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Mechanism of population inversion in uniaxially strained p-Ge continuous-wave lasers
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The recently observed continuous-wave THz lasing in a uniaxially strainedp-Ge under weak electric-field
pumping cannot be explained by the mechanism of population inversion for pulse mode lasing from the same
sample but by strong electric-field pumping. With a theory including the carrier scattering by impurities,
acoustic phonons, and optical phonons, our calculation shows that the specific angular dependence of the
impurity scattering and the specific energy dependence of the acoustic-phonon scattering are the origin of the
population inversion of the resonant states. We thus complete the theory of population inversion in an elec-
trically pumped uniaxially strained THzp-Ge laser.
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Terahertz~THz! physics and technology are important
radio astronomy, optical communication, medical diagno
nondestructive measurement of spatial distribution of mo
ity in doped semiconductors, and environmental rela
problems. Driven by the needs of new devices, the prob
of both the high-speed noncoherent and the wideband co
ent detection of THz radiation has been solved recen
High efficiency THz radiation sources then remain to be
central problem. Presently available sources of THz radia
include CO2-pumped molecular or Raman gas lasers, fr
electron lasers, backward-wave oscillators,p-Ge hot-hole la-
sers, Schottky diode multipliers, and various pulsed sou
based on ultrafast carrier and phonon relaxation in semic
ductors or superconductors under intensive femtosecond
citation, as well as utilizing similar mechanisms for nonli
ear photomixing of two infrared or optical signals. Of a
these sources, only photomixers produce tunable cohe
continuous-wave~cw! radiation with very limited output
power.

Semiconductor THz lasers will have many advantage
they can be made. Thep-Ge laser, which operates und
crossing electric and magnetic fields, was realized earlier,
is not practical. Later, ap-Ge THz laser was fabricated, an
under uniaxial stress it emits a THz radiation pulse if el
trically pumped with a high electric field parallel to stre
direction.1 The mechanism of population inversion for su
lasing, which has been shown recently,2 is based on the
streaming motionof carriers3,4 and the formation of resonan
states.5 When an electric field is applied, carriers are acc
erated by the field, but scattered by impurities as well as
acoustic and optical phonons. With low impurity concent
tion and at low temperature, if the applied field is high, c
riers will have a large probability gaining enough energy
emit optical phonons. Carriers are said to be in thestreaming
motionregime. On the other hand, if the applied field is lo
a carrier gains energy slowly. In this case, due to
acoustic-phonon scattering, a carrier can hardly gain eno
energy to emit an optical phonon. The resulting motion
the carriers is said to be in thediffusive regime.

Under a sufficiently large uniaxial stress, say along thz
axis, such that the split of the heavy-hole band and the lig
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hole band is larger than the acceptor binding energy,
energy-level structure is shown in Fig. 1. For convenien
we have inverted the valence band, and so the heavy-
band lies above the light-hole band. The hybridization o
localized impurity orbital attached to the heavy-hole ba
and the Bloch states in the light-hole band results in a re
nant state with energyE0-iG/2. If E0 is less than the optical
phonon energy, then in the streaming motion regime carr
can be injected into resonant states before emitting opt
phonons, resulting in the required population inversion
lasing between the resonant levelE0 and the impurity levels
attached to the light-hole band. The so-formulated theo2

explains well the experimental observation.1

FIG. 1. Acceptor levels and heavy-hole bandE0,k
h and light-hole

bandE0,k
l of Ge:Ga under uniaxial stress. The bands are inverted

convenience, and all energies are measured from the edge o
light-hole band.
15 291 ©2000 The American Physical Society
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However, pumping with very low electric field, cw TH
lasing was observed very recently6 from the samples used i
Ref. 1, which exhibit pulse THz lasing under high elect
field pumping. In this case with low-field pumping, carrie
gain energy slowly and therefore the probability for a carr
to reach the energyE0 may be expected to be very sma
Furthermore, by applying a stronger stress,E0 increases and
so the laser intensity is expected to decrease. However
experiment shows the enhancement of laser intensity w
stronger stress. The fundamental problem is then the me
nism of population inversion. In this paper we will show th
the formation of resonant states remains as the key facto
cw lasing. The population inversion in resonant states is
to the specific angular dependence of the scattering o
electron by an impurity ion, and due to the specific ene
dependence of the electron-acoustic-phonon scattering.

The resonant state and the kinetic equation for its oc
pation probability were derived in details in our earli
paper.7 Here we will only outline the key points. In terms o
the Bloch basis ofG8

1 irreducible representation of th

double point groupŌh , in cylindric approximation, the Lut-
tinger Hamiltonian operator for the valence band unde
uniaxial stressP along thez axis has the form

ĤL~ k̂,z!5
2\2

2m0 F â12z b̂ ĉ 0

b̂* â21z 0 ĉ

ĉ* 0 â21z 2b̂

0 ĉ* 2b̂* â12z

G
with matrix elements

â152~g122g2!k̂z
22~g11g2!~ k̂x

21 k̂y
2!,

â252~g112g2!k̂z
22~g12g2!~ k̂x

21 k̂y
2!,

b̂52A3g3~ k̂x2 ik̂y!k̂z ,

ĉ5A3~g21g3!~ k̂x2 ik̂y!2/2.

g is are Luttinger parameters, andz is related to the split of
the valence-band topEdef and the deformation potentiala by
Edef5aP5\2z/m0. In our notationk is a vector andk̂ is an
operator.

In the presence of a charged acceptor, including the C
lomb potential2e2/er , the total Hamiltonian can be ex
pressed as

Ĥ~ k̂,z!5ĤL~ k̂,z!2~e2/er ! Î[Ĥ0~ k̂,z!1Û~ k̂,z!,

whereĤ0( k̂,z) is the diagonal part ofĤ( k̂,z). The eigenso-
lutions of Ĥ0( k̂,z) are labeled by quantum numberm: m5
63/2 for heavy-hole bandE0,k

h and its associated impurit
levels Eil z

h , and m561/2 for light-hole bandE0,k
l and its

associated impurity levelsEil z

l . Setting zero reference energ

at the edge of the light-hole band, these energy levels
shown in Fig. 1. From now on we will drop the labelz in the
Hamiltonian operators.

If carriers can survive the acoustic scattering and occ
the resonant states under weak electric-field pumping,
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energy of the relevant localized impurity orbital must
E1s

h , and the relevant Bloch states in the light-hole band h
energyE0,k

l aroundE1s
h . Let w1s

h (r ) be the effective-mass
envelope function of the corresponding localized acceptors
orbital, andck

l (r ) the corresponding Bloch state in the ligh
hole band. We construct four vector wave functio
w (63/2)(r ) and ck

(61/2)(r ), each of which has four compo
nents but only one component is not zero. These nonz
components arew1s

h (r ) for the first component ofw (13/2)(r )
and the fourth component ofw (23/2)(r ), and ck

l (r ) for the
second component ofck

(11/2)(r ) and the third component o
ck

(21/2)(r ). The resonant state can then be written as

Ck
61/2~r ,t !5 (

m563/2
ak

(61/2,m)~ t !expS 2 i
E1s

h

\
t Dw (m)~r !

1 (
k8,m561/2

bkk8
(61/2,m)

~ t !

3expS 2 i
E0,k8

l

\
t Dck8

(m)
~r !, ~1!

which satisfies the time-dependent Schro¨dinger equation

@Ĥ0~ k̂!1Û~ k̂!#Ck
61/2~r ,t !5 i\]Ck

61/2~r ,t !/]t ~2!

with the initial conditionsbkk8
(61/2,61/2)(0)5d1/2,61/2dk,k8 and

ak
(61/2,63/2)(0)50. Since the two orthogonal resonant sta

Ck
11/2(r ,t) andCk

21/2(r ,t) are degenerate, we need to stu
only one of them. In the following we will drop the supe
script 6.

The resonant states are formed from the resonant sca
ing of the Bloch states by the charge impurities. To inves
gate the population inversion, we need to know the occu
tion probability f r of the localized impurity orbitals

f r5(
k

~ uak
(11/2,13/2)u21uak

(11/2,23/2)u2! f k
l , ~3!

wheref k
l is the occupation probability of thek Bloch state in

the light-hole band. In the absence of electron-phonon s
tering, the static state distributionf k

l satisfies the kinetic
equation

eE
\

] f k
l

]kz
5Ni(

k8
Wlk,lk8 f k8

l
2Ni f k

l (
k8

Wlk8,lk , ~4!

whereNi the number of impurities, andWlk,l8k8 is the tran-
sition probability from thek8 Bloch state in thel8 band to
thek Bloch state in thel band. Our normalization condition
is set as

(
k

f k
l 1Ni f r5N, ~5!

whereN is the total number of holes.
The detail derivation can be found in our earlier wo

Ref. 7, and here we will summarize the final results. Us
the commonly accepted variational function8
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w1s
h ~r !5

1

Apa2b
expF2Ax21y2

a2 1
z2

b2G
for the localized acceptor orbital, and normalized pla
waveseik•r/AV for the Bloch stateck

l (r ) in the light hole
band, the transition probability is derived as

Wlk,lk85~ uWku21uVku2!~ uWk8u
21uVk8u

2!

3F2p

\

d~E0,k8
l

2E0,k
l !

~E0,k
l 2E0!21G2/4

G , ~6!

where

Vk52~A3\2g/m0!~kx2 iky!kzI ~k!,

Wk52~A3\2g/2m0!~kx2 iky!2I ~k!, ~7!

with I (k)58Apa2b/V@11kz
2b21(kx

21ky
2)a2#22.

As we mentioned earlier, while the applied electric fie
may help holes to occupy resonant states, this possib
may be suppressed by the scattering of phonons, espec
by acoustic phonons when the applied electric field is we
The relevant theory of scattering was formulated in detail
Bir and Pikus,9 and their results will be used here. The tra
sition probability per unit time from thek8 Bloch state in the
l8 band to thek Bloch state in thel band with the emission
or absorption of an acoustic phonon of frequencyvq,n is
given by

Wlk,l8k8
ac,6

5
p

\ (
q,n

S \~nq,n1 1
2 6 1

2 !

2rvq,nV
D

3 (
m,m8

uHac~qn!km,k8m8u
2dq,6(k2k8)

3d~Ek8
l82Ek

l6\vq,n!, ~8!

where r is the mass density of the system,q the phonon
wave vector,n the polarization,nq,n the number of phonons
In the summation,m561/2 for light-hole bandl,l85 l ,
and m563/2 for heavy-hole bandl,l85h. The 1 corre-
sponds to the emission and2 to the absorption of acousti
phonons. The explicit matrix form of the electron-acoust
phonon interaction matrix elementHac(qn)km,k8m8 can be
found in Ref. 9.

Similarly, for scattering by optical phonons, the transiti
probability per unit time has the form9

Wlk,l8k8
opt

5
p

\ S \

2rvoptV
D (

s,m,m8
uHopt~es!km,k8m8u

2

3d~Ek8
l82Ek

l2\vopt!, ~9!

wherees is the polarization vector. Again, the expression
the electron-optical-phonon interaction matrix eleme
Hopt(es)km,k8m8 is given in Ref. 9.

Including the scattering of both acoustic and optic
phonons, the occupation probability of thek Bloch state in
the heavy-hole bandf k

h , in light-hole bandf k
l , and the oc-

cupa-
e
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lly

k.
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tion probability f r of the localized impurity orbitals should
be solved self-consistently from the following coupled equ
tions:

eE
\

] f k
l

]kz
5Ni(

k8
Wlk,lk8 f k8

l
2Ni f k

l (
k8

Wlk8,lk

1 (
l85 l ,h;k8

f k8
l8Wlk,l8k8

ac,6
2 f k

l (
l85 l ,h;k8

Wl8k8,lk
ac,6

1 (
l85 l ,h;k8

f k8
l8Wlk,l8k8

opt
2 f k

l (
l85 l ,h;k8

Wl8k8,lk
opt ,

~10!

eE
\

] f k
h

]kz
5 (

l85 l ,h;k8
f k8

l8Whk,l8k8
ac,6

2 f k
h (

l85 l ,h;k8
Wl8k8,hk

ac,6

1 (
l85 l ,h;k8

f k8
l8Whk,l8k8

opt
2 f k

h (
l85 l ,h;k8

Wl8k8,hk
opt , f r

5(
k

~ uak
(11/2,13/2)u21uak

(11/2,23/2)u2! f k
l ,

together with the modified normalization condition

(
k

f k
l 1(

k
f k

h1Ni f r5N. ~11!

The experimental sample in Ref. 6 has acceptor conc
tration aboutN5131014, and at liquid-helium temperatur
cw THz lasing was observed under an external electric fi
up to 10 V/cm. For the stress values used in the experim
from the measurement of the current-voltage curve, it
been known10 that all impurities are ionized (Ni5N) by im-
pact ionization when the electric-field strength exceed
V/cm. We have used these experimental conditions to so
Eqs.~10! and~11! numerically for the occupation probabilit
f r of the resonant states, and the results are shown in F
for various valuesEdef of the split of the valence-band top
Edef520 meV for curve 1, 24 meV for curve 2, 28 meV fo
curve 3, and 32 meV for curve 4. The corresponding re
nant energyE0 and resonant widthG in units meV are cal-

FIG. 2. Occupation probability of resonant statesf r as a func-
tion of the applied electric field for different values of stress. c
lasing has been observed in the electric-field range marked by
shaded region.
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culated as (E0 ;G)5(3.2;2.3),(11;3.5),(18.6;3.2), and
~24.5; 2.9! for curves 1, 2, 3, and 4, respectively. cw lasi
has been observed in the electric-field range marked by
shaded region.

The few percents of occupation probabilityf r shown in
Fig. 2 for low electric-field pumping in the diffusive regim
are the same order of magnitude as the value off r for the
case of strong electric-field pumping in the streaming mot
regime, which we found earlier.2 Furthermore, f r is en-
hanced by increasing stress, as observed in the experim6

To find out the physical origin of these important results,
us write Eq. ~3! as f r5(kT(r ,k) f k

l , where T(r ,k)
[uak

(11/2,13/2)u21uak
(11/2,23/2)u2 is the probability that a car

rier in the (l ,k) Bloch state will be trapped in a resona
state. The explicit expressions forak

(11/2,63/2) are given in
Eq. ~15! of Ref. 7. We can then prove thatT(r ,k) is propor-
tional to sin2u, whereu is the angle between the direction
carrier momentum vectork and the direction of the applie
electric field, which is along thez axis. When an electron
moves along thez axis and is scattered by an acoustic ph
non, letk be the momentum vector of the final electron sta
which makes an angleu to thez axis. It is obvious that the
total number of final electron states having the sameu in-
creases withu. Therefore, under the combined effect
.

-

i-
.
nc

.

he

n

nt.
t

-
,

electric-field acceleration and the acoustic-phonon scatter
the angleu of a carrier’s momentum increases towardsp/2,
where T(r ,k) has its maximum value. As a result, in th
diffusive regime, the occupation probabilityf r of the reso-
nant states can be large enough to achieve the required p
lation inversion for lasing.

Besides the fact that the total number of final electr
states increases withu, for a given angleu, it is also obvious
that the number of available final electron states for
electron-acoustic-phonon scattering increases with the ca

energyE0,k
l according toAE0,k

l . Since the resonant state e
ergy E0 increases with the applied stress, the correspond
occupation probabilityf r increases with the applied stres
resulting in stronger THz radiation intensity as observed
the experiment.6

To close this paper, we would like to emphasize that
necessarycondition for lasing is that the formation time o
the population inversion is shorter than the time of spon
neous emission.3,11 We have estimated these times and th
satisfy the condition. Consequently, we have neglected
radiation transition processes in our kinetic equations.
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