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Magnetic field dependence of the carrier density and magnetization in a bismuth thin film
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The electrons and holes in a bismuth film placed in a transverse magnetic field assume three-dimensionally
quantized energy spectra. The nonparabolicity of the conduction band and the unique effective masses result in
a peculiar magnetic field dependence of the thermodynamical quantities in thénéhmal to the trigonal
axis). In particular, the carrier density and the magnetization exhibit unusual field dependences, quite different
from that for an ordinary de Haas—van Alphen effect. Lax’s energy-band model for bismuth electrons, and
experimental effective masses, with modification to account for the quantum size effect, were used in the
evaluations.

[. INTRODUCTION mental work in the future may either confirm such predic-
tions or provide information to improve the theory for the
In a previous work, we have studied the de Haas—van Study of bismuth thin films.
Alphen effect in an ultrathin film of semimetal bismuth. [N the work in Ref. 1, the effective masses gsed in the
Once the film thickness is sufficiently reduced, the quantungnalySes were directly from a report by Smithal.,” where
size effect would have pushed beyond the Fermi level all bu ulk crystals of semimetal bismuth were studied. It has been

the ground energy levels of the electrons and the holes, r({Eported that in thin films the quantum confinement would

. . ; odify, maybe significantly, the cyclotron as well as the
spectively, and the charge carriers would perform essentlallYongitudinal effective masses. Also from the work of Smith
two-dimensional motions. The electrons in semimetal bis-

. ; et al, the energy gaf, between the conduction band and
muth are well known for having a complicated energy SpeCihe yalence band directly underneath it assumed a constant
trum, featuring the nonparabolic ellipsoidal Fermi surface,iye of 15.3 meV. This constant, which is a characteristi-
among a few of the most commonly used mo&e@a:cord— _ cally important parameter associated with the nonparabolic
ingly, the de Haas—van Alphen effect exhibits more peculiahang modél of bismuth electrons, would obviously be sub-
oscillations as reported in Ref. 1. ject to an increase should the bottom of the conduction band
It is conceivable that the de Haas—van Alphen effect asthe lowest energy level of the electrons in the conduction
well as other thermodynamic quantities would exhibit sig-band move up due to the quantum size effect. We have
nificantly different features in films where the quantum sizetaken the quantum effects on the effective masses and on the
effect is neither extremely pronounced nor negligible so thaenergy gagE, into account in this work.
the motion of the charge carriers would be neither two di- In a pure bismuth crystal, the number of electrons in the
mensional2D) nor the same as in a bulk crystal. In fact, the conduction band is naturally equal to the number of holes in
electrons and/or holes would perform a three-dimensionallyhe valence band which overlaps the conduction band. This
(3D) quantized motion and the energy spectrum would bds the charge-neutrality condition that has been used exten-
three-dimensionally quantized: the size quantization thagively until recently in connection with studies on semimetal
quantizes the energy along the film-thickness direction an@'sm%th- Recently, in the papers by Hoffmatal.,” Lu
the magnetic-field-induced quantization that quantizes th&tal.” and ourselve$,a hole-majority condition was sug-
energy in the plane of the film, assuming the magnetic ﬁekggste_d to replace the charge—neut(allty condition in blsmL_Jth
is applied perpendicular to the film. We shall use 3D forthin films to accommodate a possible energy-band bending

these films. It is conceivable that analyses of the de Haasdue 10 surface effects. However, a reliable quantitative ex-

van Alphen effect and of other thermodynamical quantitie .ression of the .co.n.dition ha§ not been experimentally estab-
in a 3D film would provide useful information for the Fermi 'Shed. and a primitive test indicated that the fgatur(_a of the
surface, the cyclotron effective mass, the spin effective mas?,eCUIIar magne'tlcjf_leld dependgncg reported in this paper
and the longitudinal effective mass. would not be significantly modified if the charge-neutrality
Fondition is substituted by a hole-majority condition. Thus,

studies on the de Haas—van Alphen oscillations in a 3D film!N order to explore the fundamental featurgs ina 3D film of
ismuth, we shall use the charge-neutrality condition for a

In this paper we shall provide results of numerical analysep_ | d .
of a few thermodynamical quantities, including the m::u;]neti-s"rnp er and more concrete computation. . .
Theoretical background for this study will be given in

zation and the magnetic susceptibility, in 3D films of semi-S X it 4 di ion in Sec. Il and .
metal bismuth. It was noticed, interestingly, that the combi- ec. 1l, results and discussion in Sec. 1il, and a summary in

nation of the nonparabolic feature of the electron—energfec' v.
spectrum and the unique masses of electrons and holes in
bismuth would result in the peculiar magnetic-field depen-

dence of the thermodynamical quantities. We believe such The electrons and holes in a 3D bismuth film, according
peculiarities would be of interest to experimentalists. Experito Lax’s nonparabolic-ellipsoidal mod&hssume the follow-

IIl. THEORY
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TABLE |. Effective massegRefs. 3 and #in a bismuth thin 44
film normal to the trigonal axis.

Electron Hole

Cyclotron 1.7 10 2my? 6.4x10 %m, \
Spin 2.39¢1072m, 3.3x 10 %m, 42 \

Longitudinal 2.9% 10 3m, 6.9xX10 m, \
41

®my is the free electron mass.

ing quantized energy levels, respectively: for electrons, 40

dynm)

e

= Z

1+

1), eB 1 eB+ﬁ2ﬂ-2|2 L X
: mec 2 mec  2md? > @D ?

E +
e g 2

and for holes, N

Ep= >

38
1) eB 1 eB #2742 ) \
Z AN

+ = *— +
N M.C 2h|v|sc 2|v|Ld2L' @ 37 N

where the cyclotron effective masses and M., the spin . \
effective massemg and Mg, and the longitudinal effective 36 N\
massesm, and M| assume the numerical values given in \
Table I. The magnetic quantum numbersand N assume
integers 0, 1, 2,... and each level has a degeneracy of 0 5 10 15 20 25 130 35 40 45 50
=A(eB/hc), whereA is the area of the film. The size quan- B(T)
tization numberd and L assume integers 1, 2, 3,.... The FIG. 1. Semiconductor-semimetal transition diagram: film thick
conduction band consists of three symmetrically located en- = Semiconductor-semimetal ransition diagram. e
. . . nessd, (where semiconductor-semimetal transition octwersus
ergy ellipsoids while the hole valence band has only one S
- - magnetic field.
energy ellipsoid.
E,. a characteristic parameter in the nonparabolic ellip- .
ga
soidal model for the bismuth electrortehen E;— <, the ;Eﬁ?;/t.i;;]hgfsétgﬁ d”;g??:oé)thiﬁ:r{g; 522 rbe er;/glulféﬁg aa_ls a
energy spectrum goes to a parabolic jpie the energy dif- tion, and the magnetic suscé tibility can thgr?/’be V\?orked out
ference from the top of the valence bawitectly underneath also’ as functionsgﬁ andd FofT# Oythe Fermi distribution
the electron conduction bahtb the lowest electron energy : ’

level in the conduction band. From Ed), the lowest energy fmugg?f?end T(;j:nt Eteerusfcc)j f‘;:] the computations just require a
level E, satisfies P program.

Eo
g
9 A. Semimetal-semiconductor transitions

The first two terms on the right-hand side of Eg) have a We have reported in a previous wérkhat under the
positive net value and the_right-hand side is zero only Wher\‘/anishing—wave-function boundary condition and in zero
B=0 andd—c«. WhenE, is zero,Eg=15.3meV(Ref. 3,  magnetic field there would be a transition from a semimetal-
and whenE,#0, we should havéy=15.3meV+Eq. Let ¢ state to a semiconducting state when the film is reduced to
us denote the right-hand side of Hg) by E* and use meV 4 certain thickness denoted by. Since changing the mag-
as the unit for energies; we obtain netic field B would also move the energy levels, one may
1 expect a magnetic-field-induced transition as well. However,
Ey=#{3X15.3+ E* +[E*?+(15.3%+6 X 15.3X E* 11/2(}4) oulr3 results s%owed that the magnetic field would not induce
a transition of a semimetallic bismuth filfmormal to the
ThusEy is 15.3 meV wherE* =0, and is increasing with trigonal axi$ to a semiconducting film. This means if the
E*, which would increase with increasing magnetic field, film is a semimetallic film in zero or low magnetic fields,
and with decreasing film thickness. then it would remain semimetallic even when a strong mag-
Most of our evaluations were far=0. Given a magnetic netic field is applied; and if a film of reduced thickness starts
field B and a film thicknessl, the energy levels can be nu- with a semiconducting state in zero or low fields, it may
merically sorted by a computer. Since each quantized energyturn to a semimetallic state when the fields are sufficiently
level carries a known degeneracy, the number of electronstrong. Figure 1 shows a phase diagram in dhB plane;
can be equal to that of the holes only when certain levels arsemiconducting states on the left side of the curve and semi-
occupied, respectively, given that a=0 each and every metallic states on the right.
occupied electron level must be lower in energy than any of Two characteristic features in the energy-band structure in
the occupied hole levels and the energy overlap of the eledismuth lead to this interesting result. First, the lowest mag-
tron band and the hole band is a known constarit38.5 netic level of holes moves away from, instead of toward, the

1 eB 1 eB #%x? IIl. RESULTS AND DISCUSSION
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FIG. 2. Carrier density versus magnetic fiel=0, film thick- FIG. 3. Carrier density versus magnetic fieltk-0, film thick-
ness is 410 A; inset 440 A. ness is 525 A.

Fermi level sinceM is smaller thanM, in Eq. (2), and lowest electron level and become occupied. The electron

second, although the lowest magnetic level of electrons doed/or hole density is now 28/hcd). WhenB=22T, the
move upward, its motion with increasing magnetic field isdensity would be 3¢B/hcd). Here the occupied hole levels
significantly reduced by the nonparabolic feature in @g. ~ areN=0, negative spin, and=1, 2, 3 with each level ac-
The overall separation between the lowest levels, respe€ommodatingg holes; the occupied electron level is=0,
tively, of the electrons and holes actually increases with inhegative spinl =1, which accommodatesy3electrons. Each
creasing field; this means increasing the magnetic fiel$egment in Fig. 2 is linear witB and the slope of the third

would not induce a semimetal to semiconductor transition. Ségment is three times larger compared to that of the first. In
fields as high as 50 T, the=0, negative spinL=4 hole

level, which may well be above the=0, negative spin|
=1 electron level, would remain unoccupied, because the
Figure 2 shows the electron and/or hole density as a funay=0, positive spin,|=1 or then=0, negative spin|=2
tion of the applied magnetic field in a film of thickness 410 electron level remains higher in energy. Thus the occupied
A. The evaluations were foF =0 (temperature At low tem-  levels remain to be three hole levels and one electron level.
peratures, the dependerie®t shown would remain similar,  Such density-versus-field dependence applies to any thick-
but exhibit smooth corners at the discontinuities. The thickness below the largesk, in Fig. 1. For a larger or smaller
ness was arbitrarily chosen below the largest 440 A in  thickness, each corresponding step up would occur at a lower
Fig. 1. In lower fields, the film is a size-induced semiconduc-or higher magnetic field, and each corresponding slope
tor and has zero carrier density &&=0. In larger than an  would be smaller or largefinversely proportional to the
on-set magnetic fieldfor the 410-A film, this is about 14 thicknes$, respectively. In particular, a film of thickness of
Tesla the film would have returned to a semimetallic status.440 A would start to be semimetallic even in low magnetic
This is because the lowest hole ley® =0, negative spin, fields. This is shown as an inset in Fig. 2.
andL=1 in Eqg.(2)] moves upwardls<M,) in an increas- The carrier density versus magnetic field in a film of 525
ing magnetic field faster than the lowest electron lewel A is shown in Fig. 3. This thickness is larger than the largest
=0, negative spin, ant=1 in Eq. (1)] which also moves d, in Fig. 1, so the film would remain semimetallic in a
upward (n,<mg). Once this hole level is above the electron magnetic field of any intensity. However, this thickness is
level, the density would beg/Ad=eB/hcd, where d still quite low, so the quantum size effect would be pro-
=410A. Since the hole longitudinal effective mass is rela-nounced. In fact, only the=1 [in Eq.(1)] electron levels are
tively large, the hole leveld =2, 3, 4,... N=0, negative occupied for B<B<~. In low magnetic fieldB~2 Tesla,
spin are all near thee=1 level and move up at the same two electron levels are filled with electrons; they are0, =
rate in an increasing field. Thus, Bt=17 T, theL=2 hole  spin, andl =1, while the hole levels arbl=0, — spin, and
level, which is below the-=1 level, would be crossing the L=1 through 5, plus anothéd=1, — spin, andL=1 level.

B. Carrier density
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FIG. 4. Carrier density versus magnetic field=0, film thick- FIG. 5. Magnetization versus magnetic fielt= 0, film thick-
ness is 915 A. ness is 410 A; inset 440 A.
When the field is increased to a little less than 5 T, the C. Magnetization and susceptibility—peculiar
remaining occupied levels are one levei<0, — spin, | de Haas-van Alphen effect
=1) for electrons and three leveldl&0, — spin,L=1, 2, The charge-neutrality condition determines which levels

3) for holes. Increasing the field strength further would notof electrons and holes, respectively, are occupiefi=a0 in
change the occupied levels, although the density would ina film of known thickness in a given magnetic field. The
crease linearly because the degeneracy is proportional to ttemergy levels are those in Eq4) and(2), respectively. The
field. Figure 3 provides oscillations qualitatively similar to total energy of the carriers can thus be readily calculated.
those learned in a 2D film or in a bulk crystal of semimetal The magnetizatiorfper unit volume at T=0 is simply M
bismuth. In an increasing magnetic field, occupied levels of= —JE/dB, whereE is the energy per unit volume. When
higher energy of electrons and holes, respectively, cross ovélotting against the magnetic field, the carrier density, the
each other and become unoccupied, resulting in a suddedergy density, and the magnetization in a given film should
drop in the density. exhibit discontinuities at the same field intensiti¢ise en-
Figure 4 provides the plot for a film of 915 A, a much ©roy itself is continuous, but its slope should be discontinu-
larger thickness. We see a “normal” field dependence inous. The explanation for the dlscpntlnumes, as well as for
lower fields and peculiar dependence in higher fields. B)}he step ups ar_1d/or step downs in Fhe PIOtS' S.hOU|d be t_he
“normal” we mean normal level crossings that result in a Same as given in the first two parts in this section, and will

drop of the density(cf. Fig. 3, while by “peculiar” we not be repeated. Thred versusB plots are shown in Figs.

mean the abnormal crossings that open up unoccupied leve 5_7 in films of thicknesses similar to those in Figs. 2—4.
9 P P P In a typical de Haas—van Alphen effect, the energy of a

and increase .the .densny. We have already seen such pecul rmi gas o electrons in an increasing magnetic field rises
dependence in Fig. 2. The unique energy band structure arn llowing a drop in the number of occupied levelat T
effective masses in bismuth make this dependence possiblg.o, for simplicity) and goes down before the next level
The density increases linearly with the field between twoyron Wwhile the magnetization exhibits fragmental straight
steps(either step up or step dowrThis is a general feature, |ines, each assuming negative to positive values, the suscep-
since the density is proportional to the degeneracy which igpjjity is always positive, indicating that the electron system
proportional to the field. remains paramagnetic. In a semimetal bismuth film, how-
The level crossings in the plots may appear in groups okver, there are electrons and holes and the conduction band
three, i.e., three step ups or three step downs in a row, as cadnsists of three energy ellipsoids while the hole valence
be seen in Figs. 2 and 4. This is simply because each electrggand has only one. Calculation of the energy showed that,
level is triply degenerate due to the three energy ellipsoids iexcept in thicker films in low magnetic fields where occupied
the conduction band. levels were plenty and an increase of energy with increasing
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FIG. 6. Magnetization versus magnetic fieltk=0, film thick-
ness is 525 A.
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FIG. 8. Magnetic susceptibility versus magnetic fieltk= 0,

film thickness is 525 A; inset 410 A.

magnetic field could be seen, the energy most commonly
decreased with the increasing f|e|d, resulting in pOSitiVe magequationil) and (2) are linear inB, and the degeneracy of

netizations, as shown in Figs. 5-7.

each level is also proportional #; thus, without the non-

The magnetizatioM, except at the discontinuities, seems paraholic feature on the left-hand side of Ed)), the total
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FIG. 7. Magnetization versus magnetic fielt= 0, film thick-
ness is 915 A.

linear dependence of the magnetization with the field. The
parabolicity should qualitatively cause deviation from such
linear dependence; however, in the figures shown thus far the
deviations are quantitatively too small to be noti¢efl see

the nonconstant susceptibilities between two ‘“steps”

In thinner films(e.g., 410 A, the lowest unoccupied lev-
els of electrons and holes, respectively, open up for occupa-
tion in an increasing magnetic field and the film would be
turned into a semimetal from a semiconductor. The total en-
ergy would thus exhibit a monotonic decrease; the magneti-
zations would be positive and increase linearly with the field,
so the susceptibility would be positive and the semimetallic
film is paramagnetic. Films thicker than 440 A are always
semimetallic. In these films, the normal crossings of an elec-
tron level over a hole level in an increasing magnetic field
eliminate these levels for occupation. Immediately following
a crossing, the closest occupied levels of electrons and holes,
respectively, are relatively far apart, so the increase of the
degeneracyg with the field would cause a fast decrease in
the energy and a positive, but larger in magnitude, magneti-
zation.

Shown in Figs. 6 and 7, the magnetizations are positive
and most of them have negative slopes. These are the “nor-
mal” de Haas—van Alphen—type oscillations in a semimetal,
where the susceptibilities are negative. In Fig. 5 as well as in
the high field limit in Figs. 6 and 7, “peculiar” de Haas—van
Alphen oscillations are shown, where the susceptibilities are
positive. Thus, both diamagnetism and paramagnetism could
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be seen in films thicker than 440 A, while only paramagnet-electron level moves ufin terms of energy crosses over a
ism would exist in thinner films. In a thicker film diamagne- downward-moving hole level, and eliminates the occupation
tism is in lower fields and paramagnetism is in higher fields.of these two levels leading to a sudden drop in the density of
Shown in Fig. 8 are the magnetic susceptibility in a couple ofelectrons and/or holes. An abnormal crossing is due to the
films. The nonconstant susceptibilities between two consecu!pward-moving hole levelsN=0, — spin in Eq.(2)], when

tive level crossings are the result of the nonparabolic featuréne of them overtakes an electron level and opens up these
of the electron-energy band. The deviation from being a contWo levels for occupation leading to an abrupt increase in the

stant appears, however, to be inappreciable. density. . o
Abnormal level crossings generally occur in higher mag-
IV. SUMMARY netic fields and correspond to an abrupt increase in carrier

density and a positive susceptibilifparamagnetisin Nor-

The spin effective magl ¢ of holes in semimetal bismuth mal crossings lead to a drop in the carrier density and gen-
is smaller than the cyclotron effective mads [Eq.(2)] and  erally a negative susceptibilitydiamagnetism There are
thus the lowest holéenergy level would move in an in- only abnormal level crossings in thinner films.
creasing magnetic field away from the Fermi level. Such Once experimental results become available, comparison
motion is opposite to a normal motion commonly seen withwith the results presented in this paper would verify the ap-
larger spin effective mass. This abnormality in the effectiveplicability of the basically bulk model of the energy-band
masses of holes plus the nonparabolicity of the energystructure to thin films, check numerically the effective
momentum relationship in the conduction band leads to pemasses, and suggest the appropriate boundary condition. The
culiar magnetic-field dependence of the carrier density, th@eculiar field dependence of the carrier density and the mag-
magnetization, and the susceptibility. netization, as well as the field-induced diamagnetism to para-

With an increasing magnetic field, there are two kinds ofmagnetism transition may provide both experimental and
energy-level crossings. A normal crossing occurs when apractical interests.
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