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Column buckling of multiwalled carbon nanotubes with interlayer radial displacements
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An elastic model is presented for column buckling of a multiwalled carbon nanotube embedded within an
elastic medium. The emphasis is placed on the role of interlayer radial displacements between adjacent nano-
tubes. In contrast to an existing model which treats the entire multiwalled nanotube as a single column, the
present model treats each of the nested tubes as an individual column interacting with adjacent nanotubes
through the intertube van der Waals forces. Based on this model, a condition is derived in terms of the
parameters describing the van der Waals interaction, under which the effect of the noncoincidence of all
deflected column axes is so small that it does not virtually affect the critical axial strain. In particular, this
condition is met for carbon multiwalled nanotubes provided that the half-wavelength of the buckling mode is
much larger than the outermost diameter. In this case, the critical axial strain can be predicted correctly by the
existing single-column model. On the other hand, the existing model could overestimate the critical axial strain
when the half-wavelength of the buckling mode is close to or smaller than the outermost radius.

[. INTRODUCTION On the one hand, it is known that the friction energy barrier
between adjacent tubes in carbon MWNT’s is so low that the

The discovery of carbon nanotubesttracted wide atten- latter could freely slide and rotate toward each othésee
tion and stimulated extensive experimental and theoreticaRef. 16 for the curvature effectOn the other hand, although
studies’ Numerous studies showed that carbon nanotubethe van der Waals forc&s'®resist interlayer radial displace-
exhibit superior mechanical properties over other known maments, it is not clear whether the magnitude of the van der
terials, and hold substantial promise as superfibers for comAaals interaction in carbon nanotubes is strong enough to
posite material$.Hence one of the most promising applica- prevent any significant interlayer radial displacement. Hence
tions of carbon nanotubes is likely to take advantage of theiit is anticipated that interlayer displacements could affect
exceptionally high stiffness combined with their excellentthe overall buckling behavior of carbon MWNT's. In spite of
resilience. Owing to their large aspect ratio and hollow ge-his, almost all previous workésee, e.g., Ref. 7 and Falvo
ometry, various buckling behaviors of carbon nanotubes, as et al. and Govindjee and Sackman in Rej.ignored inter-
shell or a column, and under bendingor axial layer displacements, and treated a MWNT as a single shell or
compression, ® have been the subjects of numerous recentolumn described by a single deflection function. The valid-
experimental and molecular-dynamics simulations. More reity and limitations of such a simplified model call for a thor-
cently, considerable attention was directed to mechanical besugh study. To our knowledge, this issue has yet to be in-
havior of carbon nanotubes embedded in a polymer or metalestigated.
matrix.” 113 These prior studies indicated that “the laws of =~ To study this issue, a double-shell model was recently
continuum mechanics are amazingly robust and allow one tsuggested by the present autfiofor axially compressed
treat even intrinsically discrete objects only a few atoms inshell buckling of carbon DWNT’s(double-walled nano-
diameter” (Yakobson and Smalléy Thus, because atomis- tubes. It was showf® that inserting an inner tube into a
tic modeling remains expensive for MWNT{gultiwalled  SWNT does not change the critical axial strain of the shell
nanotubegs continuum mechanics models are particularlybuckling, provided the inner tube is allowed to freely slide
useful for the study of carbon nanotubes. However, there isvith respect to the outer orfe.This conclusion is in sharp
strong evidenc¥ that the interlayer displacements and thecontrast to the single-layer shell modske Ref. 2) which
associated van der Waals forces could have a crucial effegredicted that the critical axial strain of a cylindrical shell
on the mechanical behavior of carbon MWNT’s. For this doubles when its thickness doubles. This remarkable discrep-
reason, existing continuum modéfer instance, elastic col- ancy clearly indicates the significant effect of interlayer dis-
umn, and shell modelscannot be directly applied to placements. It is this idea that encourages us to study the
MWNT’s. This raises a major challenge to conventional con-effect of interlayer displacements on column buckling of car-
tinuum models. bon MWNT'’s.

It is knowrP that actual bending stiffness of carbon In this paper, a multiple-column model is presented for
SWNT’s (single-walled nanotubgss low (about 25 times linearized column buckling of carbon MWNT's. In contrast
lower than that predicted by the elastic shell model if a repto the existing single-column model, which ignores inter-
resentative thickness of 0.34 nm is usddence one could layer displacements and treats a MWNT as a single column,
consider MWNT's as candidates to improve bending stiff-the present model assumes that each of the nested concentric
ness. Carbon MWNT’s are distinguished from traditionalnanotubes is an individual hollow column, and that the de-
single-layer elastic tubes due to their hollow multilayer flections of all columns are coupled to each other through the
structure and the associated intertube van der Waals forcegan der Waals interaction between adjacent nanotubes.
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Based on this model, a general condition is derived whickper unit axial length exerted on tube 1 by tubétize inter-
ensures that the effect of interlayer radial displacements oaction forces are equal and opposite to any two adjacent
column buckling is negligible. Under this condition, the criti- tubes, andpy is the interaction pressure per unit axial length
cal axial strain predicted by the present model is identical tdetween the outermost tube and the surrounding elastic me-

that given by the existing single-column model. dium.
The van der Waals interaction energy potential, as a func-
Il. MULTIPLE-COLUMN MODEL tion of the interlayer spacing between two adjacent tubes,

o _ _ can be estimated by the Lennard-Jones m&d¥lin view of

The existing single-column model is based on the as-  the linearized characteristic of the present buckling analysis,
sumption that all individual tubes of a MWNT remain co- the yan der Waals interaction pressure at any given point
axial during deformation, and thus can be described by &etween two adjacent tubes should be a linear function of the
single deflection curve. In reality, due to different geometricqefiection jump at that point. On the other hand, because the
radii and external conditiongsuch as different end condi- regyitant interaction pressure, or its energy potential, is de-
tions and surrounding conditiopsindividual tubes of & fined per unit axial length, it should be proportional to the
MWNT could deform independently with nonzero interlayer cjrcumferential dimensioifor instance, the inner radiusf
radial displacements, while their individual deformations areype adjacent tubes. Thus one can assume that the interaction
couped through the intertube van der Waals forces. In pafanergy potential per unit axial length between any two adja-
tlcular,_ th_e interlayer radial displacements and the generateghnt tubes is R,g(5), whereg(d) is a universal function of
noncoincidence of the deflected column axes could affeciye interlayer spacing, andR; is the inner radius. Note that
overall mechanical behavior of the MWNT. Itis these ideasihe ragii of nanotubes are usually not smaller than 0.5hm,
that mc3t|vate the present multiple-column model for carborb(é) can be well estimated by using the energy potential per
MWNT S- ) ) unit area between two flat graphite sheets, as given by Giri-

It is knowrf® that the deflection curve of an elastic col- {500 and Lad® In doing so, the resultant interaction pres-
umn under constant axial load and distributed lateral Pressyre(from botH side}sbetweeh any two adjacent tubes of the

sure is governed by inner radiusR; is given by
d®w dw 2
_ d d
PO +F g =El g @ Ros  +c(Aw), c¢=2R=—9 ,  ©
ddl 5, 4%,

wherex is the axial coordinatey(x) is the deflection of the . o . . .
column, F is the constant axial forceE is the Young's wheret is the initial interlayer spacing prior to buckling,

modulus,| is the moment of inertia of the cross-section, and(AW) is the deflection jump due to buckling, and all higher-
p(x) is the distributed lateral pressure per unit axial Iength_ord_er terms have been neglected because the pfes‘?”.‘.a”f”"ys's
(measured positive in the direction of the deflectioRe- 'S linearized in nature. For the_ present model, the initial in-
cause all inner tubes of carbon MWNT's are found to be We"terlayer spacingabout 0.34 nris equal or very close to the
stressed when a MWNT's is compress&dhroughout the  €duilibrium interlayer spacing at whiahg/d =018 then the

paper, the axial compressive stres% prior to buckling is first term of Eq.(3)_ .var)ishes or is negligible eyerywhere,
assumed to be uniform over the entire cross-section. implying that all initial interlayer pressures vanish prior to

Equation(1) can be used to each of all nested tubes of abucklmg. I then foII_ows from_Eq(3) that the interaction
ressure per unit axial length i§Aw), and we have

carbon MWNT embedded within an infinite elastic medium. P
Here, the subscripts 1,2. . N are used to denote the quan- = Woe W = Cod Wae W
tities associated with the innermost tube, its neighboring P1=CidWo= Wi, Pas=Cad W= Wel. . ..,

tube, etc., and the outermost tube, respectively. Thus, it fol- PN 1= Cn- Hn[Wa— Wy 1], ()
lows from Eq.(1) that

P, dw, where
P1AX)+F1go =Eliga L, d2g . dyg
Clz— le y 023—2R2w y voe ey
d?w, d*w, ot o=t
P23(X) = P1AX) + F3 v =El; RV d2g
C(Nfl)NZZRNle 6)
dZWN_l 5=t

) = PN=—2)(N-1)(X) F N . .
Pav-und PN-2N-1) NI odx In addition, assuming that the bond strength between the

outermost nanotube and the surrounding elastic medium is

4
- E,N_1%, strong!®~*?the interaction pressure per unit axial length be-
dx* tween the outermost tube and the elastic medium can be
2 4w described by a Winkler-like modet!
N N
Pn(X) = Pn-1)n(X) +Fy R =Ely vt (2 (%) = — kwy (), ©6)

where all nanotubes are assumed to have the same Youngigerek is the spring constant of the surrounding elastic me-
modulus,p;, denotes the resultant van der Waals pressuréium (it is twice that used in Ref. 7, because the resultant
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Ill. CRITICAL AXIAL STRAIN

To identify the magnitude of the parametess; ) [i
=1,2,...,N—1)] which assures that the noncoincidence
of the deflected column axes is negligible, let us consider a
free-standing DWNT. WhemN=2 and k=0, Egs.(7) be-
come

0. d2wy d*w,
Cif Wo—Wq]+0,A; B =El, RV

®

2

0. d2w, d*w,
—Cif Wo—Wq]+0,A; D2 =El,

dx*

where the axial stress is uniform over the entire cross sec-
tion. Let us consider the hinged boundary conditith?.
Thus, substituting the expressions

 the undeflected state the deflected state with n nw

with coincident axes non-coincident axes wy=T; SINT =X, Wa= f2 sin7—X ©

FIG. 1. Column buckling of a multiwalled nanotube with non- into Egs.(8), the existence condition for a nonzero solution

coincident deflected axes. of the coefficient pair {4,f,) is
forces on two sides of each column are egusbw, substi- a(oy)?+bal+c=0, (10
tution of Egs.(4) and(6) into Eq.(2) gives
gs.(4) and (6) into Eq.(2) g where
dZWl d4W1 4
_ - nw
CidWy—wy]+Fy D El, RVl a= T) ALA,,
d?w, d*w, 2 4 2
_ n nw nr
Cod W3—Wo] = CifWo—w1]+F, 32 _Eloga b:(T) Al{Elz(T +eppl+A, T)
4
nw
" (7) X C12+ Ell T) :|, (11)
Cn—DN[WN—WN—1] = C(n—1)(N—2)[ WN—1—Wn—2] 4 . .
2 d* El (nw El (nw 1 Gyl +CpEl (nw)
WN-1 Wn-1 C=El| — 2l 7 Cio| TCoplpl = .«
+FN—1 dX2 _EIN_l—dX4 y L L L
Hence the critical axial strain is
2 4
N dwy 0 )
—kwy(X) = Cn-pn[Wn—Wh-1]+ Py gz =Eln g o 1 I BACA T +i Ci2
E 2A,| 2 L E(nm/L)?|  2A;| E(nm/L)?

These equations are coupled to each other due to the van der
Waals interaction terms, which vanish only when all de- 1, —
flected column axes are coincident; see Fig. 1. Here, all pa-
rametersc;; 1) [i=1,2,...,N—1)] defined by Eq(5) at

1
28,

| n 2 C12
2T T EmaiL)?

21\ 2
the initial interlayer spacing are bounded. It is seen from _i izﬂl(n_ﬂ') ”
Eqgs.(7) that the exact solution with coincident deflected col- 2A1 | E(nmr/L) L
umn axedthat is,w;(x) =w(x) for i=1,2,... N] does not o2 12
exist because any single function cannot satisfyNadliffer- + %) (12)
ent equations in Eqg7). This means that, although the van A1AES(n7/L)

der Waals repulsive forces could largely restrict the nonco- ) . . -
incidence of the deflected column axes, the actual column VWhen the interlayer radial displacements are prohibited,

axes cannot be coincident. In particular, due to linearized"® PWNT is equivalent to a single hollow column of the
characteristic of column buckling, it is expected that even ghickness (2). In thlsﬁgcase, the critical axial strain is given
small noncoincidence of the deflected column axes coul®Y the classic formu

affect the critical axial strain of column buckling. Hence it is o 5

e ; o o nar
significant to quantify the effect of the non-coincidence of X _ ( ) L l=1,41,, A=A+A,, (13

the deflected column axes on the column buckling. E AlL
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wherel andA are the total area and total moment of inertiawhich is identical to Eq(13), given by the existing single-
of the entire cross section. Hence the difference between theolumn model. Hence the existing single-column model
critical strains given by Eqs12) and (13) represents the gives the correct critical axial strain when the van der Waals
effect of the interlayer radial displacement on column buck-nteraction between adjacent nanotubes is strong enough that
ling. Now let us find out the condition under which the ex- condition(16) is met. Because the coefficieo}, is propor-
pression(12) reduces to Eq(13). tional to the radius, it is noted that conditi@h6) is met for

It is expected that the magnitude of the parametgris a MWNT if it is met for its outermost radius.
essential. To see this, first, if the parametes is so small To examine the implications of conditiqi6), let us dis-

that cuss carbon nanotubes. Let the interaction energy potential
4 (per cnf) between two monolayer graphite sheetsgé),
€z [ L <1 (14) according to the data given in Girifalco and L4t is found
EAR \nm ' that
then it can be verified that expressi@®) reduces to d%g 200 erg/cm
W ’Vw, d=1.42><10’80m,
al 1y (nw)z 15 5=2.4d :
E A/\LJ" (19 then
The interpretation of Eq(l5) is simple: when the van der 20Q2R) erg/cn?

Waals interaction is absent, the innermost tube behaves like
an isolated tube and then buckles first. In this case, the criti-
cal strain[Eq. (15)] is lower than Eq(13), indicating that the  whereR (measured in cindenotes the inner radius of each
critical strain of the DWNT is determined by the innermost pair of nanotubes. For instance Rf=5 nm, then it is found
tube of lower buckling strength. It is easy to understand thathat
this reduction of the critical strain could be substantial when
the number of the inner layers is so large that the innermost
tube has a very small radius and buckling strength. Hence the, . .
existing single){column model could su%stantiglly overesti—glnce the order of mag_nltude & for carbon nanotubes is
mate the critical axial strain for linearized column buckling about 1 TPa(for a review of recent results, see Popov,

of a MWNT when the van der Waals interaction is extremerDoren’ and Balkanski in Ref.)Sco_nd|t|on(16) for carbon .
weak. nanotubes of the outermost radius 5 nm reads, approxi-

CT o1

c1,=10%erg/cn?=1 TPa. (18)

Here it should be stated that mechanical and electroni@ately'
properties of carbon MWNT’s could be very sensitive to 1/ L \4
even small radial distortioiisee, e.g., Ref. 24or buckling _(_) >1. (19
deflection of individual inner tubes in some applications. For m\n7R

instance, carbon MWNT's have been used as tips for atomig:or carhon MWNT's of smaller outermost radius, condition
force microscopy?® In that case, interlayer radial displace- 16) has a form close to Eq19). For instance, when the

ments caused by column buckling of the inner tubes coulgytermost radius is 1 nm ar=1 TPa condition(16) be-
significantly affect the mechanical and electronic perfor-.omes

mance of the MWNT. This also justifies the need to quantify

the interlayer radial displacements and their effect on linear- 1 L \4
ized column buckling of carbon MWNT’s. ﬁ(nrr_R) >
On the other hand, if the parametgy, is extremely large,
so that Because the above condition and condit{@8) are propor-
tional to the fourth power ofl(/R), the restriction imposed
C12 (L =1 (16) on (L/R) by the above condition is only slightly different
EmR*\nmw ' from that imposed by conditiofiL9). Hence, without loss of

the generality, all subsequent discussions are given for con-
dition (19).
Roughly, condition(19) requires that the half-wavelength

it can be verified that the square root in Efj2) becomes

(i_ i) I_é_ I_l) 5 of the buckling mode is muclisay, at least a few timgs
E(i i) C12 n Ay AJVA" A (”_77) larger than the outermost diameter of the MWNT. In other
2\A, A, nar\? 1 1 L)’ words, the van der Waals forces between adjacent nanotubes
E T 2 A_2+ A_1 can be regarded as “infinitely” strong if conditioflL9) is

2 1
Az A

0'2_1 na\?
S\ T

(A1_A2)(A1|2—|1A2)}
A1A (A1 +A)
[+15

n
=(T> (A A" an

met.

When the van der Waals forces are infinitely strong, all
jumps of the deflection between any two adjacent nanotubes
should be infinitely smallcompared to the deflection itsglf
because all van der Waals interaction terms in &g.must
be bounded. This implies that all deflection curves are iden-
tical and thenw;(x)=w(x) for i=1,2,... N. In this ex-
treme case, summing all of EqS.), one can obtain
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d?w an order of magnitude close tq, estimated by Eq(18). If
_kW(X)+US(A1+A2+"'+AN)&2— it is the case, conditiori22) holds for MWNT's of large
aspect ratio, but conditiof24) could fail. This suggests that
dw the existing single-column model cannot be applied to a
=E(litlat-+1N) g (20 MWNT embedded in a very stiff elastic medium whose

spring constant is of an order of magnitude close to the
where all subscripts farv(x) have been dropped. Obviously, Young modulus of carbon nantotubes.
Eq. (20) is identical to the governing equation of a MWNT

when it is treated as a single column having the total &ea IV. CONCLUSIONS
and the moment of inertia In this case, if the hinged end . . .
conditions are assumed, E@O0) leads to the critical axial An elastic model is presented for column buckling of car-
stress bon MWNT'’s, which allows for interlayer radial displace-
ments between adjacent nanotubes. It is found that the non-
o k El [n)\2 coincidence of the deflected column axes is negligible
- Ux:m+ K(T) . (21 provided the van der Waals interaction is so strong that con-

dition (16) is met. For carbon nanotubes, conditi¢h6)

which is equivalent to the formula used in Ref(wWhere a  holds if the half-wavelength of buckling mode is mucay,
factor of 4 was multiplied to the first term because they asat least a few time@darger than the outermost diameter. Un-
sumed clamped end conditionsdence, when the van der der this condition, the existing single-column model is appli-
Waals interaction is extremely strong, as defined by(E9),  cable for column buckling of carbon MWNT'’s. However,
the interlayer radial displacements can be neglected as corthe existing model is questionable when the half-wavelength
pared to the deflection itself, and the existing single-columns close to or smaller than the outermost radius. For example,
model[Eq. (20)] can be applied to carbon MWNT’s. this suggests that the existing single-column model cannot be

For example, when a very compliant surrounding elasticapplied to a MWNT surrounded by a very stiff elastic me-
medium(such as a polymeis used, the half wave number  djum.
is very small(for instance, it is 1 or 2 in Ref.)7or carbon These results on column buckling are in sharp contrast to
MWNT’s of moderate aspect ratio. In this case, COﬂditiOﬂaxia“y compressed shell buckling of carbon MWNT’s, for
(19) holds well, and the existing single-column model can bewhich study® has indicated that interlayer displacements
used to study column buckling. On the other hand, if thedrastically reduce the critical axial strain of DWNT's, re-
surrounding elastic medium is reasonably stiff and the aspegfardless of the magnitude of the van der Waals forces. This

ratio of the MWNT is sufficiently large so that distinction is due to the fact that the bending stiffness of all
4 tubes of a MWNT, as a column, is measured from the com-
KL . )
>1 (22) mon (undeformedl central axis, and then will not change
El ’ when some inner tubes are inserted or removed. On the other

hand, the bending stiffness of a MWNT as a shell is mea-
sured from its middle face, and then changes when some
inner tubes are inserted or removed. This explains why in-
L E|\ Y4 terlayer displacements have substantial influence on shell
(—) (23)  buckling of MWNT'’s, as shown in Ref. 19 for DWNT's.

then the integen is large compared to unity, and the half-
wavelength is given by

nm k Finally, it should be stated that the multiple-column model
In this case, conditior(19) reads proposed here could be used to study other phenomena
caused by interlayer displacements in carbon MWNT'’s, such
El =1 (24) as intrinsic dynamic damping due to interlayer friction, and
kR ™ the end deformation of clamped MWNT's in which all inner

tubes are free or hinged at the end whereas the outermost

It is noted that conditior{24) could be consistent with Eq. tube is clamped

(22) only when the spring constaikt[defined for per unit
axial length; see Eq6)] is much smaller than the Young's
modulusE, but the length of the column is much larger than
the outermost radius. For instance, when a MWNT sur- The financial support of the Natural Science and Engi-
rounded by many other nanotubesich as nanotube ropes neering Research Council of Canada is greatly acknowl-
is considered, it seems that the spring conskactuld have  edged.
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