicted by the present model is identica
that given by the existing single-column model.

II. MULTIPLE-COLUMN MODEL

The existing single-column model4,7 is based on the as
sumption that all individual tubes of a MWNT remain c
axial during deformation, and thus can be described b
single deflection curve. In reality, due to different geomet
radii and external conditions~such as different end cond
tions and surrounding conditions!, individual tubes of a
MWNT could deform independently with nonzero interlay
radial displacements, while their individual deformations a
couped through the intertube van der Waals forces. In p
ticular, the interlayer radial displacements and the gener
noncoincidence of the deflected column axes could af
overall mechanical behavior of the MWNT. It is these ide
that motivate the present multiple-column model for carb
MWNT’s.

It is known20 that the deflection curve of an elastic co
umn under constant axial load and distributed lateral p
sure is governed by

p~x!1F
d2w

dx2 5EI
d4w

dx4 , ~1!

wherex is the axial coordinate,w(x) is the deflection of the
column, F is the constant axial force,E is the Young’s
modulus,I is the moment of inertia of the cross-section, a
p(x) is the distributed lateral pressure per unit axial len
~measured positive in the direction of the deflection!. Be-
cause all inner tubes of carbon MWNT’s are found to be w
stressed when a MWNT’s is compressed,12 throughout the
paper, the axial compressive stresssx

0 prior to buckling is
assumed to be uniform over the entire cross-section.

Equation~1! can be used to each of all nested tubes o
carbon MWNT embedded within an infinite elastic mediu
Here, the subscripts 1,2, . . . ,N are used to denote the qua
tities associated with the innermost tube, its neighbor
tube, etc., and the outermost tube, respectively. Thus, it
lows from Eq.~1! that

p12~x!1F1

d2w1

dx2 5EI1

d4w1

dx4 ,

p23~x!2p12~x!1F2

d2w2

dx2 5EI2

d4w2

dx4 ,

p~N21!N~x!2p~N22!~N21!~x!1FN21

d2wN21

dx2

5EIN21

d4wN21

dx4 ,

pN~x!2p~N21!N~x!1FN

d2wN

dx2 5EIN

d4wN

dx4 , ~2!

where all nanotubes are assumed to have the same You
modulus,p12 denotes the resultant van der Waals press
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per unit axial length exerted on tube 1 by tube 2~the inter-
action forces are equal and opposite to any two adjac
tubes!, andpN is the interaction pressure per unit axial leng
between the outermost tube and the surrounding elastic
dium.

The van der Waals interaction energy potential, as a fu
tion of the interlayer spacing between two adjacent tub
can be estimated by the Lennard-Jones model.17,18In view of
the linearized characteristic of the present buckling analy
the van der Waals interaction pressure at any given poix
between two adjacent tubes should be a linear function of
deflection jump at that point. On the other hand, because
resultant interaction pressure, or its energy potential, is
fined per unit axial length, it should be proportional to t
circumferential dimension~for instance, the inner radius! of
the adjacent tubes. Thus one can assume that the intera
energy potential per unit axial length between any two ad
cent tubes is 2Rig(d), whereg(d) is a universal function of
the interlayer spacingd, andRi is the inner radius. Note tha
the radii of nanotubes are usually not smaller than 0.5 nm16

g(d) can be well estimated by using the energy potential
unit area between two flat graphite sheets, as given by G
falco and Lad.18 In doing so, the resultant interaction pre
sure~from both sides! between any two adjacent tubes of th
inner radiusRi is given by

Ri

dg

ddU
d5t

1c~Dw!, c52Ri

d2g

dd2U
d5t

, ~3!

where t is the initial interlayer spacing prior to buckling
(Dw) is the deflection jump due to buckling, and all highe
order terms have been neglected because the present an
is linearized in nature. For the present model, the initial
terlayer spacing~about 0.34 nm! is equal or very close to the
equilibrium interlayer spacing at whichdg/dd50,18 then the
first term of Eq.~3! vanishes or is negligible everywhere
implying that all initial interlayer pressures vanish prior
buckling. It then follows from Eq.~3! that the interaction
pressure per unit axial length isc(Dw), and we have

p125c12@w22w1#, p235c23@w32w2#, . . . ,

p~N21!N5c~N21!N@wN2wN21#, ~4!

where

c1252R1

d2g

dd2U
d5t

, c2352R2

d2g

dd2U
d5t

, . . . ,

c~N21!N52RN21

d2g

dd2U
d5t

. ~5!

In addition, assuming that the bond strength between
outermost nanotube and the surrounding elastic medium
strong,10–12 the interaction pressure per unit axial length b
tween the outermost tube and the elastic medium can
described by a Winkler-like model7,21

pN~x!52kwN~x!, ~6!

wherek is the spring constant of the surrounding elastic m
dium ~it is twice that used in Ref. 7, because the result
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forces on two sides of each column are equal!. Now, substi-
tution of Eqs.~4! and ~6! into Eq. ~2! gives

c12@w22w1#1F1

d2w1

dx2 5EI1

d4w1

dx4 ,

c23@w32w2#2c12@w22w1#1F2

d2w2

dx2 5EI2

d4w2

dx4 ,

. . . , ~7!

c~N21!N@wN2wN21#2c~N21!~N22!@wN212wN22#

1FN21

d2wN21

dx2 5EIN21

d4wN21

dx4 ,

2kwN~x!2c~N21!N@wN2wN21#1FN

d2wN

dx2 5EIN

d4wN

dx4 .

These equations are coupled to each other due to the van
Waals interaction terms, which vanish only when all de
flected column axes are coincident; see Fig. 1. Here, all p
rametersci ( i 11) @ i 51,2, . . . ,(N21)# defined by Eq.~5! at
the initial interlayer spacing are bounded. It is seen fro
Eqs.~7! that the exact solution with coincident deflected co
umn axes@that is,wi(x)5w(x) for i 51,2, . . . ,N# does not
exist because any single function cannot satisfy allN differ-
ent equations in Eqs.~7!. This means that, although the van
der Waals repulsive forces could largely restrict the nonc
incidence of the deflected column axes, the actual colum
axes cannot be coincident. In particular, due to lineariz
characteristic of column buckling, it is expected that even
small noncoincidence of the deflected column axes cou
affect the critical axial strain of column buckling. Hence it is
significant to quantify the effect of the non-coincidence o
the deflected column axes on the column buckling.

FIG. 1. Column buckling of a multiwalled nanotube with non
coincident deflected axes.
der
-
a-

-

-
n
d
a
ld

f

III. CRITICAL AXIAL STRAIN

To identify the magnitude of the parametersci ( i 11) @ i
51,2, . . . ,(N21)# which assures that the noncoinciden
of the deflected column axes is negligible, let us conside
free-standing DWNT. WhenN52 and k50, Eqs. ~7! be-
come

c12@w22w1#1sx
0A1

d2w1

dx2 5EI1

d4w1

dx4 ,

~8!

2c12@w22w1#1sx
0A2

d2w2

dx2 5EI2

d4w2

dx4 ,

where the axial stress is uniform over the entire cross s
tion. Let us consider the hinged boundary conditions.20,22

Thus, substituting the expressions

w15 f 1 sin
np

L
x, w25 f 2 sin

np

L
x ~9!

into Eqs.~8!, the existence condition for a nonzero solutio
of the coefficient pair (f 1 , f 2) is

a~sx
0!21bsx

01c50, ~10!

where

a5S np

L D 4

A1A2 ,

b5S np

L D 2

A1FEI2S np

L D 4

1c12G1A2S np

L D 2

3Fc121EI1S np

L D 4G , ~11!

c5EI1S np

L D 4FEI2S np

L D 4

1c12G1c12EI2S np

L D 4

.

Hence the critical axial strain is

2
sx

0

E
5

1

2A2
F I 2S np

L D 2

1
c12

E~np/L !2G1
1

2A1
F c12

E~np/L !2

1I 1S np

L D 2G2XH 1

2A2
F I 2S np

L D 2

1
c12

E~np/L !2G
2

1

2A1
F c12

E~np/L !2 1I 1S np

L D 2G J 2

1
c12

2

A1A2E2~np/L !4 C1/2

. ~12!

When the interlayer radial displacements are prohibit
the DWNT is equivalent to a single hollow column of th
thickness (2t). In this case, the critical axial strain is give
by the classic formula20

2
sx

0

E
5

I

A S np

L D 2

, I 5I 11I 2 , A5A11A2 , ~13!
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whereI andA are the total area and total moment of iner
of the entire cross section. Hence the difference between
critical strains given by Eqs.~12! and ~13! represents the
effect of the interlayer radial displacement on column bu
ling. Now let us find out the condition under which the e
pression~12! reduces to Eq.~13!.

It is expected that the magnitude of the parameterc12 is
essential. To see this, first, if the parameterc12 is so small
that

c12

EAR2 S L

np D 4

!1, ~14!

then it can be verified that expression~12! reduces to

2
sx

0

E
5

I 1

A1
S np

L D 2

. ~15!

The interpretation of Eq.~15! is simple: when the van de
Waals interaction is absent, the innermost tube behaves
an isolated tube and then buckles first. In this case, the c
cal strain@Eq. ~15!# is lower than Eq.~13!, indicating that the
critical strain of the DWNT is determined by the innermo
tube of lower buckling strength. It is easy to understand t
this reduction of the critical strain could be substantial wh
the number of the inner layers is so large that the innerm
tube has a very small radius and buckling strength. Hence
existing single-column model could substantially overe
mate the critical axial strain for linearized column bucklin
of a MWNT when the van der Waals interaction is extrem
weak.

Here it should be stated that mechanical and electro
properties of carbon MWNT’s could be very sensitive
even small radial distortion~see, e.g., Ref. 14! or buckling
deflection of individual inner tubes in some applications. F
instance, carbon MWNT’s have been used as tips for ato
force microscopy.23 In that case, interlayer radial displac
ments caused by column buckling of the inner tubes co
significantly affect the mechanical and electronic perf
mance of the MWNT. This also justifies the need to quan
the interlayer radial displacements and their effect on line
ized column buckling of carbon MWNT’s.

On the other hand, if the parameterc12 is extremely large,
so that

c12

EpR4 S L

np D 4

@1, ~16!

it can be verified that the square root in Eq.~12! becomes

1

2 S 1

A2
1

1

A1
D c12

ES np

L D 2 1

S 1

A2
2

1

A1
D S I 2

A22
I 1

A1
D

2S 1

A2
1

1

A1
D S np

L D 2

,

and then the critical axial strain@Eq. ~12!# is given by

2
sx

0

E
5

1

2 S np

L D 2F I 2

A2
1

I 1

A1
2

~A12A2!~A1I 22I 1A2!

A1A2~A11A2! G
5S np

L D 2 I 11I 2

~A11A2!
, ~17!
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which is identical to Eq.~13!, given by the existing single-
column model. Hence the existing single-column mod
gives the correct critical axial strain when the van der Wa
interaction between adjacent nanotubes is strong enough
condition ~16! is met. Because the coefficientc12 is propor-
tional to the radius, it is noted that condition~16! is met for
a MWNT if it is met for its outermost radius.

To examine the implications of condition~16!, let us dis-
cuss carbon nanotubes. Let the interaction energy pote
~per cm2! between two monolayer graphite sheets beg(d),
according to the data given in Girifalco and Lad,18 it is found
that

d2g

dd2U
d52.4d

;
200 erg/cm2

0.16d2 , d51.4231028 cm,

then

c125
200~2R! erg/cm2

0.16d2 ,

whereR ~measured in cm! denotes the inner radius of eac
pair of nanotubes. For instance, ifR55 nm, then it is found
that

c1251013erg/cm351 TPa. ~18!

Since the order of magnitude ofE for carbon nanotubes is
about 1 TPa~for a review of recent results, see Popo
Doren, and Balkanski in Ref. 3!, condition ~16! for carbon
nanotubes of the outermost radius 5 nm reads, appr
mately,

1

p S L

npRD 4

@1. ~19!

For carbon MWNT’s of smaller outermost radius, conditio
~16! has a form close to Eq.~19!. For instance, when the
outermost radius is 1 nm andE51 TPa, condition~16! be-
comes

1

5p S L

npRD 4

@1.

Because the above condition and condition~19! are propor-
tional to the fourth power of (L/R), the restriction imposed
on (L/R) by the above condition is only slightly differen
from that imposed by condition~19!. Hence, without loss of
the generality, all subsequent discussions are given for c
dition ~19!.

Roughly, condition~19! requires that the half-wavelengt
of the buckling mode is much~say, at least a few times!
larger than the outermost diameter of the MWNT. In oth
words, the van der Waals forces between adjacent nanot
can be regarded as ‘‘infinitely’’ strong if condition~19! is
met.

When the van der Waals forces are infinitely strong,
jumps of the deflection between any two adjacent nanotu
should be infinitely small~compared to the deflection itself!
because all van der Waals interaction terms in Eq.~7! must
be bounded. This implies that all deflection curves are id
tical and thenwi(x)5w(x) for i 51,2, . . . ,N. In this ex-
treme case, summing all of Eqs.~7!, one can obtain
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2kw~x!1sx
0~A11A21¯1AN!

d2w

dx2

5E~ I 11I 21¯1I N!
d4w

dx4 , ~20!

where all subscripts forw(x) have been dropped. Obviousl
Eq. ~20! is identical to the governing equation of a MWN
when it is treated as a single column having the total areA
and the moment of inertiaI. In this case, if the hinged en
conditions are assumed, Eq.~20! leads to the critical axia
stress

2sx
05

k

A~np/L !2 1
EI

A S np

L D 2

, ~21!

which is equivalent to the formula used in Ref. 7~where a
factor of 4 was multiplied to the first term because they
sumed clamped end conditions!. Hence, when the van de
Waals interaction is extremely strong, as defined by Eq.~19!,
the interlayer radial displacements can be neglected as c
pared to the deflection itself, and the existing single-colu
model @Eq. ~20!# can be applied to carbon MWNT’s.

For example, when a very compliant surrounding elas
medium~such as a polymer! is used, the half wave numbern
is very small~for instance, it is 1 or 2 in Ref. 7! for carbon
MWNT’s of moderate aspect ratio. In this case, conditi
~19! holds well, and the existing single-column model can
used to study column buckling. On the other hand, if
surrounding elastic medium is reasonably stiff and the as
ratio of the MWNT is sufficiently large so that

kL4

EI
@1, ~22!

then the integern is large compared to unity, and the ha
wavelength is given by

L

np
5S EI

k D 1/4

. ~23!

In this case, condition~19! reads

EI

kR4 @1. ~24!

It is noted that condition~24! could be consistent with Eq
~22! only when the spring constantk @defined for per unit
axial length; see Eq.~6!# is much smaller than the Young’
modulusE, but the length of the column is much larger th
the outermost radius. For instance, when a MWNT s
rounded by many other nanotubes~such as nanotube rope!
is considered, it seems that the spring constantk could have
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an order of magnitude close toc12 estimated by Eq.~18!. If
it is the case, condition~22! holds for MWNT’s of large
aspect ratio, but condition~24! could fail. This suggests tha
the existing single-column model cannot be applied to
MWNT embedded in a very stiff elastic medium who
spring constant is of an order of magnitude close to
Young modulus of carbon nantotubes.

IV. CONCLUSIONS

An elastic model is presented for column buckling of ca
bon MWNT’s, which allows for interlayer radial displace
ments between adjacent nanotubes. It is found that the n
coincidence of the deflected column axes is negligi
provided the van der Waals interaction is so strong that c
dition ~16! is met. For carbon nanotubes, condition~16!
holds if the half-wavelength of buckling mode is much~say,
at least a few times! larger than the outermost diameter. U
der this condition, the existing single-column model is app
cable for column buckling of carbon MWNT’s. Howeve
the existing model is questionable when the half-wavelen
is close to or smaller than the outermost radius. For exam
this suggests that the existing single-column model canno
applied to a MWNT surrounded by a very stiff elastic m
dium.

These results on column buckling are in sharp contras
axially compressed shell buckling of carbon MWNT’s, fo
which study19 has indicated that interlayer displacemen
drastically reduce the critical axial strain of DWNT’s, re
gardless of the magnitude of the van der Waals forces. T
distinction is due to the fact that the bending stiffness of
tubes of a MWNT, as a column, is measured from the co
mon ~undeformed! central axis, and then will not chang
when some inner tubes are inserted or removed. On the o
hand, the bending stiffness of a MWNT as a shell is m
sured from its middle face, and then changes when so
inner tubes are inserted or removed. This explains why
terlayer displacements have substantial influence on s
buckling of MWNT’s, as shown in Ref. 19 for DWNT’s
Finally, it should be stated that the multiple-column mod
proposed here could be used to study other phenom
caused by interlayer displacements in carbon MWNT’s, su
as intrinsic dynamic damping due to interlayer friction, a
the end deformation of clamped MWNT’s in which all inne
tubes are free or hinged at the end whereas the outerm
tube is clamped.
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