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Noise-induced leakage and counting errors in the electron pump

R. L. Kautz, Mark W. Keller, and John M. Martinis
National Institute of Standards and Technology, 325 Broadway, Boulder, Colorado 80305

~Received 15 June 2000!

Computer simulations reveal that the lowest rates of leakage and counting errors observed in the electron
pump can be explained by photon-assisted tunneling driven by 1/f noise. The noise power at microwave
frequencies required to account for the observed errors is consistent with extrapolation of the low-frequency
noise spectrum commonly recorded in single-electron transistors. Pump simulations, based on the ground-
capacitance model, include cotunneling as well as single-junction photon-assisted tunneling. Quantitative
agreement between theory and experiment is obtained for leakage and counting errors in pumps with four, five,
six, and seven junctions in the limit of low temperatures and low counting rates. The effect of self-heating is
explored.
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I. INTRODUCTION

The electron pump, a circuit first demonstrated by Poth
et al. in 1991,1 uses the Coulomb blockade in nanoscale t
nel junctions to control the transfer of electrons one-by-o
between input and output electrodes. Provided errors are
frequent, the electron pump has potential applications in
trology as a standard of either current1 or capacitance.2 In
1996, measurements3 of a well-characterized seven-junctio
pump demonstrated a leakage rate in the hold mode o
31024 electrons per second (e/s) and a relative counting
error of 1.531028, permitting the recent demonstration of
capacitance standard with metrological accuracy.4 Although
small, the experimental leakage and counting errors of
seven-junction pump exceed predictions of the orthod
theory of single-electron tunneling by 17 and 12 orders
magnitude, respectively.5,6 These discrepancies could be e
plained if the temperature of the pump were significan
higher than that of the substrate, but in the case of leak
this possibility was ruled out by a direct measurement of
electron temperature in the hold mode.5 Thus, leakage in the
seven-junction pump is due to a mechanism not containe
the orthodox theory, including cotunneling.

Photon-assisted tunneling, associated either with envi
mental noise7 or the cyclic bias,8 has been suggested as
possible source of errors in electron pumps. While exp
mental tests have ruled out room-temperature noise in
duced through the bias leads as a problem in well-shiel
pump experiments,5 numerous measurements of sing
electron transistors~SET’s! have established the existence
1/f noise, intrinsic to the devices, associated with cha
motion in the dielectric material.9–21 Can dielectric charge
motion produce sufficient noise to explain the errors o
served in the pump? Recent calculations reveal that the l
of noise at microwave frequencies required to explain
measured leakage in four- and six-junction pumps is con
tent with an extrapolation of the 1/f noise measured at audi
frequencies in SET’s.22 This observation suggests that char
noise in the dielectric may be the primary cause of errors
the pump, although it falls far short of proving the cas
Here, we present additional evidence based on a compa
of calculated noise-induced leakage and counting errors
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previous measurements3,6,23 in five- and seven-junction
pumps. Over the measured ranges of temperature and pu
ing speed, we generally obtain good agreement betw
theory and experiment, assuming 1/f -noise levels typical of
those in SET’s.

To date, the observation of 1/f noise in SET’s has been
restricted to frequencies less than about 1 kHz. Doesf
noise persist at frequencies up to roughly 30 GHz, as
quired to explain pump errors by photon-induced tunnelin
Although no definitive answer is given, in Sec. II we d
scribe a scenario that makes plausible the existence of ch
noise at microwave frequencies. Assuming such 1/f noise,
we proceed in Sec. III to calculate the leakage rate of a pu
in the hold mode, using the ground-capacitance model,
compare with experiment. In Sec. IV, we present simi
results for noise-induced counting errors as a function
both temperature and pumping speed and identify the do
nant error mechanisms in the five- and seven-junct
pumps. In Sec. V, we consider the possibility that eleva
temperatures due to self heating also contribute to coun
errors.

II. CHARGE NOISE

In the limit of weak noise, Martinis and Nahum derive
an expression for the photon-assisted tunneling rateGN due
to single-photon noise processes7

GN~DE!5
p

RK
E

2`

` SV~ u«u/\!G0~DE2«!

«2 d«, ~1!

where DE is the change in electrostatic energy associa
with tunneling,SV(v) is the power spectral density of th
noise voltageV appearing across the junction, andG0 is the
tunneling rate in the absence of noise,

G0~DE!5
2DE/e2RJ

12exp~DE/kBT!
. ~2!

Here,e is the elementary charge,h52p\ is the Planck con-
stant, kB is the Boltzmann constant,T is the temperature
RK5h/e2 is the resistance quantum, andRJ is the tunneling
resistance. Equation~1! is valid providedDE.kBT and the
15 888
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PRB 62 15 889NOISE-INDUCED LEAKAGE AND COUNTING ERRORS . . .
embedding impedance of the junction is much less than
resistance quantum. If we further assume that the noise
lows a 1/f spectrum,SV52pa/v5a/ f , and thatG0 can be
replaced by its zero-temperature limit

G0~DE!5H uDEu
e2RJ

~DE,0!,

0 ~DE.0!

~3!

then we obtain for the noise-induced tunneling rate22

GN~DE!5
pa

RJ
E

DE

` «2DE

«3 d«

5
pa

2RJDE
~DE.kBT!. ~4!

This simple formula underlies all of the noise-induced tu
neling effects to be considered in this paper. Note that
only portion of the noise spectrum contributing toGN is that
for which «5\v.DE. Since typical Coulomb barriers in
the pump are of orderDE50.1 meV, the relevant noise fre
quencies are of order 25 GHz.

The noise spectrumSV5a/ f , used to derive Eq.~4!, is
completely characterized by the constanta. To evaluatea,
we turn to experimental measurements of SET noise
which the 1/f component is typically evaluated around 1
Hz. When the charge noise at the input is translated
voltage noise across the junctions, a variety of SET exp
ments yield values forAa ranging from 30 nV to 3mV.9–21

This ballpark range fora provides a standard against whic
we will compare the noise required to explain errors in
electron pump.

The question that remains to be considered is whether
1/f noise observed at audio frequencies in the SET actu
extends to the microwave region. First we note that, wh
SET noise is expected to be dominated by shot noise at
frequencies, this source of noise is not relevant to the pu
Shot noise is due to the discrete charges that make up
tunnel current and is proportional to this current. Because
pump operates at zero current, except for the distinct tun
ing events accounted for in the theory of its operation, s
noise does not contribute to photon-induced tunneling in
pump. The real question is whether the charge motion
gives rise to low-frequency 1/f noise in the SET includes
components at microwave frequencies.

The origin of 1/f noise in the SET is often attributed t
the presence of thermally activated two-level fluctuat
~TLF’s!: charges moving back and forth between trap site
response to thermal noise. The dynamics of a single TL
modeled by the motion of a particle in a potential with tw
minima, as shown in Fig. 1. The mean timete for thermally
induced escape from the left-hand well is

te5
2p

v0
exp~DU/kBT!, ~5!

where v0 is the angular attempt frequency andDU is the
depth of the well. In the case of a symmetric potential w
v085v0 andDU85DU, thermally induced motion betwee
the two wells yields a random telegraph signal with a Lore
zian power spectrum of the form
e
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S~v!5
S~0!

11~vte/2!2 . ~6!

As described by Dutta and Horn,24 an ensemble of such
TLF’s with a uniform distribution of activation energiesDU
gives rise to a 1/f spectrum. Thus, 1/f noise in the SET
might result from thermally activated TLF’s, correspondin
to motion of charges between trap sites in the dielectric,
several authors have directly observed the expected ran
telegraph signals.9,10,12,13,16,17,25

However, other experimental evidence suggests tha
ensemble of thermally activated TLF’s is not the prima
cause of 1/f noise in the SET. This possibility is importan
here because TLF’s cannot generate photons at frequen
above roughlyf 5kBT/h, or about 600 MHz at 30 mK.@A
maximum frequency follows from Eq.~5!, given thatDU
must be greater than\v0/2 to bind a charge in the potentia
well.# That is, the noise required to explain pump errors c
not derive from a source in thermal equilibrium at 30 m
Perhaps not coincidentally, there is evidence that thef
noise in SET’s is not of an equilibrium nature. Although th
random telegraph noise observed at low frequencies
SET’s is persistent and represents an equilibrium effect,
usually associated with a distinct Lorentzian lying above
1/f curve. The nonequilibrium nature of the 1/f noise is
shown directly by the fact that the 1/f portion of the noise
spectrum is observed to decay gradually in the days
weeks after the SET is cooled. For the case illustrated in
2, the charge noise at 10 Hz decays by more than a facto
2 over a period of 12 days, and a similar decay is obser
each time the device is cooled. These observations sug
that 1/f noise derives from the slow release of ener
trapped in metastable charge states when the device is
idly cooled from room temperature. In this scenario, 1f
noise is a by-product of a slow relaxation process that gra
ally brings charges to minimum-energy equilibrium po
tions.

In the case of thermally activated TLF’s, 1/f noise can be
generated by a small number of charge traps that migh
located in the barriers of the tunnel junctions. In contrast
the noise is due to a charge relaxation process, a large n
ber of traps must be involved, since a given trap is unlik
to participate more than once. Thus, it is significant that
cent observations of noise correlations between neighbo
junctions indicate that the charge noise in SET’s originate
the substrate rather than the junction barriers.14,15 Since the

FIG. 1. Model potential for a two-level fluctuator.
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volume of the substrate is orders of magnitude larger t
that of the tunnel barriers, there is ample room for a la
number of traps.

Additional evidence for nonequilibrium charge motion
provided by a study of the drift in the gate offset charge o
SET. In particular, Zimmerman and Huber have obser
that fluctuations in the offset charge decay gradually ove
period of days or weeks.26 Assuming that 1/f noise is due to
the motion of charges trapped in the substrate, fluctuation
the gate offset charge are probably a lower-frequency m
festation of the same charge motion that produces SET n
at 10 Hz. Thus, the decay of charge-offset fluctuations s
ports the nonequilibrium nature of 1/f noise. Finally, if 1/f
noise is due to a slow relaxation of charge rather than th
mally activated TLF’s, then 1/f noise should not be a stron
function of temperature as implied by Eq.~5! for a TLF. In
fact, two studies find that the SET noise at 10 Hz is nea
independent of temperature below 100 or 200 mK.12,15Thus,
as anticipated by Martiniset al.23 and Zorin et al.,14 the
charge noise in single-electron circuits appears to be a n
equilibrium effect involving a large number of charg
trapped in metastable states that move as they decay to l
energy states over a period of days or weeks.

If this charge-relaxation scenario is correct, then thef
noise spectrum could extend into the microwave region
cause the noise energy does not derive from a ther
source. In terms of the model potential shown in Fig. 1,
can imagine thatDU is only marginally greater thankBT so
that escape from the left-hand well is likely to occur ove
period of days, whileDU8 is much greater thankBT, allow-
ing production of microwave photons when escape occ
Thus, provided charge traps exist with appropriate value
DU, we can obtain charge noise spanning a wide range
frequencies from the relaxation process. With regard to h
frequencies, we note that attempt frequencies for dielec

FIG. 2. Charge noise at 10 Hz for a SET as a function of
time after the device reached a temperature of 4 K. The SET u
Al/AlO x /Al junctions fabricated on a fused-silica substrate, w
junction resistances of 30 kV and capacitances of about 1 fF. Th
SET was operated in the normal state at about 40 mK, wit
magnetic field applied to suppress superconductivity. Data for
same device are shown for three different cooling runs, indicate
circles, squares, and triangles.
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charge traps are typically of order 1012Hz,27 while the ob-
servation of low-frequency TLF’s at 30 mK assures the e
istence of traps with sufficiently lowDU. Thus, a nonequi-
librium process could easily give rise to noise extending w
into the microwave region.

How might the charge-relaxation scenario lead to af
noise spectrum? One possibility assumes that, due to ele
static interactions, the motion of a charge at one site w
modify the potential elsewhere in the dielectric and trigg
the motion of charges at other sites. In this case, cha
relaxation might occur through a series of avalanches of v
ous sizes. As Baket al. have shown,28 the correlations gen-
erated by a distribution of avalanche sizes can lead to a c
acteristic 1/f spectrum. If this mechanism explains the 1f
noise observed near 10 Hz, then it might well extrapolate
the microwave region.

While the charge-relaxation scenario is speculative
does provide a plausible explanation for the microwave no
required to explain errors in the electron pump. At the sa
time, most of the conclusions reached in the following s
tions are independent of the presumed source of noise.

III. LEAKAGE

When operated as a capacitance standard, the pum
used to transfer a given number of electrons to a capac
then biased in the hold mode while the capacitor’s voltag
measured. Because the measurement is affected by any
age that occurs while the pump is in the hold mode, leak
current is an important pump parameter. The absolute le
age currentI A is measured by connecting the pump to
external capacitor, setting the pump bias voltages to z
and counting the total number of leakage charges, ei
positive or negative, to reach the external capacitor ove
period of time. While values ofI A as small as 331024e/s
have been recorded for a seven-junction pump,5 theoretical
predictions based on the orthodox theory of single-elect
tunneling, with cotunneling included, yield I A52
310221e/s.5,6 Here we explain this discrepancy in terms
photon-assisted tunneling driven by microwave noise.

The circuit model of the electron pump used in the pres
calculations is shown in Fig. 3. The circuit consists ofN
nanoscale tunnel junctions connected in series to creatN
21 isolated islands, labeled as nodes 2 throughN in the
figure. The junction capacitancesCJ and resistancesRJ are
assumed to be identical. Each island has a capacitanceCg to
ground and is biased by an independent charge sourceQi . In
this ‘‘ground-capacitance’’ model, the capacitorsCg include
the capacitance of the gate electrodes used to bias the is
plus parasitic island capacitances. Because the externa

e
ed

a
e
y

FIG. 3. Equivalent circuit for the electron pump within th
ground-capacitance model. Nanoscale tunnel junctions are indic
by boxes.
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pacitor is much larger thanCJ or Cg , it is approximated here
by a voltage sourceVE .

A. Orthodox theory

Several authors have previously calculated the leakag
a series array of tunnel junctions in the absence of no
using the orthodox theory of single-electron tunneling,29 with
cotunneling included.6,30–33 Orthodox theory formulates th
dynamics of the pump in terms of the probabilitiesPn that
the pump occupies a charge staten and the ratesGn8n of
transition between statesn andn8. The indexn specifies the
charge on each of theN21 islands of the pump. The prob
abilities of various charge states evolve according to

dPn

dt
5 (

n8Þn
~Gnn8Pn82Gn8nPn!, ~7!

where the first term accounts for the increase inPn due to
transitions fromn8 to n and the second term accounts for t
decrease due to transitions fromn to n8. In this transition-
state picture, the ensemble average of the current thro
junction J at any instant is

I J5e(
n,n8

Pn@Gn8n
1

~J!2Gn8n
2

~J!#, ~8!

where theGn8n
1 (J) are the rates of transitions in which

charge moves in the positive direction through junctionJ,
and theGn8n

2 (J) are the rates of transitions in which a char
moves in the negative direction through junctionJ.

Equations~7! and ~8! allow us to solve for the probabili
ties and currents provided the ratesGn8n can be calculated. In
general,Gn8n includes contributions from an infinite numbe
of processes that take the system from charge staten to n8.
All multijunction cotunneling processes can be broken int
sequence of single-junction tunneling events, and, follow
Jensen and Martinis,31 we specify a process by a list of inte
gers (j 1 , j 2 ,...,j m). Here, eachj i is a number in the range
61,62,...,6N that specifies the junction and the direction
tunneling for each event in the sequence. The proc
( j 1 , j 2 ,...,j m) is said to be anmth-order process becausem
single-junction events are included. Schematically, a th
order process for a transition from charge staten to n8 can be
diagrammed as follows:

event: j 1 j 2 j 3

state: n → s1 → s2 → n8,

dE1 dE2 dE3

energy: 0 DE1 DE2 DE3 ~9!

In this representation, we associate a change in Coulo
energydEi with the i th tunneling event and a net change
Coulomb energyDEi5S j 51

i dEj with the partially com-
pleted process. These Coulomb energies determine the
ergy barrier for multijunction cotunneling and are the p
mary factors fixing the associated transition rate. ThedEi
can be computed from the electrostatics of the pump’s
pacitance network, given the initial and final charge state
of
e,

gh

a
g

ss

-

b

en-

a-
.

Because the order of the single-junction tunneling eve
( j 1 ,...,j m) does not affect the final state, allm! permutations
of the set$ j 1 ,...,j m% contribute to the rate of transition from
n to n8. In the approximation of Jensen and Martinis,31 the
contribution to the transition rate from this set ofmth-order
processes is

Gn8n
~m!

5
2p

\ S RK

~2p!2RJ
D m

S2Fm~DEm ,T!, ~10!

where

S5 (
perm$ j 1 ,...,j m%

)
i 51

m21 S DẼi2
i

m
DEmD 21

, ~11!

Fm~DEm ,T!5
2DEm /~2m21!!

12exp~DEm /kBT!

3 )
i 51

m21

@~2p ikBT!21~DEm!2#, ~12!

and, following Kautzet al.,6

DẼi5max~DEi ,kBT,DEm1kBT!. ~13!

Practical implementation of the orthodox theory outlin
in Eqs.~7!–~13! requires that consideration be restricted to
finite number of states and cotunneling processes. In the
lowing, the island charges are assumed to be 0 or6e, so that
no more than 365729 states are considered for a seve
junction pump. Also, following Jensen and Martinis,31 we
omit cotunneling processes of orderm.N, processes in
which tunneling occurs more than once in a given junctio
and processes that involve tunneling in both the forward
reverse directions. Under these assumptions, Eqs.~7!–~13!
provide a practical method for computing leakage and cou
ing errors in the noise-free pump.

B. Simulations

Extension of the orthodox theory to include noise-induc
tunneling is simply a matter of adding the rate given by E
~4! to the first-order orthodox rate. Specifically, we assu
that

Gn8n
~1!

5
2DE/e2RJ

12exp~DE/kBT!
1

pa

2RJDE
u~DE2kBT!, ~14!

whereDE is the difference in electrostatic energy betwe
statesn8 and n and u denotes the unit step function. Th
modification adds single-photon, single-junction noise p
cesses but neglects higher-order processes, as appropri
the limit of weak noise. Equation~14! also neglects correla
tions between the noise on neighboring junctions, contrar
experimental evidence.14,15 Nonetheless, Eq.~14! provides a
useful first approximation, and we now apply it to estima
the effect of noise on leakage and counting errors in
pump.

The absolute leakage currentI A is experimentally mea-
sured for the equilibrium state of a pump with all biases
to zero: VE50 and Q15Q25¯5QN2150. Under these
conditions,
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dPn

dt
50, ~15!

and Eq.~7! becomes a set of linear equations that can
solved for the occupation probabilitiesPn . However, I A
does not correspond to the current through a junction
cannot be evaluated using Eq.~8!. Instead, I A5I 11I 2 ,
whereI 1 and I 2 are the absolute values of the currents c
responding to processes that transfer a charge through
entire pump in the forward and reverse directions. Evalua
of I A thus requires enumeration of all possible through p
cesses and calculation of the current associated with e
Suppose that a through transfer consists ofK cotunneling
processes that take the pump from an initial staten0 through
the successive statesn1 ,...,nK , where the final statenK nec-
essarily coincides with the initial state. In this case, the f
ward and reverse leakage currents can be evaluated as6

I 65e (
through
transfers

Pn0
Gn1n0

6 )
j 52

K Gnjnj 21

6

GT~nj 21!
, ~16!

where the product is understood to be 1 whenK51, G1 and
G2 are cotunneling rates for the forward and reverse dir
tions, andGT(n) is the total rate for exiting staten,

GT~n!5 (
n8Þn

Gn8n . ~17!

In Eq. ~16!, the specified sum over through transfers includ
values ofK from 1 to N, allowing transfers ranging from a
single N-junction cotunneling process toN separate single
junction processes. Also, the sum includes all initial sta
n0 , but, to avoid double counting, terms are included only
the probabilities of all intermediate statesn1 ,...,nK21 are
less thanPn0 . This restriction is necessary because the sta
of a through transfer form a cycle,n0→n1¯→nK21→n0 ,
and only one state can be chosen as the initial/final st
Thus, while evaluation of the absolute leakage curren
somewhat complicated, the only data required are the ste
state probabilitiesPn and the rate matricesGn8n

1 andGn8n
2 for

forward and reverse tunneling.
Experimental and theoretical results for the leakage o

well-characterized seven-junction pump are shown in Fig
Because the circuit parameters for this pump were de
mined from independent measurements, and the elec
temperature was measured directly,3,5 the only adjustable pa
rameter entering the calculation ofI A is the amplitudeAa of
the 1/f noise. In the absence of noise (Aa50), the simula-
tion correctly predicts the exponential increase inI A at tem-
peratures above about 140 mK, but fails to account for
nearly temperature independent leakage observed ex
mentally at temperatures below about 80 mK. At 35 mK,
discrepancy between the noise-free theory and experime
almost 19 orders of magnitude. As discussed elsewhere,6 the
Aa50 curve is dominated by processes involvingN single-
junction tunneling events at temperatures above abou
mK and dominated by processes involving oneNth-order
cotunneling event at lower temperatures. When the noise
plitude is suitably adjusted, however, we obtain a rough fi
both the high- and low-temperature portions of the exp
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mental curve. Moreover, the noise amplitude that gives
best fitAa5200 nV fits within the range of 1/f amplitudes
typically observed in SET’s, 30–3000 nV. Thus, photo
assisted tunneling driven by 1/f noise provides a possibl
explanation for the experimentally observed leakage be
80 mK. TheAa550 nV curve is included in Fig. 4 for com
parison because this noise amplitude provides the best ex
nation for the observed counting errors, as described in
following section.

Experimental data on leakage is also available for pum
with four, five, and six junctions within the temperature r
gime below about 80 mK, whereI A is nearly constant.5,22,23

These values are listed in Table I, along with the noise a
plitude required to explain the leakage. As might be e
pected,I A decreases monotonically with increasing numb

FIG. 4. Absolute leakage currentI A as a function of inverse
temperature for a seven-junction pump. Experimental data~circles!
are from Ref. 3. Theoretical curves are shown for three noise
plitudes. The pump parameters areRJ5470 kV, CJ50.22 fF, and
Cg50.05 fF.

TABLE I. Experimental absolute leakage currentI A in the
temperature-independent regime below about 80 mK for four e
tron pumps and the theoretical noise amplitudesa1/2 required to
account for the leakage. Experimental data are from Refs. 5, 22,
23.

N RJ ~kV! CJ ~fF! Cg ~fF! T ~mK! I A (1023 e/s) Aa ~nV!

4 460 0.2 0.11 67 480 7.7
5 300 0.2 0.2 40 100 3
6 670 0.2 0.09 67 12 26
7 470 0.22 0.05 33 0.3–2 120–20
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of junctions. More important, all of the required noise a
plitudes fall close to the range expected from the 1/f noise
observed in SET’s at 10 Hz. Although the noise required
explain leakage in the five-junction pump is an order of m
nitude less than that seen in SET’s, the deviation is not
prising given that we have extrapolated across 9 order
magnitude in frequency. Certainly, the similarity of thea
values for different pumps supports the proposed explana
of low-temperature leakage in terms of 1/f noise.

Insight into the mechanism of noise-induced leakage
be gained by examining the dominant leakage processe
more detail. Analysis of the computation reveals that, in
pumps considered here, all of the dominant processes
volve only single-junction tunneling, with negligible contr
butions from cotunneling. Typical dominant processes
the five- and seven-junction cases are illustrated in Figs.~a!
and 5~b! in terms of the electrostatic energies of the cha
states involved. Each diagram lists the successive state
beled by the island charges (q1q2¯qN21) in units of e,
occupied in the particular leakage process, and plots the
responding electrostatic energy. Transitions between st
are labeled by the number of the active junction. Thus,
Fig. 5~a!, the first tunneling occurs in junction 2, takes t
pump from charge state~0000! to ~21100!, and requires an
energy of 0.21 meV. Because this first tunneling requi
energy, while the final four do not, we see that leakage in
five-junction pump needs only one photon-assisted tun
ing. On the other hand, Fig. 5~b! reveals that leakage in th

FIG. 5. Electrostatic energy of the intermediate states for typ
dominant leakage processes in the~a! five-junction and~b! seven-
junction electron pumps. States are labeled by the island cha
(q1q2¯qN21) in units of e, and each transition is labeled by th
number of the active tunnel junction. Parameters areCJ5Cg

50.2 fF for the five-junction pump andCJ50.22 fF and Cg

50.05 fF for the seven-junction pump.
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seven-junction pump requires two photon assists, so it is
surprising that the leakage rate is much lower for seven t
for five junctions.

Approximate formulas for the leakage due to the dom
nant processes can be derived from Eq.~16! using simple
limits for the single-junction tunneling rate. In particular,
uDEu@kBT then Eq.~14! can be written as

Gn8n
~1!

5H uDEu
e2RJ

~DE!2kBT!,

pa

2RJuDEu ~DE@kBT!,

~18!

so that the tunneling is conventional forDE negative and
photon assisted forDE positive. If the changes in energy fo
the first two transitions in Fig. 5~a! are taken asDE1 and
DE2 , then Eq.~16! yields for the five-junction process

I 5'
pea

2RJuDE1u S uDE2u
uDE1u1uDE2u D , ~19!

where the first factor is the photon-assisted tunneling cur
from ~0000! to ~21100!, the second factor is the probabilit
of tunneling from ~21100! to ~0100! rather than back to
~0000!, and we have assumed that the final tunnelings oc
with probability 1. Using Eq.~19! with DE150.211 meV,
DE2520.036 meV, and parameters from Table I, we obta
I 550.2e/s, in rough agreement with the full calculatio
which yields 0.023e/s for this process. Similarly, for the
seven-junction pump, Eq.~16! yields

I 7'
pea

2RJuDE1u S pe2a

2uDE1uuDE2u D S uDE3u
uDE2u1uDE3u D , ~20!

where the second factor is the probability of photon-assis
tunneling from state~2110000! to ~2101000! before the
pump can return to state~000000! by conventional tunneling.
As expected, the fact that two photons are required leads
leakage proportional toa2 and a significantly lower rate tha
for the five-junction pump. Evaluating Eq.~20! for DE1

50.259 meV, DE250.137 meV, DE3520.054 meV, Aa
5200 nV, and the tabulated parameters for the sev
junction pump yieldsI 751.631023 e/s, in comparison with
4.631025 e/s for the full calculation. While Eqs.~19! and
~20! are highly approximate~because they overestimate th
probability of completing the final tunneling steps!, they do
include the primary parameter dependencies of the leak
current. In particular, they account for the absence of a te
perature dependence and the respectivea and a2 noise de-
pendencies obtained in the full calculation.

IV. COUNTING ERRORS

Two different measures of counting errors have been c
sidered. The simplest is the net charge errorEQ5iQu/e
21u, or the absolute difference between the average cha
Q and expected chargee transferred during a pump cycle.EQ
is a direct measure of the accuracy of an electron pump u
as a current standard and has been calculated by severa
thors for a variety of situations.31,34–37 However, the most
stringent experimental tests of pump accuracy have reco
the infrequent errors, whether positive or negative, occurr
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while the pump is used to shuttle one or two electrons
peatedly back and forth.3,5,6,23 The shuttle test records a
error either if extra charges are transferred or if there i
failure to transfer a charge during a pump cycle. The shu
error can be expressed asES5(Q11Q2)/e, whereQ1>0
is the average extra charge transferred, andQ2>0 is the
average charge deficit. In these terms, the net charge err
EQ5uQ12Q2u/e, so ES is an upper bound onEQ . Indeed,
the bias voltageVE across the pump can be adjusted to p
duce a cancellation between positive and negative errors
yields EQ50, but the shuttle error is never zero. Here w
focus on the shuttle error to facilitate comparison with e
perimental shuttle-error measurements.

Operation of the electron pump requires application o
charge bias to each of the islands in succession. In the
periments considered here, the islands are biased with t
gular pulses of duration 2t, as shown in Fig. 6, and th
pumping cycle for theN-junction pump is completed in a
time Nt. The succession of pulses causes a single charg
tunnel from island to island until the charge is transferr
through the entire pump. This process is illustrated in Fig
which plots the electrostatic energy as a function of the
sition of a single additional charge at various times dur
the bias cycle. Initially all the gate biases are zero, and p
ing an additional charge on any island requires an energ
at least 0.15 meV, so no charge is likely to enter the pum
This situation corresponds to the hold mode in which
Coulomb blockade prevents current flow. However, as
negative bias is applied to the first island, the electrost
energy associated with an extra charge on the island is
duced, and tunneling from the input electrode to island
becomes likely fort/t.0.5. However, once a charge tunne
to island 1, entry of a second charge is blocked by the re
sion of the first. In Fig. 7 this blockage is represented by
dashed line, which plots the electrostatic energy of the pu
when a second charge is added, assuming that the first ch

FIG. 6. Charge biases applied to theN21 gates of an
N-junction pump to transfer a chargee through the pump.
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~filled circle! occupies the island of lowest energy. Becau
energy is required to add a second charge to any of the
lands, additional charges are blocked from entering
pump. Pumping action results because a negative charge
is applied to successive islands, creating an energy well
moves across the pump. The one trapped charge follows
energy minimum, tunneling from island to island, until it
delivered to the output. In effect, the bias schedule creat
moving basket that usually transfers one and only one cha
from input to output during each bias cycle.

Although computation of the shuttle error generally r
quires a separate evaluation ofQ1 and Q2 , in the case of
interest hereVE50 and virtually all errors result from the
failure of the pump to transfer a charge.6 Thus, ES'1
2Q/e and the shuttle error can be computed by integrat
the current through any selected junction during a bias cy

ES'12
1

e E0

Nt

I J~ t !dt. ~21!

FIG. 7. Electrostatic energy as a function of the location of
extra charge on the four islands of a five-junction pump~solid
lines!, calculated within the ground-capacitance model forVE50.
Plots are shown at intervals oft/2 throughout the bias cycle o
period 5t. Dashed lines show the energy when a second e
charge is introduced on successive islands of the pump, with
first extra charge held on the island of minimum energy, as in
cated by a filled circle. As the figure illustrates, the pump allow
charge to move from island to island as successive gate ch
pulses are applied, but a second charge is prevented from ent
the pump by the Coulomb blockade. The pump capacitances
CJ5Cg50.2 fF.
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To obtainI J(t), we apply Eq.~8! after integrating Eq.~7! for
the bias schedule shown in Fig. 6. In practice, it is import
to extend the integration interval somewhat beyondNt to
eliminate transiently stored charge. BecauseES is determined
by a small difference between two numbers close to 1,
use 33 digit arithmetic to assure accuracy. Convergence
also aided by using a fourth-order semi-implicit Rosenbro
integration method.38 This method proved essential in som
instances due to the stiff nature of the differential equatio

A. Five-junction pump

Experimental and theoretical results for the shuttle er
in a five-junction electron pump are shown as a function
pulse halfwidth t in Fig. 8. The parameters of the five
junction pump were not fully determined, but we know th
RJ5300 kV and thatCS , the sum of the junction capac
tance and its external shunting capacitance, is about 0.
for a typical junction.23 Thus, the theoretical curves in Fig.
were fit to the experiment by adjusting two paramet
CJ /Cg anda, with the averageCS held fixed. In the absenc
of noise,Aa50, one can obtain a good fit to the initial slop
of the experimental error curve, but it is difficult to accou
for the flat region observed fort.40 ns. However, when
noise is included, a good fit is obtained over the entire ra
of pulse half widths. Moreover, the required noise amplitu
of Aa510 nV is comparable to the 3 nV needed to expla
leakage in the same device. Thus, introducing 1/f noise pro-
duces a consistent explanation of both leakage and coun
errors in the five-junction pump.

As described previously,23 counting errors at smallt re-
sult because insufficient time is allowed for tunneling and
charge is not transferred through the entire pump. On
other hand, from Fig. 8 we conclude that the error is do

FIG. 8. Shuttle error as a function of pulse halfwidth for a fiv
junction electron pump. Experimental data~filled circles! are from
Ref. 23. Simulations are plotted with and without 1/f noise:a1/2

510 nV and 0. Pump parameters areRJ5300 kV, CJ5Cg

50.2 fF, andT540 mK.
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nated by noise-induced tunneling fort greater than about 40
ns. What is the detailed mechanism of the noise-induced
rors? Analysis of the computation reveals that two distin
mechanisms contribute equally to errors at larget. The sim-
pler of the two can be understood from the energy diagr
for t/t52.5 in Fig. 7. Just before the charge tunnels fro
island 2 to 3, a photon assist can provide the energy nee
for the charge to tunnel back to island 1, from which th
input electrode can be reached without further added ene
Because a second photon assist would be required for
charge to return from the input to island 2, the moving e
ergy well is likely to remain empty for the duration of th
bias cycle, and no charge is pumped. Thus, photon-assi
tunneling can cause errors by allowing the charge be
pumped to escape back to the input electrode.

The charge-escape error mechanism can be understoo
more detail from the energy diagram shown in Fig. 9. Th
diagram plots the electrostatic energy of the relevant sta
with the states arranged such that transitions between c
tiguous states require a single tunneling. The filled circ
identifies the state most probably occupied during norm
pump operation, and the open circle identifies the state
cupied in the event of an error. Charge escape occurs w

FIG. 9. Electrostatic energy as a function of charge state
selected states of the five-junction pump at various times betw
t/t52 and 3. The pump can move between adjacent states by
neling in a single junction. Filled circles identify the state mo
probably occupied during normal pump operation. Open circ
identify the state occupied when errors occur by photon-assis
escape to the input electrode. Pump parameters areCJ5Cg

50.2 fF.
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photon-assisted tunneling moves the pump from the~0100!
state to either of the intermediate states~1000! or ~-1100!,
and the intermediate state decays to the~0000! state. Att/t
52, charge escape is a transient phenomenon since the
cess (0000)→(-1100)→(0100) does not require energy an
quickly restores the charge. Fort/t.2.15, however, this re-
verse process is blocked by an energy barrier, and ch
escape generally leads to an error. But charge escape is
sible only for a limited time, since fort/t.2.5 the charge
moves from island 2 to island 3, shifting the state of prin
pal occupation from~0100! to ~0010!, and escape can n
longer occur with a single photon assist.

An approximate formula for the probabilityPe of charge
escape through the process (0100)→(1000)→(0000) can be
written in terms of the energiesDE1 and DE2 identified in
Fig. 9. Using Eq.~18!, we obtainpa/2RJuDE1u for the rate
of photon-assisted tunneling from~0100! to ~1000! and
uDE2u/(uDE1u1uDE2u) for the probability of a transition
~1000! to ~0000!. Thus, the probability of escape during th
interval 2.15,t/t,2.5 is approximately

Pe'
pa

2RJ
E

2.15t

2.5t uDE2u/uDE1u
uDE1u1uDE2u

dt

~22!
~kBT!e2/CJ ,t@RJCJ ,CJ /Cg51!.

An exactly similar formula results for escape by the proc
(0100)→(-1100)→(0000) withDE1 andDE2 appropriately
redefined. BecauseDE1 and DE2 vary linearly with time
over the integration interval, Eq.~22! can be reduced to a
closed-form expression for the error probability. Even
written, however, we can conclude from Eq.~22! that the
error rate is directly proportional to the noise powera.

The second mechanism for noise-induced errors can
be understood from the energy diagram fort/t52.5 in Fig.
7. As the dashed curve in this diagram shows, a single p
ton assist will allow a second charge to tunnel from the o
put electrode to island 4 of the pump. Once on island 4,
charge can tunnel without additional energy to island
where it becomes trapped, because an additional photo
required to return it to island 4. While the presence o
second charge on island 3 might seem innocuous, it blo
the first charge from tunneling from island 2 to 3, and eve
tually forces the first charge to return to the input, causing
error.

Details of the charge-blocking error mechanism a
shown in Fig. 10. As with charge escape, the key to cha
blocking is a photon-assisted step that occurs betweent/t
52.15 and 2.5. In this case, the photon assist takes the p
from the~0100! state to either~011-1! or ~0101!, after which
it can tunnel to the~0110! state without additional energy. I
the ~0110! state islands 2 and 3 both have an extra cha
and further tunneling is prevented until aftert/t52.85, when
the charge on island 1 returns to the input electrode by
process (0110)→(1010)→(0010). At the end of this charg
blocking process, the pump is in the~0010! state, just at it
would be during normal pump operation, but the charge
island 3 has come from the output rather than the input.

The key step in the charge-blocking mechanism is
photon-assisted transition from the~0100! state to~0110! via
the intermediate state~011-1! or ~0101!. These processes ar
ro-
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exactly similar to those that give rise to charge escape
are also governed by Eq.~22! with appropriate energy dif-
ferencesDE1 and DE2 . In fact, the energy differences fo
the charge-blocking process with intermediate state~011-1!
are identical to those for the charge-escape process with
termediate state~1000!, and the process with intermedia
states~0101! and ~-1100! are similarly paired. Thus, within
the approximation of Eq.~22!, the charge-blocking and
charge-escape mechanisms contribute equally to the sh
error. For the particular pump considered here, evaluation
Eq. ~22! for all four processes yields

ES'2.6
atCJ

e2RJ
~kBT!e2/CJ ,t@RJCJ ,CJ /Cg51!.

~23!

Evaluated fort5100 ns and the parameters listed in Fig.
Eq. ~23! gives ES56.831027, in comparison with 1.05
31026 for the full calculation. Thus, Eq.~23! gives a good
estimate of the noise-induced errors in the limit of larget
and low T. This formula suggests that errors in the fiv
junction pump can be reduced by reducing eithera or CJ or
by increasingRJ , but, becauseES depends linearly on thes

FIG. 10. Electrostatic energy as a function of charge state
selected states of the five-junction pump at various times betw
t/t52 and 3. The pump can move between adjacent states by
neling in a single junction. Filled circles identify the state mo
probably occupied during normal pump operation. Open circ
identify the states occupied when errors occur by the cha
blocking mechanism. Pump parameters areCJ5Cg50.2 fF.
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quantities, significant reductions inES may be difficult to
achieve. A more promising approach is to increase the n
ber of junctions.

B. Seven-junction pump

The particular seven-junction pump considered here
been the subject of extensive experiments, and all pump
rameters were directly measured.3,5,6 As a result, the only
parameter adjusted to fit theoretical curves to the experim
tal shuttle error is the noise amplitudeAa. As can be seen
from Fig. 11, which plotsES as a function of inverse tem
perature fort540 ns, a noise amplitude of 50 nV yields
good fit to the experimental data for the seven-juncti
pump. As in the five-junction case, this amplitude is comp
rable to the value of 200 nV required to explain leakage
the same device. More important, by introducing a mod
level of noise, we are able explain the discrepancy of m
than 12 orders of magnitude between the experime
shuttle error at 33 mK and the noise-free theory. Inde
including noise provides a good fit toES over the entire range
of experimental temperatures.

As noted previously,6,31 the extremely low error rates pre
dicted by the noise-free theory fort.20 ns are due to cotun
neling of orderN21. When noise is included, however, th
errors contributed by such high-order effects are entirely
significant, and cotunneling can be omitted from the cal

FIG. 11. Shuttle error as a function of inverse temperature fo
seven-junction electron pump. Experimental data~filled circles! are
from Ref. 3. Simulations are plotted with and without 1/f noise:
a1/2550 nV and 0. Pump parameters areRJ5470 kV, CJ

50.22 fF, Cg50.05 fF, andt540 ns.
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lation. With this understanding, future analyses of leaka
and counting errors in the pump can be significantly simp
fied.

Figure 12 compares the experimental and theoret
shuttle error as a function of pulse half width at 33 mK.
this case, including noise yields good agreement with exp
ment fort.30 ns, whereES is nearly independent oft, but
the theory fails to reproduce the exponential dependenc
ES observed experimentally fort,30 ns. To its credit, noise
induced tunneling does explain the 14-orders-of-magnit
discrepancy between the experimental error att5100 ns and
the noise-free prediction. The remaining discrepancy fot
,30 ns suggests than errors at small pulse halfwidths are
to an unknown mechanism.

Disregarding the problem of smallt for the moment, we
first consider the physical origin of noise-induced errors
the limit of large t and low T. As noted previously,6 the
exponential dependence ofES on 1/T observed for T
.100 mK is due to a thermally activated escape mechan
analogous to the photon-assisted escape described fo
five-junction pump in the previous section. Thus, nois
induced errors are important only in the limit of larget and
low T, but this is the parameter region of greatest inter
because it yields the lowest error.

Insight into the mechanism of noise-induced errors is p
vided by Fig. 13, which plots the electrostatic energy at va
ous times near the middle of the bias cycle. A possi
mechanism is suggested by the plot fort/t53.5, which

a FIG. 12. Shuttle error as a function of pulse halfwidth for
seven-junction electron pump. Experimental data~filled circles! are
from Ref. 3. Simulations are plotted with and without 1/f noise:
a1/2550 nV and 0. Pump parameters areRJ5470 kV, CJ

50.22 fF, Cg50.05 fF, andT533 mK.
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shows that both charge escape and charge blocking are
sible if photon-assisted tunneling is used to surmount
energy barriers. If this were the dominant error process,
the energy barriers are taken asDE1 andDE2 , then the error
rate for the seven-junction pump would be less than for fi
junctions by a factor of roughlyp5pe2a/(2uDE1iDE2u),
which is the probability of surmounting the second barr
once the first barrier is surmounted@see Eqs.~19! and~20!#.
Evaluating this factor forAa550 nV and the barriers a
t/t53.5, we obtainp5231027, indicating that the error
rate for 7 junctions should be dramatically less than for fi
junctions if two photons are required to create an error.

Unfortunately, errors in the seven-junction pump are
tually dominated by processes that require just one pho
In particular, the charge being pumped can escape from
energy well during a brief period aftert/t52.5 using only
one photon. Details of this process are shown in Fig.
which plots the energy levels for the relevant states. Att/t
52.5, the energy of the~001000! state equals that of th
~010000! state, and the charge on island 2 can begin tun
ing to island 3. Also att/t52.5, the energy of the~100000!
state is by coincidence nearly equal to that of the~000000!
state, and afterwards the charge being pumped can esca
the input by photon-assisted tunneling to~100000! followed
by ordinary tunneling to~000000!. Thus, escape is possib
using a single photon during the brief interval while char

FIG. 13. Electrostatic energy as a function of the location of
extra charge on the six islands of a seven-junction pump~solid
lines!, calculated within the ground-capacitance model forVE50.
Plots are shown at intervals oft/2 for the middle portion of the bias
cycle. Dashed lines show the energy when a second extra char
introduced on successive islands of the pump, with the first e
charge held on the island of minimum energy, as indicated b
filled circle. The pump capacitances areCJ50.22 fF and Cg

50.05 fF.
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remains on island 2. Although the escaped charge can
tially leak back to island 2 via the~2110000! state, the small
energy difference between the~000000! and ~2110000!
states makes this process slow, and it is virtually elimina
after t/t52.65 when the energy difference is reversed.

How long does the charge stay on island 2 aftert/t
52.5, remaining susceptible to photon-assisted escape? C
sidering only tunneling from island 2 to island 3 throug
junction 3, we have, using Eq.~18! in the limit of low tem-
perature,

dP2

dt
52

uDEu
e2RJ

P2 , ~24!

whereP2 is the probability of finding the charge on island
and DE is the energy difference for the tunneling proces
SinceuDEu increases linearly from 0 toe2/2CS3 during the
interval from t/t52.5 to 3, we haveuDEu5e2t8/tCS3 ,
where t85t22.5t and CS3 is the total capacitance acros
junction 3. Integration of Eq.~24! thus yields

P2~ t8!5exp~2t82/2tRJCS3!. ~25!

n

is
ra
a

FIG. 14. Electrostatic energy as a function of charge state
selected states of the seven-junction pump at various times betw
t/t52 and 3. The pump can move between adjacent states by
neling in a single junction. Filled circles identify the state mo
probably occupied during normal pump operation, while partia
filled circles show an incomplete transition between normally oc
pied states. Open circles identify the state occupied when er
occur by photon-assisted escape to the input electrode. Pump
rameters areCJ50.22 fF andCg50.05 fF.
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We conclude from Eq.~25! that escape to the input electrod
using a single photon is possible in the seven-junction pu
for a time of ordert75AtRJCS3. By comparison, in the cas
of five junctions escape is possible for a time of ordert.
Thus, if all else is equal, we can expect errors in the sev
junction pump to be reduced from five junctions by a fac
of roughly t7 /t5ARJCS3 /t. For the seven-junction param
eters, we findCS350.30 fF andt7 /t50.04 at t5100 ns,
predicting a modest improvement in error rate between
five- and seven-junction pumps comparable to that obtai
experimentally.

When Eq.~25! is combined with approximate transitio
rates to estimate the error due to charge escape, we find
it accounts for roughly half the errors obtained in the f
calculation. The remaining errors are due to a char
blocking mechanism that contributes equally. For comple
ness, the energy diagrams for charge blocking, which oc
just after t/t54.5, are shown in Fig. 15. In this process,
second charge enters the pump from the output electrode
blocks the charge being pumped from reaching the fifth
land. Later, aftert/t55, the first charge returns to the inpu
and no charge is pumped.

FIG. 15. Electrostatic energy as a function of charge state
selected states of the seven-junction pump at various times bet
t/t54 and 5. The pump can move between adjacent states by
neling in a single junction. Filled circles identify the state mo
probably occupied during normal pump operation, while partia
filled circles show an incomplete transition between normally oc
pied states. Open circles identify the state occupied when e
occur by the charge-blocking mechanism. Pump parameters
CJ50.22 fF andCg50.05 fF.
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Can counting errors be reduced below the level of
31028 obtained with the seven-junction pump? The br
interval over which charge escape or blocking is possi
with a single photon suggests that some modification of
bias schedule or parameters of the seven-junction pu
might significantly reduce or eliminate errors due to the
mechanisms. A limited investigation of this possibility ind
cates, however, that the single-photon processes are ro
and cannot be eliminated from the seven-junction pump w
a simple trick. If confirmed by further study, this conclusio
implies that a dramatic reduction in errors would require
pump with eight or more junctions. If errors due to singl
photon processes could be eliminated, however, the ad
complexity might be justified since higher-order proces
are likely to be several orders of magnitude less frequent
noted above.

V. SELF-HEATING

In the absence of biases the pump is in thermal equi
rium with its surroundings, and experiments confirm that
electron temperature matches that of the cold stage.5 Thus,
leakage is completely unaffected by self-heating. In
pumping mode, however, energy is dissipated in the isla
of the pump whenever tunneling occurs at a voltage bey
threshold. While estimates indicate that the temperature
due to self-heating is modest,31,34,39 typically a few tens of
millikelvins, we speculate that it might explain the expone
tial rise in errors observed in the seven-junction pump
pulse half widths less than 30 ns. Self-heating is more
portant for smallt because tunneling is more likely to occu
far from threshold when the pump is operated rapidly@see
Eq. ~25!#. Thus, self-heating is a good candidate for expla
ing this otherwise unexplained error regime.

Following earlier work,31,34,39we assume that the electro
temperatureTi of island i is related to the powerPi dissi-
pated in the island by

Ti
55T51Pi /SV, ~26!

whereT is the substrate temperature,S is a material constant
andV is the volume of the island. Equation~26! applies at
low temperatures where the weak coupling between e
trons and phonons limits the rate at which energy can
transferred to the substrate. Various values of the param
S have been measured for aluminum,13,40–42the island ma-
terial used here, and we assume a rough averageS
50.3 nW/K5/mm3. In adopting Eq.~26!, we assume that the
electron population of an island always assumes a ther
distribution and can be characterized by a temperatureTi .

In the presence of self-heating, the electrodes of a tun
junction generally differ in temperature, and Eq.~14! for the
tunneling rate must be replaced by a more general form
In particular, the rate of tunneling from islandi to i 8 is40

G i 8 i5
1

e2RJ
E

2`

`

f i~E!@12 f i 8~E2DE!#dE

1
pa

2RJDE
u~DE2kBT!, ~27!
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whereDE is the change in electrostatic energy andf i is the
Fermi factor for charges on islandi,

f i~E!5
1

exp~E/kBTi !11
. ~28!

While noise-induced tunneling is included in Eq.~27! in a
low-temperature limit, this approximation is valid for th
cases considered because the relevant energy barriersDE are
much greater thankBT even in the presence of self-heatin
Furthermore, because noise is included in all self-hea
calculations, cotunneling can be neglected, and Eq.~27! de-
fines all transition rates.

In order to evaluatePi , we compute the average pow
dissipated in all tunnelings involving islandi over one bias
cycle. Suppose that in tunneling from islandi to i 8 in Eq.
~27! the charge state of the pump changes fromn to n8. If
the system occupies staten at a given time, then the instan
taneous powers dissipated in islandsi and i 8 due to the pro-
cessn→n8 are40

rn8n~ i !5
1

e2RJ
E

2`

`

~2E! f i~E!@12 f i 8~E2DE!#dE,

~29!

rn8n~ i 8!5
1

e2RJ
E

2`

`

~E2DE! f i~E!@12 f i 8~E2DE!#dE,

~30!

and the power dissipated in islandi due to all tunnelings
averaged over the bias cycle is

Pi5
1

Nt (
n,n8

E
0

Nt

rn8n~ i !Pndt, ~31!

where the sum is understood to include all transitionsn
→n8 in which a charge either enters or leaves islandi.

Combining Eqs.~7!, ~26!, ~27!, and ~31! with the bias
schedule shown in Fig. 6, we can calculate a self-consis
electron temperatureTi for each of the islands along with th
shuttle errorEs in the presence of self heating. Initially w
assume that the input and output electrodes and all of
islands are at the substrate temperatureT. Integrating over
one bias cycle then provides an estimate of the aver
power Pi dissipated in each island, and from Eq.~26! we
obtain improved estimates for the island temperatures.
cause the volumes of the input and output electrodes
large, they are assumed to remain at the substrate tem
ture. Iterating this procedure for a few bias cycles yield
self-consistent set ofTi and the desiredEs .

The effect of self heating on the five-junction pump
shown in Fig. 16. For this pump the volume of each alum
num island is V50.028mm3, yielding SV58.4
310212W/K5. Fully self-consistent calculations of the ave
age island temperature and shuttle error are plotted as a f
tion of the pulse half width in Fig. 16 for the original param
eter set (CJ5Cg50.2 fF), with solid and dashed line
indicating results with and without self-heating. As expect
with self-heating the temperature of the island electrons
creases with decreasing pulse width, reaching about 110
at t510 ns. The variation in temperature between island
slight, with no island differing from the average by mo
g

nt

e

ge

e-
re
ra-
a

-

nc-

,
-
K

is

than 3%. As shown in Fig. 16~b!, the effect of self-heating
on the shuttle error can be significant, increasing the erro
about an order of magnitude att540 ns. While this increase
creates a significant discrepancy between theory and ex
ment, the fit can be restored by readjusting the junction
gate capacitances. ForCJ50.23 fF andCg50.17 fF, we ob-
tain about the same fit with self-heating as previously o
tained without. Thus, although self-heating is significant
the five-junction pump, it does not appreciably alter our u
derstanding of the shuttle error.

The dotted curve in Fig. 16~a! plots an analytic approxi-
mation for the island temperature based on arguments sim
to those given previously.34,39 The approximation is valid in
the limit of low temperature, where Eqs.~29! and~30! reduce
to rn8n( i )5rn8n( i 8)5(DE2/2e2RJ)u(2DE). An additional
simplification results when we recognize that significant e
ergy is dissipated in a given island only twice during a b
cycle: when the charge being pumped tunnels onto the is
and when it tunnels off again. But for these processes we
apply the arguments given earlier in regard to Eq.~25! to
note thatuDEu5e2t8/tCS , and the probability of remaining
in the initial state isP5exp(2t8/2tRJCS), where t8 mea-
sures time from the tunneling threshold andCS is for the
relevant junction. Combining these results with Eq.~31!
yields for the average powerPi

1 dissipated when a charg
tunnels onto islandi,

FIG. 16. Average electron temperature~a! and shuttle error~b!
as a function of pulse half width for a five-junction electron pum
Solid and dashed lines show results with and without self-heat
The dotted temperature curve corresponds to Eqs.~26! and ~33!
averaged over islands, while the solid temperature curve is fo
self-consistent calculation. Circles show experimental data. Pu
parameters areRJ5300 kV, a1/2510 nV, T540 mK, SV58.4
310212 W/K5, and the indicated capacitances.
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Pi
15

1

Nt E0

t/2 ~e2t8/tCS1!2

2e2RJ
exp~2t8/2tRJCS1!dt8

5
e2

2NtCS1
S pRJCS1

2t D 1/2

, ~32!

where the integration interval has been extended to`, as-
suming thatRJCS1!t. Since the dissipation for a charg
leaving islandi is exactly similar, the total power,Pi5Pi

1

1Pi
2 , is

Pi5Ap

8 S e2RJ
1/2

Nt3/2 D S 1

CS1
1/2 1

1

CS2
1/2 D , ~33!

whereCS1 andCS2 are the total capacitances of the jun
tions through which the charge enters and leaves the isl
Equation~33! extends previous formulas to include the effe
of ground capacitance, and, as Fig. 16~a! shows, yields a
remarkably accurate prediction of the island temperat
compared to the full calculation.

The effect of self-heating on the seven-junction pump
shown in Fig. 17, which plots temperature and shuttle e
as a function of pulse half width. For this pump the isla

FIG. 17. Average electron temperature~a! and shuttle error~b!
as a function of pulse half width for a seven-junction electr
pump. Solid and dashed lines show results with and without s
heating. The dotted temperature curve corresponds to Eqs.~26! and
~33! averaged over islands, while the solid temperature curve is
a self-consistent calculation. Circles show experimental data. P
parameters areRJ5470 kV, CJ50.22 fF, Cg50.05 fF, a1/2

550 nV, T533 mK, andSV55.4310212 W/K5.
d.
t

e

s
r

volume isV50.018mm3, yielding a heating coefficient o
SV55.4310212W/K5. As for five junctions, self-heating
tends to raise the shuttle error, but in the 7-junction case
increase is nearly constant fort.15 ns. Although a curve is
not shown, the fit to experiment can be restored fort
.40 ns by reducing the noise amplitudeAa from 50 to 40
nV. This adjustment leaves a net increase in the computeES

for t,15 ns, but self-heating clearly does not explain t
exponential variation ofES with t observed experimentally
for pulse half widths less than 30 ns. Indeed, self-heat
does not change any qualitative conclusion of the pres
study.

VI. CONCLUSION

The leakage and counting errors observed experimen
in the seven-junction pump at low temperatures and l
counting rates are many orders of magnitude higher than
be explained by the dynamics of the noise-free system.
including photon-assisted tunneling driven by 1/f noise at
microwave frequencies, we obtain good agreement betw
theory and experiment. The required level of noise is con
tent with that observed at audio frequencies in SET’s. W
speculate that the noise responsible for the errors der
from the slow relaxation of charges trapped in metasta
states in the dielectric when the device was cooled fr
room temperature.

In the scenario explored here, the dominant leakage
error processes involve only single-junction tunneling, eith
conventional or photon assisted, and cotunneling plays
significant role. At low temperatures, leakage in the fiv
junction pump is dominated by processes that requir
single photon-assisted tunneling step, while in the sev
junction pump two photon assists are needed. Counting
rors in the limit of low temperatures and low counting rat
derive from two types of process: one in which the cha
being pumped uses a photon assist to escape back to
input electrode and one in which the charge is blocked b
second charge entering from the output electrode, also w
photon assist. In the five-junction pump these error proces
occur over a fixed fraction of the bias-pulse half width, wh
in the seven-junction pump they occur over a shorter tim
related to theRC time of the tunnel junctions. Self-heatin
during pump operation can raise the temperature of isl
electrons by several tens of millikelvins, but it generally h
a small effect on the rate of noise-induced counting erro

Two issues related to counting errors remain unresolv
First, the theory presented here does not explain a regim
which errors increase exponentially with counting rate in
seven-junction pump. Understanding this regime is import
if the pump is to be operated at high speeds. Second, it is
known whether a pump can be designed, perhaps with m
than seven junctions, in which counting errors require two
more photon-assisted tunneling steps. If two photons w
needed, a much lower error rate would be expected. W
ever the resolution of these issues, however, the pre
study demonstrates that noise-induced tunneling is the p
able cause of the lowest experimentally observed error ra
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