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Atomistic model of plutonium

M. I. Baskes
Los Alamos National Laboratory, Los Alamos, New Mexico 87545

~Received 31 May 2000; revised manuscript received 7 August 2000!

A modified embedded atom model of Pu has been developed. This simple atomic level model is able to
reproduce the extreme anomalous behavior of this complex element. The calculated energetics and volume of
the seven stable phases of Pu are found to be in close agreement with experiment. Calculated thermodynamic
and elastic properties are also in reasonable agreement with the available experimental data. The model also
reproduces the unusual properties of the liquid phase, low melting point, and contraction upon melting. It is
demonstrated that the anomalous properties of plutonium arise from the rapid spatial variation of thef-electron
density.
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I. INTRODUCTION

Plutonium is perhaps the most complex of all elemen
Its phase diagram shows the existence of six equilibri
solid phases as well as the liquid phase at atmospheric p
sure. No other element possesses this complexity of p
morphism. Most unusual is the extreme variation in atom
volume found in plutonium. The close-packed fcc phase
found to have thelargest volume per atom of all of its
phases. Plutonium melts at a temperature much lower
its neighbors in the Periodic Table and does so with a
crease in volume, unlike the vast majority of materials.
course, in addition to its unusual properties, plutonium is
great technological importance due to its use in nucl
weapons. Modern day problems concerning plutonium
volve predicting its properties under long-term aging in bo
a weapons1 and storage environment.2 Development of a pre-
dictive aging model for plutonium is a major goal of th
Stockpile Stewardship Program of the DOE. Such pred
tions require an atomic level model, which until now did n
exist.

Recent research has led to a model of a similarly comp
element, tin.3 This model was based on the embedded at
method4–6 ~EAM! that has been found to represent the pro
erties of metals and alloys quite well. The EAM, which
based on density-functional theory, is by far the most wid
used semiempirical atomistic method. Applications of t
EAM include calculations of properties of perfect and defe
tive ~free surfaces, point defects, grain boundaries, dislo
tions, etc.! bulk metals and alloys as a function of tempe
ture and pressure. In the work on tin it was found that
model was able to quantitatively predict the thermodynam
of the three equilibrium phases of tin. The addition of ang
lar forces7 was found to be critical in explaining the behavi
of complex crystal structures.

The phases of plutonium

In Fig. 1, the stable phases of plutonium are depicted
lower temperatures two distinct monoclinic phases,a andb,
are found. Higher-temperature phases include a severely
torted ~orthorhombic! diamond cubic phaseg; the fcc phase
d; a tetragonal distortion of the fcc phased8; the bcc phase
«; and finally, the liquid phase. Over a range of temperat
PRB 620163-1829/2000/62~23!/15532~6!/$15.00
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of only 900 K, the internal energies of these phases vary
only about 0.4 eV atom and the volume per atom varies
about 25%.8

II. THEORY

A. Details of the model

The total energyE of a system of monatomic atoms in th
EAM has been shown4–6 to be given by an approximation o
the form

E5(
i

S F~ r̄ i !1 1
2 (

j Þ i
f~Ri j ! D , ~1!

where the sums are over the atomsi and j. In this approxi-
mation, the embedding functionF is the energy to embed a
atom of typei into the background electron density at sitei,
r̄ i ; andf is the pair interaction between atomsi andj whose
separation is given byRi j . In the EAM, r̄ i is given by a
linear supposition of spherically averaged atomic elect
densities, while in the modified embedded atom meth
~MEAM !, r̄ i is augmented by angularly depende
terms.7,9,10

The pair potential between two atomsf(R) separated by
a distanceR is given by

f~R!5
2

Z
$Eu~R!2F@ r̄0~R!#%, ~2!

where r̄0(R) is the background electron density at an ato
in what we call the reference structure, andZ is the number
of first neighbors in this structure. Here,Eu(R) is the energy
per atom of the reference structure as a function of near
neighbor distanceR, obtained, e.g., from first-principles ca
culations or the universal equation of state of Roseet al.11

Here we choose a slightly modified form of the latter:

Eu~R!52EcS 11a* 1da* 3
r e

R De2a* , ~3!

with

a* 5aS R

r e
21D ~4!
15 532 ©2000 The American Physical Society
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FIG. 1. The stable phases of plutonium at atmospheric pressure. Each phase is schematically shown in the temperature region
it is stable. Shading represents atoms at different depth. Thec planes shown for thea phase show a distorted sixfold coordination arou
each atom reminiscent of the~111! planes in the fcc structure. Theg phase results from a large orthorhombic distortion of the diamond c
phase.
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Ec
, ~5!

whereEc , r e , V, and B are the cohesive energy, neare
neighbor distance, atomic volume, and bulk modulus,
spectively, all evaluated at equilibrium in the reference str
ture. The cubic term ina* is a small correction with strengt
d, which was found to be important for the densea-Pu phase
and is directly related to the pressure derivative of the b
modulus. Thus, as discussed below, the parameterd has been
chosen by using the experimental value for the pressure
rivative for thea phase. In this work, the reference structu
will be taken as fcc, resulting in

r̄0~R!5Zra~0!~R!, ~6!

wherera(0) is an atomic electron density discussed below
In the MEAM, the embedding functionF( r̄) is taken as

F~ r̄ !5AEc

r̄

r0
ln

r̄

r0
, ~7!

where A is an adjustable parameter andr0 is a density-
scaling parameter. For the fcc reference structurer05Z
512.

The background electron density at a specific siter̄ is
assumed to be a function of what we call partial elect
densities. These partial electron densities contain the ang
information in the model. The spherically symmetric part
electron densityr (0) is the background electron density
the EAM:
-
-
-

k

e-

n
lar
l

r~0!5(
i

ra~0!~r i !, ~8!

where the sum is over all atomsi not including the atom at
the specific site of interest andr i is the distance from an
atomi to the site of interest. The angular contributions to t
density are given by similar formulas weighted by thex, y,
and z projections of the distances between atoms.7 The
atomic electron densities are taken to be simple exponen
with decay constantb ( l ), l 50 – 3. To obtain the backgroun
electron density from the partial electron densities, we m
the assumption that the angular terms are a small correc
to the EAM. We combine the angular dependence into o
term:

G5(
l 51

3

t ~ l !~r~ l !/r~0!!2, ~9!

where t ( l ) are constants. The background density is th
taken as

r̄5r~0!A11G. ~10!

It has been shown that this formalism is equivalent to
expansion of the background electron density in Legen
polynomials.7,12

B. Obtaining the model parameters

The MEAM parameters are obtained by using literatu
experimental data for plutonium and a gallium-stabiliz
plutonium alloy. In Table I, the source of the experimen
data for each parameter, as well as the resultant param
value, is given. The experimental data used includes the
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15 534 PRB 62M. I. BASKES
hesive energy of liquid plutonium, the lattice constant of f
d-Pu, the elastic constants of a gallium-stabilized fcc plu
nium alloy, the volume per atom and pressure derivative
the bulk modulus of monoclinica-Pu, and the heats of trans
formation between various allotropes of plutonium. Ev
though the parameters are not completely uncorrelated, t
is a very close connection between each piece of experim
tal data and the resultant parameter. For three parameter
appropriate experimental data is available. In these cas
nominal value has been chosen. These values are cons
with values used in the modeling of other elements.7 De-
tailed effects of this choice have not been evaluated. Qu
titative agreement with experiment may be obtained fo
range of these parameters. Angular screening was im
mented using standard values,Cmin52.0 andCmax52.8, in
the method of Baskes, Angelo, and Bisson.13 For computa-
tional convenience, a radial cutoff of 4.5 Å was also used14

It should be noted that in models that use angular screen
in contrast to the conventional models that use only a ra
cutoff, the value of the radial cutoff is unimportant. Spec
cally, for essentially all atom configurations, the range of
functions is limited by the angular screening, not the rad
cutoff. It should also be noted that the inclusion of angu
forces in the EAM makes the inclusion of long-range int
actions unnecessary. In the MEAM phase stability~even fcc/
hcp! is determined by nearest-neighbor interactions. T
choice of radial cutoff does not significantly affect any of t
results presented here.

C. Computational details

The calculations presented below used the molecular
namics technique. Typically, the calculations used a thr
dimensional periodic cell of;250 atoms with dynamic pe
riodic boundaries.15 The melting calculations used a cell o
1000 atoms. For these calculations the angle in the mo
clinic structures was held fixed at the experimental val
Temperature was controlled using a standard Nose-Ho

TABLE I. Source and values of MEAM parameters for plut
nium. Where appropriate experimental data was not availa
nominal values were chosen that are similar to the values use
other elements.

Parameter Source Value

Ec (eV) cohesive energy of the liquida 3.80
r e (Å) lattice constant ofd a 3.28
a bulk modulus of Ga-stabilizedd b 3.31
A relative energy ofd and«a 1.05
b (0) shear modulus of Ga-stabilizedd b 2.39
b (1) nominal value 1.0
b (2) nominal value 6.0
b (3) volume per atom ofaa 9.0
t (1) nominal value 1.0
t (2) shear modulus of Ga-stabilizedd b 4.14
t (3) relative energy ofd andaa 20.8
d pressure derivative of bulk modulus ofac 0.46

aReference 8.
bReference 24.
cReference 25.
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thermostat16,17 with a time constant of 0.1 ps. The quantitie
reported below are thermodynamic averages for over at l
10 ps from samples that had been equilibrated at tempera
and pressure for at least 10 ps. Statistical errors in energy
less than 10 meV/atom and in volume, less than 0.2 Å3/atom.
Average pressures were typically,100 MPa, and average
temperatures were typically within,1 K of the desired tem-
perature.

III. RESULTS AND DISCUSSION

A. How the model compares to experiment

In Fig. 2~a!, the energetics of the allotropes are compa
to experiment. We see that the relative order of the phase
predicted by the MEAM model, is almost identical to th
expected from the experiment. The energy of the liquid
close to the experimental value of23.5 eV/atom at;1600
K.8 The predictedb-phase energy appears to be a bit hig

FIG. 2. Comparison of the calculated and experimental ene
~a! and volume~b! of the equilibrium plutonium phases as a fun
tion of temperature. The energies are relative to isolated, nonin
acting atoms at infinity. The data are shown over the experime
regions of stability. The monoclinic angles for thea and theb
phases were held fixed at the experimental values.
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The predicted slopes~heat capacity! of the liquid, a, ande
phases are in reasonably good agreement with experimen
contrast, the slopes for the other phases are significa
lower than the experimental slopes, possibly indicating t
electronic effects, which are not directly included in t
MEAM, could be important~see Wallace18 for a discussion
of the relative importance of anharmonic and electronic
fects in plutonium!. The enthalpy changes due to the pha
transformations are in good agreement with experiment
Fig. 2~b!, the volumes of the allotropes are compared to
periment. We see that the unusual behavior in plutonium
well reproduced by the model. The close-packed fccd phase
has the highest volume per atom of all of the phases. We
that theg phase takes on a volume reminiscent of thed phase
rather than theb phase as seen in experiment. Prelimina
results show that variation of the monoclinic angle in thea
and b phases does not change the equilibrium energy
volume significantly. The slopes of the curves~thermal ex-
pansion! are in reasonable agreement with experiment. T
experimentally observed negative thermal expansion of thd
and d8 phases is not reproduced, but these phases are
dicted to have thermal expansion coefficients much low
than the other phases. The model shows a decrease in
ume upon melting, as seen in experiment. The calcula
melting point is found to be about 1000 K, in reasona
agreement with the experimental melting point of 913
Melting points are calculated using the moving planar int
face method.19 Not only does the model reproduce the e
perimental volumes, but the lattice constants of the crys
line phases are also in excellent agreement with experim
~Fig. 3!. Most notable is the agreement with experiment
the lattice constants of theg phase, which may be considere
as a very significant orthorhombic distortion of the diamo
cubic structure. The predicted elastic moduli are compare
experiment in Table II. The moduli are obtained from a fit
the calculated pressure/volume relationship to a second-o

FIG. 3. Comparison of the calculated and experimental lat
constants of the equilibrium plutonium allotropes. The data
shown for the following temperatures:a, 294 K; b, 463 K; g, 508
K; d, 593 K; d8, 738 K; and«, 763 K. The three widely separate
lattice constants show the large orthorhombic distortion of the
mond cubic phase.
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polynomial in the logarithm of volume over volume varia
tions of about 5%. Reasonable agreement with experime
obtained. The anomalously high-pressure derivative of
bulk modulus for thea phase is reproduced well by th
model. It should be emphasized that the pressure deriva
was fit to experiment and isnot a prediction of the model.

B. Understanding the complex behavior

By looking at the details of the model, we can begin
develop an understanding of why plutonium has such an
usual behavior. In comparing the model parameters to th
for other materials,7,20 only one parameter stands out as b
ing different,b (3), the decay constant for thef-electron den-
sity. This constant is much larger for plutonium than a
other element that has been modeled using the MEAM. W
this means is that thef-electron density has a much mo
rapid spatial variation than thes-, p-, or d-electron densities.
This variation allows the bonding in plutonium at a larg
atomic volume to be mainlys in character, while at smal
atomic volumes, to be mainlyf in character. Here we equat
the mathematical concept of partial electron density
scribed above to the more physical concept of bonding ch
acter. The reader is cautioned that connecting the concep
the empirical MEAM with electronic structure theory shou
be viewed with caution. These ideas are consistent w
those proposed by Zachariasen many years ago,21 and recent
density-functional calculations.22,23 We can quantify these
concepts from our calculations. In Table III, the average
tios of the p, d, and f partial electron densities to th

e
e

-

TABLE II. Elastic moduli for plutonium. Calculated values o
the bulk modulusB and pressure derivative of the bulk modulusB8.
Experimental values are given in parentheses.

Phase T ~K! B ~GPa! B8 ~dimensionless!

a 294 41~40–48a,42b! 11 ~10.5b!

b 388 31~30–43c! 7.4
g 508 23~23d! 17
d 593 25~41e! 5.7
« 913 21 2.2
liquid 1100 7.9 0.1

aReference 26 at 303 K.
bReference 25.
cReference 27 at 473 K.
dReference 8 at 493 K.
eReference 8 at 603 K.

TABLE III. Average ratio of thel ( l 5p,d, f ) component of the
electron density to thes componentx5r ( l )/r (0) for the various
phases at the indicated temperature. The densities were samp
times spaced by 0.02 ps over a 5 psduration.

Phase T ~K! p d f

a 294 0.05 0.10 0.78
b 473 0.09 0.13 0.35
g 508 0.05 0.07 0.13
d 593 0.05 0.07 0.11
« 913 0.08 0.11 0.20
liquid 913 0.10 0.16 0.50
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FIG. 4. Distribution functionN(x) of the ratio of thel ( l 5p,d, f ) component of the electron density to thes componentx5r ( l )/r (0) for
various phases of plutonium. Note the different scales for the different phases. The data were collected for the temperatures pr
Table III. The distribution~1000 bins, normalized to unity! includes ratios for all atoms at times spaced by 0.02 ps over a 5 psduration. The
peak widths are due to both the random motion of the neighbors of each atom caused by temperature and also the differen
environments seen by atoms in these complex crystal structures. For example, in thea phase there are three environments that contribut
the f electron density peaks. Atoms from the first environment contribute to the peak at;0.2, atoms from the second environment contribu
to the peak at;1.0, while atoms from the third environment contribute to the shoulder of the large peak at;0.8.
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s-electron density are presented. The average is taken
both the atoms and time. We posit that these ratios are
resentative of the extent of the bonding of electrons w
different angular momentum states. The average elec
density for thep electrons ranges from 5% to 10% of th
s-electron density, increasing from the low-temperaturea
phase to the high-temperature liquid. Theb phase violates
this trend. Thed-electron density varies from 7% to 16% o
the s-electron density with no apparent systematic variat
between the phases. The most dramatic variation occurs
the f-electron density, which ranges from 11% of th
s-electron density in thed phase to 78% of thes-electron
density in thea phase. Clearly, the bonding in these tw
er
p-
h
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n
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phases is drastically different. We can understand the so
of this behavior in Fig. 4 where we show the distribution
the electron-density ratios. The figure presents distribut
functions of the ratios collected for all of the atoms and fo
time of 5 ps. For all of the phases, this ratio for thep andd
electrons is small, approximately Gaussian in shape,
peaks at ratios between 5% and 20%, consistent with
averages shown in Table III. The spread in ratios may
attributed to the changes in environment that an atom s
due to thermal vibration. In contrast, the ratio for thef elec-
trons varies significantly from phase to phase. It is the sm
est for thed phase, the phase with the largest volume p
atom and shows a bimodal distribution for thea phase, the
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PRB 62 15 537ATOMISTIC MODEL OF PLUTONIUM
phase with the smallest volume per atom. Detailed inve
gation shows that about23 of the atoms in thea phase con-
tribute to the peak that represents approximately equals and
f electron density. Theb and liquid phases show a significa
amount of f-bonding character, while theg and e phases
show only slightly moref bonding than thed phase. Thus,
we are able to conclude that the large volume per atom of
cubic d ande phases arises from plutonium atoms with p
dominantlys-like bonding, and the smaller volume per ato
of the monoclinica and b phases results from plutonium
atoms with a high degree off-like bonding.

IV. FUTURE DIRECTIONS

To ensure that our model represents the properties of
tonium, we plan to calculate a number of additional prop
gy
0

v

ul.
i-

e
-

u-
-

ties, e.g., all of the elastic constants and self-diffusion,
which there is experimental data to compare. In addition, t
extensive sets of calculations are planned for elemental
tonium. The first involves calculation of the free energies
all of the stable phases so that transformation temperat
may be predicted and compared to experiment. The sec
involves calculation of radiation damage in the delta ph
so that the long-term stability of this material may be a
sessed. Assuming that these tests yield positive results
logical extension of the model is to include common alloyi
additions, e.g., gallium, and important impurities, e.g., h
lium. With the addition of a model for these elements, w
should be able to calculate the entire plutonium/galliu
phase diagram, including the effects of the important plu
nium decay product, helium.
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