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Optical sum rule violation, superfluid weight, and condensation energy in the cuprates
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The model of hole superconductivity predicts that the superfluid weight in the zero-frequencyd function in
the optical conductivity has an anomalous contribution from high frequencies, due to lowering of the system’s
kinetic energy upon entering the superconducting state. The lowering of kinetic energy, mainly in-plane in
origin, accounts for both the condensation energy of the superconductor as well as an increased potential
energy due to larger Coulomb repulsion in the paired state. It leads to an apparent violation of the conductivity
sum rule, which in the clean limit we predict to be substantially larger for in-plane than forc-axis conductivity.
However, because cuprates are in the dirty limit forc-axis transport, the sum rule violation is found to be
greatly enhanced in thec direction. The model predicts the sum rule violation to be largest in the underdoped
regime and to decrease with doping, more rapidly in thec direction than in the plane. So far, experiments have
detected sum rule violation inc-axis transport in several cuprates, as well as a decrease and disappearance of
this violation for increasing doping, but no violation in plane. We explore the predictions of the model for a
wide range of parameters, both in the absence and in the presence of disorder, and the relation with current
experimental knowledge.
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I. INTRODUCTION

In the model of hole superconductivity the hopping a
plitude for a hole of spins hopping between sitesi and j is
given by1,2

t i j
s 5t i j

h 1~Dt ! i j ~ni ,2s1nj ,2s! ~1!

with ni ,2s the occupation number for spin (2s) at site i.
Equation~1! leads to superconductivity at low hole conce
tration due to lowering of the carrier’s effective mass,
equivalently of kinetic energy, upon pairing. In tight bindin
models for low carrier concentration the hopping amplitu
is related to the effective massm* through

t5
\2

2m* a2
~2!

with a the lattice spacing in the given direction.
This physics leads to nontrivial consequences for the e

trodynamics of hole superconductors.3,4 The London pen-
etration depth in the limit of low carrier concentration
given by

l5S m* c2

4pnse* 2D 1/2

~3!

with m* ,e* the mass and charge of the superfluid carri
andns the superfluid density. If the effective mass decrea
upon pairing,l will be smaller than expected from the no
mal state effective mass.3 This leads to a violation4 of the
low-energy optical sum rule~Ferrell-Glover-Tinkham sum
rule5! which relates the London penetration depth~which
depends on the effective mass in the paired state! to the low
frequency ‘‘missing area’’ in the optical conductivity~which
is a function of the effective mass in the normal state!. Ob-
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servation of such a violation in several cuprates,6 long after it
was predicted theoretically,4 lends support to the model upo
which the prediction was based. The London penetrat
depth is determined by the weight of the zero-frequencyd
function in the optical conductivity~‘‘superfluid weight’’!,
which is predicted to be larger than the area missing from
low frequency optical absorption, as shown schematically
Fig. 1.

The sum rule violation is a manifestation of the lowerin
of kinetic energy that occurs upon pairing, and this loweri
of kinetic energy is what gives the condensation energy
the superconductor within our model. In fact, the kinetic e
ergy lowering~mainly from in-plane motion! that we obtain
is much larger than the condensation energy,7 but is compen-
sated to some extent by increase of Coulomb repulsion
tween carriers, that are on average closer to each other in
paired state compared to the situation in the unpaired st

Anderson8 has proposed a mechanism for high-Tc super-
conductivity based on lowering of kinetic energy of pa
tunneling between planes@interlayer tunneling theory~ILT !#.
That theory has in common with the one discussed here
superconductivity is driven by kinetic energy lowering, but
differs in that it only deals withc-axis transport. There are
also other fundamental differences with the theory discus
here. According to ILT, the weight in thed function for
c-axis transport should account for the condensation ene
of the superconductor, and it is claimed8 that this is in fact
the case in La22xSrxCuO4 throughout the entire doping re
gime, from underdoped to overdoped. This implies in p
ticular that within ILT theory the entire weight in thed func-
tion reflects lowering ofc-axis kinetic energy, irrespective o
whether that weight comes from low or from high frequen
optical response. Thus, while the theory may beconsistent
with the observedc-axis sum rule violation,9 it makes no
definite prediction on whether sum rule violation in thec
direction should occur in a given doping regime. Or, perha
15 131 ©2000 The American Physical Society
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15 132 PRB 62J. E. HIRSCH AND F. MARSIGLIO
one should interpret the ILT prediction to mean that the s
rule violation should be 100% for any doping regime, whic
however, is inconsistent with reported observations.6 Instead,
our theory associates with kinetic energy lowering only
part of thed function that comes from high frequencies, a
yields quantitative predictions for it as well as for the to
superfluid weight as a function of doping, which we w
compare here with experiment.

Furthermore, for Tl2Ba2CuOy ILT theory cannot accoun
for the condensation energy even using the entire weigh
the zero-frequencyd function, because it is too small by a
least two orders of magnitude.10,11 This is because ILT
theory only considers kinetic energy lowering due toc-axis
motion. Instead, the theory considered here, despite u
only the fraction of thed-function weight coming from high
frequencies, has no trouble accounting for the condensa
energy seen experimentally because it considers bothc-axis
as well as in-plane kinetic energy lowering.

In the anisotropic structure of the oxides the sum r
violation will naturally not be the same in all directions. W
assume as the simplest possible model, that the ratio oft and
Dt in Eq. ~1! is the same in all directions. We will show tha
under this plausible assumption our model predicts the
plane violation to be several times larger than thec-axis vio-
lation. This is in apparent contradiction with the report
experimental observation6 of largec-axis sum rule violation

FIG. 1. Sketch of the real part of the conductivity in the sup
conducting~dashed lines! and normal state~solid lines!. The delta
function at the origin is the superfluid weightD that determines the
London penetration depth. Additional weight is present in the d
function in the superconducting state that originates at high
quency in the normal state. Note that in the dirty limit the con
bution to the delta function originating at low frequencies is
duced, and hence the additional weight from high frequen
represents a substantially larger fraction of the delta function. T
figure is discussed in detail in Sec. III.
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(;50%) and no detectable in-plane violation (,10%).
However, a natural explanation for this discrepancy ari
from the fact that the cuprates quite generally appear to b
the clean limit for in-plane conduction and in the dirty lim
for c-axis conduction. We will not go here into a discussi
of why this is the case, but there seems to be ample exp
mental evidence for it.12–15 We show that under those con
ditions thec-axis violation is very greatly enhanced and w
generally be much larger than the in-plane violation,
agreement with observations. The effect of disorder on
sum rule violation is schematically shown in Fig. 1.

Concerning the doping dependence, it is important to d
ferentiate between relative and absolute values of kinetic
ergy lowering. For absolute values, our model predicts t
the kinetic energy lowering is maximum close to the op
mally doped case, and decreases smoothly both for un
doped and overdoped regimes. Instead, for the degree of
rule violation, i.e., kinetic energy lowering relative to tot
superfluid weight, the model predicts a monotonic decre
as the doping increases~except in extremely underdoped re
gimes!. Furthermore in the presence of disorder the rate
decrease with doping can be greatly enhanced. Experim
tally, a rapid decrease of sum rule violation with doping h
been observed,6 and we will show that the theory is compa
ible with the reported observations within reasonable
sumptions.

Because of the difficulty in precisely estimating the a
propriate parameters in our model for given materials,
explore here predictions of the model for a range of inter
tion parameters. This is of intrinsic interest, and furtherm
it may be relevant to materials as yet undiscovered. So
general trends found are that for given maximumTc the
model predicts increasing sum rule violation as the nea
neighbor repulsion increases and as the bandwidth decre
The latter in turn also leads to an increasing condensa
energy. The results that we obtain are compatible with ex
ing observations in the cuprates for a range of parameter
the model, and future more accurate observations shoul
able to determine more precisely the parameters in the m
to represent the physics of a given cuprate.

In Sec. II we review the Hamiltonian and general forma
ism, and discuss the calculation of the condensation ene
Section III discusses the optical sum rule predictions, in
clean limit, and in the presence of disorder. Section
shows results for the clean limit for the full three
dimensional anisotropic model for a variety of paramete
and in Sec. V we compare the predictions of the model w
experimental results taking into account the effect of dis
der. We conclude in Sec. VI with a summary and discussi

II. FORMALISM

The model is defined by the single band Hamiltonian1

H52 (
i , j ,s

t i j
s~cis

† cj s1H.c.!1U(
i

ni↑ni↓1(̂
i j &

Vi j ninj

~4!

with i, j sites on a three-dimensional cubic lattice, andt i j
s

defined by Eq.~1!. cis
† creates a hole of spins in the oxygen

pp planar orbital at sitei, and other orbitals (Ops ,
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Cudx22y2) are ignored.16 We definet i j
h in Eq. ~1! to be ta

h or
tc
h for nearest neighbor sites in the plane or in thec direction,

and similarlyDta , Dtc , and assume the same anisotropy
t andDt:

h5
ta

tc
5

Dta

Dtc
. ~5!

The effective hopping as a function of hole densitynh is
given by, witha5a or c,

ta5ta
h1Dtanh ~6!

and the effective mass anisotropy

mc*

ma*
5

ta

tc
5h ~7!

is independent of doping level with this assumption. We
sume isotropic nearest neighbor repulsion for simplicity; a
anisotropy in it should be much smaller than that for t
hopping amplitudes.

The formalism we use is described in Ref. 1. The res
are not very dependent on details of the band structure
understand the behavior emerging from the planar mot
which dominates the energetics, one can use a simple
stant density of states model

g~e!5
1

D
~8!

with D the bandwidth. This model illustrates well the beha
ior emerging from the planar motion.7 Since we are inter-
ested in the anisotropy of various measured properties,
will mostly use here a three-dimensional tight-binding ba
structure, with a strong hopping anisotropy (h525, for defi-
niteness!. The consequences of this anisotropy for vario
properties have already been discussed in Refs. 1,3. In
ticular, we discussed an approximation in which only ene
integrations are required; anisotropy only enters throu
various weighted densities of states. The results thus
tained were very accurate. In the rest of this paper, un
stated otherwise, we will use this approximation.17

The condensation energy per site is given by

econd5en2es ~9!

with es ,en the average energy per site at the same temp
ture and for the same number of holes in the superconduc
and normal states, respectively. We define the different c
tributions

econd5e t1eDt1eU1eV ~10!

arising from single particle hopping, correlated hopping, o
site and nearest neighbor repulsion, respectively. All con
butions to econd, in Eq. ~10! excepteDt are negative: the
single particle hopping energy is lowest in the normal st
(e t,0), and the Coulomb repulsions due toU and V in-
crease in the superconducting state (eU ,eV,0) because car
riers in a pair are closer together on average. The conde
tion energy is entirely given by the large kinetic ener
lowering due to correlated hopping (eDt) which is compen-
r
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sated to some extent by the other terms in Eq.~10!. In weak
coupling the condensation energy is given by the usual
pression

econd5
D0

2

2
g~eF! ~11!

with D0 the energy gap andg(eF) the density of states at th
Fermi energy.

To determine the various energies that contribute to
condensation energy, we define, as in previous work,
integrals

I l5E deS 2
e

D/2D
l

g~e!
122 f @E~e!#

2E~e!
~12!

with f the Fermi function and the quasiparticle energyE(e)
given by

E~e!5A~e2m!21D~e!2, ~13a!

D~e!5DmS 2
e

D/2
1cD ~13b!

and the parametersDm and c obtained from solution of the
BCS equations. The various contributions to the conden
tion energy are given by

e t52E de g~e! e f ~e2mN!2DFD

2
I 21mI 1G , ~14a!

eDt52KDm
2 ~ I 11cI0!~ I 21cI1!, ~14b!

eU52UDm
2 ~ I 11cI0!2, ~14c!

eV52WDm
2 ~ I 21cI1!2, ~14d!

with

K52zDt, ~15a!

W5zV ~15b!

andz the number of nearest neighbors to a site. Note thatmN
is the chemical potential required forn electrons inthe nor-
mal state.

The contributions~14b!, ~14c!, and ~14d! are useful in
that they specify the various energy contributions aris
from interaction terms in the Hamiltonian. They can, ho
ever, be summed, with the help of the gap equation,1 to give
a single result

e int[eDt1eU1eV5E de g~e! D2~e!
122 f @E~e!#

2E~e!
,

~16!

in agreement with the usual expression for the internal
ergy contribution.

III. OPTICAL SUM RULE

The real part of the optical conductivity for light polarize
in directiond is given by18
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s1d~v,T!5
p

\VZ (
n,m

e2bEn2e2bEm

Em2En
^nuJdum&^muJdun&

3dS v2
Em2En

\ D , ~17!

wheren,m run over all eigenstates of the system with en
giesEn ,Em , Z is the partition function,V the volume, and
Jd the component of the paramagnetic current operator in
d direction. To derive the current operator for the tight bin
ing model Eq.~4! we define the polarization operator

PW 5e(
i

RW ini ~18!

and obtain the current operator from its time derivative

JW5
dPW

dt
5

i

\
@H,PW # ~19!

yielding for the component in thed direction

Jd5
iead

\ (
i ,s

t i j
s @ci 1d,s

† cis2cis
† ci 1d,s#. ~20!

Note that the hopping amplitudes in Eq.~20! have the opera-
tor dependence given by Eq.~1!, but because density opera
tors commute with each other the form Eq.~20! is the same
as in the ordinary tight binding model with constant hoppi
amplitude. Similarly the commutator of the current and p
larization operators yields

@Jd ,Pd#52
ie2

\
ad

2^2Td&, ~21!

wheread is the lattice spacing in thed direction andTd is the
part of the kinetic energy arising from hopping processes
the d direction:

Td52(
i

t i ,i 1d
s @cis

† ci 1d,s1H.c.#. ~22!

Using Eq.~19! we can write

^nuJdum&^muJdun&
Em2En

5
i

2\
@^nuJdum&^muPdun&2^nuPdum&^muJdun&#. ~23!

Substituting in Eq.~17!, integrating over frequency and sum
ming over intermediate states yields the ‘‘partial’’ condu
tivity sum rule for our model

E
0

vm
dvs1d~v,T!5

p2ad
2e2

2\2V
^2Td& ~24!

which formally looks the same as in the usual tight bindi
model.19 The high frequency cutoffvm in Eq. ~24! indicates
that transitions to higher energy states not described by
Hamiltonian Eq.~4! are excluded. If we were to extend th
integral to infinity instead, the usual conductivity sum ru
follows:
-

e
-

-

n

ur

E
0

`

dvs1d~v,T!5
pe2n

2m
, ~25!

wheren is the electron density andm the bare electron mass
For the tight binding model with a nearly empty or a nea
full band it is easily seen that Eq.~24! takes the form Eq.
~25! with m replaced by the effective massm* given by Eq.
~2!.

More generally, the complex frequency-dependent c
ductivity for light polarized in directiond is given by18

sd~v!5
i

v FPd~v!2
e2ad

2

\2V
^Td&G ~26!

with Pd the complex current-current correlation functio
with spectral representation

Pd~v!5
1

VZ (
n,m

e2bEn2e2bEm

Em2En1\v1 id
^nuJdum&^muJdun&

~27!

and the London Kernel, that gives the penetration depthld ,
is given by

Kd5
1

ld
2

5
4pv

c2
s2d ~28!

with s2 the imaginary part of the conductivity. Hence,

Kd5
4p

c2
P1d2

4pe2ad
2

c2\2V
^T1d&[K1d1K2d ~29!

with P1d the real part of the current-current correlation fun
tion. K1d and K2d are the paramagnetic and diamagne
London kernels.

In the superconducting state at temperatureT the real part
of the conductivity is

s1d
s 5Dd~T!d~v!1s1d

s,reg~v,T!. ~30!

The superfluid weightDd(T) gives rise, through a Kramers
Kronig relation, to a 1/v contribution to the imaginary par
of the conductivity and hence to the London kernel

Kd5
8Dd

c2
. ~31!

Integrating Eq.~30! and using Eq.~24! yields

Dd~T!1E
01

vm
s1d

s ~v,T!5
pe2ad

2e2

2\2V
^2Td&s,T . ~32!

On the other hand, in the normal state at temperatureT1

E
0

vm
s1d

n ~v,T1!5
pe2ad

2e2

2\2V
^2Td&n,T1

~33!

and Eqs.~32! and ~33! yield
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Dd~T!5E
01

vm
dv@s1d

n ~v,T1!2s1d
s ~v,T!#

1
pe2ad

2

2\2V
@^2Td&s,T2^2Td&n,T1

#

[dAl1dAh . ~34!

The first term in Eq.~34! is the ‘‘low frequency missing
area’’ dAl that arises from the opening of the supercondu
ing energy gap, as discussed by Ferrell, Glover, a
Tinkham. It is not related tochangesin kinetic energy in
going into the superconducting state, but reflects simply
kinetic energy of the carriers in the normal state. In conv
tional superconductors, only this term is expected to cont
ute to the superfluid weight. The second term in Eq.~34! was
predicted to exist in highTc materials in Ref. 4, and exper
mental evidence for its existence was found in Ref. 6. T
qualitative behavior ofs1(v) and the different contributions
to the superfluid weight are shown schematically in Fig.

Integrating Eqs.~30! and ~33! to infinity instead should
yield the same answer according to the ‘‘global’’ sum ru
Eq. ~25!, so that we have also

Dd~T!5E
01

`

dv@s1d
n ~v,T1!2s1d

s ~v,T!#5dAl1dAh

~35!

and

dAh5E
vm

`

dv@s1d
n ~v,T1!2s1d

s ~v,T!#

5
pe2ad

2

2\2V
@^2Td&s,T2^2Td&n,T1

# ~36!

so that the change in optical absorption at high frequencie
given by the change in kinetic energy. The states involved
the optical transitions that contribute to Eq.~36! are not in
the Hilbert space where the Hamiltonian Eq.~4! is defined.
However, a more general Hamiltonian can be found20 that
both contains these states and yields Eq.~4! as a low energy
effective Hamiltonian when these states are projected ou

Expressions for the kinetic energies are given in Refs.
we reproduce them here for completeness:

^Td&5^Td
t &1^Td

Dt&, ~37a!

^Td
t &522~ td

h1nDtd!(
k

coskdS 12
ek2m

Ek
@122 f ~Ek!# D ,

~37b!

^Td
Dt&52

4Dtd

N (
k,k8

~coskd1coskd8!
Dk

2Ek

Dk8

2Ek8

@122 f ~Ek!#

3@122 f ~Ek8!#. ~37c!

Equation~36! shows that if there is a change in the carrie
kinetic energy in going from the normal state at temperat
T1 to the superconducting state at temperatureT, there will
be an apparent violation of the conductivity sum rule. Suc
change arises in our model from the pair contribution to
t-
d

e
-
-

e

is
in

4;

e

a
e

kinetic energy, Eq.~37c!, which is zero aboveTc and be-
comes nonzero~negative! below Tc as the superconductin
state develops.

The superfluid weight and missing areas are related to
London kernelKd by

Dd5dAl
d1dAh

d5
c2

8
Kd , ~38!

Kd5K1d1K2d . ~39!

The diamagnetic part of the London kernelK2 is given by

K2d5
4pe2ad

2

\2c2V
@^2Td

t &1^2Td
Dt&#. ~40!

The low frequency missing area is given by the Lond
paramagnetic kernel and the single particle part of the kin
energy

dAl5
c2

8 FK1d1
4pe2ad

2

\2c2V
^2Td

t &G ~41!

and the high frequency missing area by the remaining par
the London diamagnetic kernel

dAh5
pe2ad

2

2\2V
^2Td

Dt&. ~42!

From Eqs.~27! and ~29!, the spectral representation of th
paramagnetic London kernel is

K1d5
8p

c2VZ
(
n,m

e2bEn

En2Em
u^nuJdum&u2. ~43!

Finally, we define the sum rule violation parameter in dire
tion d

Vd5
dAh

d

dAl
d1dAh

d
~44!

which quantifies the relative amount of sum rule violation

A. Clean limit

In the absence of disorder the paramagnetic London
nel is easily evaluated and yields

K1d5
32pe2tdad

2

\2c2V

1

N (
k

sin2kdS ] f

]Ek
D . ~45!

It is easily seen3 that at T5Tc , K1d exactly cancels the
single-particle kinetic energy in Eq.~41!, hencedAl50.
Similarly dAh50 sinceDk50. Hence the superfluid weigh
goes to zero atTc as expected. In the limit of zero temper
ture, K1d goes to zero and the low frequency missing a
Eq. ~41! is given by the expectation value of the single pa
ticle kinetic energy

dAl5
pe2ad

2

2\2V
^2Td

t &. ~46!
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Hence the sum rule violation parameter is simply

Vd5
^Td

Dt&

^Td
t &1^Td

Dt&
~47!

and can be calculated from Eq.~37!.
As we will see in the next section, the in-plane sum ru

violation is generally larger than thec-axis one in the clean
limit. From Eq. ~47!, this will be the case if

^Ta
Dt&

^Tc
Dt&

.
^Ta

t &

^Tc
t &

~48!

holds, that is, if the anisotropy in the anomalous part of
kinetic energy is larger than that in the single particle pa
This is indeed the case and can be understood both fro
strong and a weak coupling argument, as discussed in
following.

From Eq.~37! it would appear that the anisotropy in bo
^Td

t & and ^Td
Dt& is given byh, Eq. ~5!, since they have as

prefactortd and Dtd , respectively. However, this argume
is misleading. In strong coupling, the anomalous kinetic
ergy is proportional to3

^Td
Dt&;

~Dtd!2

U
~49!

corresponding to second order processes where a hole
onto a site already occupied by another hole, with an ene
cost U. In contrast,^Td

t & is dominated by first order pro
cesses, hence is proportional totd . As a consequence, th
anisotropy in̂ Td

t & will be closer toh and that in̂ Td
Dt& closer

to h2.
From a weak coupling point of view we can also und

stand the different anisotropy Eq.~48! from the expressions
for the kinetic energies Eq.~37!. The contributions to the
sum overk, k8 in Eq. ~37c! are dominated by values ofk, k8
in the vicinity of the Fermi surface. Except for extreme
small doping, the Fermi surface for the anisotropic ba
structure has a ‘‘cigar’’ form extending over all values ofkz
but only a small range ofkx , ky close to the origin. For
^Tc

Dt&, the factors of coskz, coskz8 lead to cancellations be
cause they extend over both positive and negative value,
for kz and (p2kz), while for ^Ta

Dt& the factors coskx , coskx8
have always the same sign. Hence the anisotropy in^Td

Dt&
will in general be substantially larger thanh, except for very
low doping where the Fermi surface is just small pock
around the points (0,0,1/2p). For ^Td

t & instead, Eq.~37b!,
the contributions to the sum overk do not come only from
points around the Fermi surface but from all points inside
Fermi surface. There is also a cancellation here betw
positive and negative values of coskz and hence the anisot
ropy in ^Td

t & is also larger thanh. However, the cancellation
is less complete here because there is more phase spa
side the Fermi surface forkz than there is for (p2kz), for
kz,p/2. Hence the anisotropy in̂Td

t & is smaller than that in
^Td

Dt&, as given by Eq.~48!, leading to larger in-plane tha
c-axis sum rule violation.
e
t.

a
he

-

ops
y

-

d

g.,

s

e
en

in-

B. Effect of disorder

In the presence of disorder the weight in thed function is
decreased and hence the penetration depth increases. Q
tatively this can be seen from the Drude form of the opti
conductivity

s1~v!5
ne2t

m*

1

11v2t2
~50!

with t the scattering time. Upon entering the supercondu
ing state the optical absorption at frequencies of order\v
,2D is suppressed due to the opening of the gap; as
disorder increases, the weight in that frequency range
creases by a factor of orderD/(\/t), and the penetration
depth at low temperatures is given approximately by21

1

ld
2

5S 1

ld
cleanD 2

1

11
\/td

pD

[ S 1

ld
cleanD 2

pd . ~51!

The detailed calculation within BCS theory is given in Re
22 for the jellium model and in Ref. 23 for arbitrary impurit
scattering rate. The diamagnetic London kernel, given by
expectation value of the single particle kinetic energy, is
sumed to be unaffected by disorder. Similarly we expect
expectation value of the pair contribution to the kinetic e
ergy^Td

Dt&, to be unaffected by disorder as long as it is we
enough not to cause pairbreaking. Under those conditi
disorder will only affect the paramagnetic London kern
and hence only the low frequency missing area. SincedAl in
Eq. ~44! is reduced by disorder~as is the normal state con
ductivity! anddAh is unaffected, the sum rule violation wil
increase. As shown schematically in Fig. 1~b!, in the dirty
limit the superfluid weight can be substantially larger th
that inferred from the low frequency missing area, which
proportional to the product of the normal state conductiv
and the gapD.21 In the presence of sum rule violation Eq
~51! becomes

1

ld
2

5S 1

ld
cleanD 2

@pd1Vd
clean~12pd!# ~52!

and the sum rule violation in the presence of disorder
given by

Vd5
dAh

d

dAl
d3pd1dAh

d
5Vd

cleanS ld

ld
cleanD 2

, ~53!

where the missing areas are understood to be those in
clean limit. The disorder parameterpd can be written as

pd5F S ld
clean

ld
D 2

2Vd
cleanG 1

12Vd
clean

~54!

so that it can be obtained from our calculated penetra
depth and sum rule violation in the clean limit together w
the observed value of the penetration depth.

There is substantial experimental evidence that the ef
of disorder is substantially stronger forc-axis transport than
for in-plane transport in the cuprates in the underdoped
gime, i.e.,tc /ta!1, and that transport in the planes can
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understood within the clean limit.12–14 As the doping is in-
creased, transport in thec direction is found to become mor
coherent, i.e.,tc increases. The penetration depth in thec
direction will hence be increased compared to its clean li
value, especially in the underdoped regime, and con
quently from Eq.~53! the sum rule violation in thec direc-
tion will also be increased. This effect is much larger th
the anisotropy in the violation in the clean limit discussed
the previous section. Hence in the presence of disorder
sum rule violation in thec direction will dominate. As the
doping increases we will find that the sum rule violation
the c direction decreases rapidly, both because the syste
approaching the clean limit and because the intrinsic vio
tion in the clean limit also decreases with doping.

IV. RESULTS IN THE CLEAN LIMIT

Much of the behavior of our model is determined by t
in-plane physics, that dominates the energetics. Furtherm
the properties of the model are not very sensitive to the
tailed density of states, and hence it is possible to learn a
many of the properties by considering simply a tw
dimensional model with constant density of states, as d
for example in Refs. 4 and 7. Here, to compare the beha
of in-plane and c-axis properties we will consider the f
anisotropic three-dimensional model at the outset. The
plane properties of that model are very similar to those of
simpler two-dimensional model.

For definiteness we will assume an on-site Hubbard re
sion U55 eV, and an anisotropy in hopping and in corr
lated hoppingh525 @Eq. ~5!#. We will show results for a se
of bandwidths spanning the weak to strong coupling reg
D51.5, 1, 0.5, 0.1 eV, and nearest neighbor repulsionV
50 andV50.65 eV. We expect the actual value ofV in the
cuprates to be somewhere in between those two values.
magnitude of the hopping interactionDt is chosen to yield a
maximum Tc of 90 K. This is appropriate for the Tl2201
Hg1201, and YBCO123 structures. A maximumTc of 37.5
K has also been studied, as appropriate for LaSrCuO4; the
results are similar to those with 90 K, and hence will not
shown.

Figure 2 shows results for the critical temperature ver
doping for nearest neighbor repulsionV50 and maximum
Tc of 90 K, for the set of bandwidths considered. It can
seen that the results are very similar for all cases conside
except that as the bandwidth decreases the width of the
increases slightly. On the other hand, the condensation
ergy, shown in Fig. 3, is strongly dependent on the ba
width and increases as the bandwidth decreases, as wou
expected from Eq.~11!. The condensation energy is acc
rately given by Eq.~11! for high doping, which correspond
to weak coupling, and becomes larger for small doping a
small bandwidth, which corresponds to the strong coupl
regime.24

The in-plane sum rule violation Eq.~44! is shown in Fig.
4. In the purely two-dimensional model it is a monotonica
decreasing function of doping,7 whereas in the three
dimensional structure it decreases at very low densitie
weak coupling, as the density of states goes to zero. The
rule violation decreases rapidly as the bandwidth increa
and is larger for the cases corresponding to higherTc .
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The behavior of the sum rule violation parameter in thec
direction is similar to the in-plane one but smaller in mag
tude, as shown in Fig. 5, in accordance with the discussio
the previous section. The decrease at low densities is so
what less pronounced than for the in-plane case. In Fig. 6
plot the sum rule violation anisotropyVa /Vc . As the band-
width increases the sum-rule violation anisotropy increas
and thec-axis sum rule violation can be up to a factor of
smaller than the in-plane violation for the parameters con
ered here.

Next we consider the effect of nearest neighbor repuls
V. The critical temperature versus doping, shown in Fig.
shows somewhat larger dependence on bandwidth than
caseV50 but is otherwise similar. The condensation ener
Fig. 8, is somewhat decreased compared to the caseV50
~Fig. 3! ~for parameters chosen to yield the sameTc

max), par-
ticularly as the bandwidth becomes small. On the other ha
the in-plane sum rule violation, Fig. 9, increases compare
the caseV50 ~Fig. 4! for all the different bandwidths. The
anisotropy in the sum rule violation, Fig. 10, shows simi
magnitude and doping dependence as the caseV50 ~Fig. 6!.

These results indicate that the in-plane sum rule violat
will be easiest to detect in the underdoped regime, and
cuprates where the condensation energy is large, due
large density of states~small bandwidth!, and where the
nearest neighbor Coulomb repulsion is appreciable.

In addition to the sum rule violation, which involves th
ratio of kinetic energies, it is useful to consider the behav
of the kinetic energies themselves. Figure 11 shows the

FIG. 2. Critical temperatureTc vs hole concentrationn for vari-
ous bandwidths. In all cases we usedU55 eV, V50, andh525
for the band anisotropy. The parameterDt was determined to give
Tc

max590 K. For bandwidthsD51.5, 1, 0.5, 0.1 eV the values o
Dt used, in eV, areDt50.318, 0.286, 0.240, 0.173 respectively.
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havior of the in-plane kinetic energies versus doping for o
case: single-particle contribution~a!, pair contribution~b!,
and total ~c!. The pair contribution is proportional to th
anomalous part of thed-function response coming from hig
frequencies, Eq.~36!, while the single particle contribution
gives the regular part of thed function coming from low
frequencies, Eq.~46!, in the clean limit. In the presence o
disorder the latter contribution will be reduced, while t
former one is expected to remain the same. Finally, the t
kinetic energy will be proportional to the total weight in th
d function and hence the inverse squared penetration d
in the clean limit only.

It can be seen from Fig. 11 that the pair contribution
the kinetic energy is maximum approximately at the sa
doping whereTc is maximum ~optimally doped! for the
larger bandwidths, and at even higher doping for small ba
width. This is in contrast to the sum rule violation parame
that decreases monotonically from the underdoped thro
the overdoped regime. That is, we predict that the anoma
kinetic energy contribution should persist well into the ov
doped regime. Experimentally this effect may be difficult
detect because the normal contribution increases rapidly
doping and will strongly dominate the superfluid weight
the overdoped regime. This effect will be even more p
nounced if, as we expect, the effect of disorder becomes
pronounced as the doping increases. This will be further
cussed in the following section.

The behavior of the kinetic energies in thez direction is
similar, as seen in Fig. 12. In Fig. 13 we show the anisotro
in the normal and anomalous parts of the kinetic energy

FIG. 3. Condensation energyecond per planar oxygen vs hole
concentration for the same parameters as in Fig. 2. The conde
tion energy decreases with increasing bandwidth, and peak
roughly the same doping level at whichTc peaks.
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accordance with the discussion in the previous section, b
are larger than the anisotropy in the hoppingh and they
increase with doping. Figure 14 shows the resulting anis
ropy in the total kinetic energy, which in the clean limit
inversely proportional to the square of the anisotropy in
penetration depths. For all except the smallest bandwidth,
doping dependence obtained is opposite to what is obse
experimentally, e.g., in LaSrCuO, where the anisotropy
penetration depths is found to decrease as the doping
creases. We attribute this discrepancy to a variation of
effect of disorder with doping,13 as will be discussed in the
next section.

Within a simple two-fluid picture with parabolic band
one would expect the anisotropy in the kinetic energies
the clean limit squared penetration depths to be given by
effective mass anisotropy

^Ta&

^Tc&
5

lc
2

la
2clean5

mc*

ma*
5

ta

tc
~55!

which for the case considered here is 25. From Fig. 14 it
be seen that this value is in fact only approached in the w
coupling regime~large bandwidth! and for small doping. As
the doping increases the anisotropy increases rapidly, an
the case of strong coupling~small bandwidth! the anisotropy
also increases in the underdoped regime. In fact in the str
coupling limit the anisotropy in the kinetic energies will a
proach the square of the band structure anisotropy. The

sa-
at

FIG. 4. The in-plane sum rule violationVa Eq. ~44! vs hole
concentration, for the same cases as in the two previous figu
Except for a small doping level near zero, the violation parame
decreases to zero as hole doping increases. The magnitude o
violation increases as the bandwidth decreases, and is larger w
the maximumTc is larger~not shown!.
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isotropy in penetration depths will furthermore be increas
even further due to the effect of disorder, as will be discus
in the next section.

Finally, it is interesting to consider the various differe
contributions to the condensation energy. Figure 15 sh
results for a two-dimensional case, for parameters appro
ate to mimic the in-plane behavior of the three-dimensio
model for parameters corresponding to the case of F
12–14 for bandwidth 1 eV. For other bandwidths all cont
butions to the condensation energy scale by similar fact
All contributions to the condensation energy are nega
except the one corresponding to the correlated hopping te
which is about 50 times larger than the condensation ene
Quite generally the kinetic energy lowering in our model d
to the pair hopping contribution is much larger than the c
densation energy and is partially compensated by an incr
in Coulomb repulsion in the paired state, because carrier
the pair are on average closer to each other than in the
mal state. Note from Fig. 13 that the kinetic energy lower
from c-axis motion is a small fraction of the kinetic energ
lowering from in-plane motion, in contrast to the predictio
of the interlayer tunneling theory.8

In summary, we have seen in this section that for a giv
value of maximumTc the model can yield a fairly wide
range of values of condensation energy and sum rule vi
tion depending on parameters in the Hamiltonian. Still,
systematics with doping is always the same, as is the
that the in-plane sum rule violation is always larger than
c-axis one. The magnitude of the condensation energy
given maximumTc decreases monotonically as the ban

FIG. 5. The out-of-plane sum rule violationVc vs hole concen-
tration for the same cases as in the three previous figures.
violation is smaller than the in-plane violation, but otherwise ve
similar.
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width increases~i.e., density of states decreases! for any dop-
ing. In Fig. 16 we show the bandwidth dependence for
optimally doped case andTc

max590 K. As seen in Fig. 16, the
effect of nearest neighbor repulsion is to decrease somew
the condensation energy. Both the in-plane and interpl
sum-rule violation decrease as the bandwidth increases,
the effect of nearest neighbor repulsion is to increase
degree of sum-rule violation, as shown in Fig. 17. The v
lation is always larger in-plane than out of plane, and
anisotropy in the violation increases as the bandwidth
creases except in the very overdoped regime.

V. COMPARISON WITH EXPERIMENT

It is generally accepted that in-plane transport in the
prates is described by the clean limit, and here we adopt
point of view. To determine the parameters appropriate
the different materials we use results for the condensa
energy obtained by Loram25 from analysis of specific hea
data. Loram reports a maximum condensation energyU0
53.6J/g at. for YBCO,U052.8J/g at. for YBCO with 20%
Ca substituting for Y,U052J/g at. for Bi2212, andU0
51.3J/g at. for LaSrCuO4. If we assume that the condens
tion energy is dominated by the physics of the planar o
gens, we have per planar oxygen a condensation energec
given by

ec~meV!5U0S J

g at.D35.183
N1

N2
, ~56a!

he
FIG. 6. The sum rule violation anisotropyVa /Vc which results

from the previous two figures, as a function of hole doping. T
anistropy tends to increase as the bandwidth increases, reach
value of 4 for the cases considered here. The anisotropy is slig
larger for the case of lowerTc

max ~not shown!.
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N15number of atoms in formula unit, ~56b!

N25number of planar CuO2 in formula unit ~56c!

yielding ec5121 meV for YBCO (N1513, N252), ec
578 meV for Bi2212 (N1515, N252), ec594 meV for
Y0.8Ca0.2Ba2Cu3O61y , and ec547 meV for LaSrCuO (N1
57, N251). Assuming a value for the nearest neighbor
pulsion we can then extract the required value of the ba
width by inspection of Fig. 16.

It can be seen that the maximum condensation energy
the various materials withTc

max;90 K coincide within a fac-
tor of 2. Differences may be due to contributions to the co
densation energy from other atoms in the structure in a
tion to the CuO2 units. We will assume that a proper valu
for the bandwidth in our model to describe aTc

max;90 K
material isD50.5 eV, which yields a maximum condens
tion energy in the range of values given above, for reas
able values of the nearest neighbor repulsion. Figure
shows the condensation energy versus doping for value
the nearest neighbor repulsionV50 andV50.65 eV. The
maximum condensation energy isec5104 meV and ec
590 meV, respectively. For LaSrCuO, the condensation
ergy reported by Loram is somewhat larger than expecte
the same bandwidth is assumed as for the 90 K mater
since Eq.~11! ~assuming equal gap ratios! would predict a
condensation energy;6 times smaller for LaSrCuO. If Lo-

FIG. 7. Critical temperatureTc vs hole concentrationn for vari-
ous bandwidths, as in Fig. 2, but now forV50.65 eV. As before,
U55 eV andh525 for the band anisotropy. The detailed depe
dence on bandwidth is more pronounced than withV50. Again the
parameterDt was determined to giveTc

max590 K. For bandwidths
D51.5, 1, 0.5, 0.1 eV the values ofDt used, in eV, areDt
50.533, 0.518, 0.500, 0.483, respectively.
-
d-

or

-
i-

n-
8
of

-
if
ls,

ram’s values are accurate it would imply within our mode
bandwidth ofD;0.25 eV for LaSrCuO, which would give
rise to a substantial sum rule violation even in the cle
limit, as seen in the previous section.

A. Effect of disorder

We choose the case of YBCO for a detailed comparis
with experiment, since experimental results for the sum r
violation for several values of doping6 are available only for
this material. From band structure calculations26 we extract
for the band structure anisotropyta /tc510. Figure 19 shows
the calculated values for the sum rule violation in thea and
c directions in the clean limit for this case. We will consid
in what follows the case of zero nearest neighbor repuls
Note that the in-plane sum rule violation for that case
optimal doping is approximately 10%, consistent with t
fact that no in-plane violation has been experimentally
tected so far within the experimental error of approximat
10%.

For thec direction we also show the experimental valu
measured by Basov et al.6 We chose to assign to the sampl
in Basov’s experiments the value of doping that would g
rise to the same critical temperature in our model as s
experimentally. The results in Fig. 19~b! show that experi-
ments exhibit a much faster decrease in the sum rule vi
tion with doping than our clean-limit calculation predicts.

However, as mentioned earlier there exists substantial
perimental evidence pointing to the fact that transport in
c direction is described by the dirty rather than the cle

-

FIG. 8. Condensation energy vs hole concentration, as in Fig
but with the same parameters as in Fig. 7~i.e., with V50.65 eV!.
The condensation energy is decreased compared to theV50 case in
Fig. 3.
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limit.12–15 Furthermore, transport27 as well as optical13 ex-
periments indicate that thec-axis scattering rate decreas
rapidly as the doping increases. This has been mod
theoretically28 taking into account diagonal and off-diagon
disorder, and assuming that Coulomb effects cause both
in-plane and interplane hopping amplitudes to increase w
doping. This latter assumption is in fact the basis of o
model, i.e., Eq.~1!. These experiments and calculations su
gest that thec-axis transport evolves from the dirty toward
the clean limit as the doping increases. As we show in w
follows, this is in fact consistent with the predictions of o
model, and leads to a faster rate of decay of the c-axis
rule violation with doping than in the clean limit, consiste
with observations.

The penetration depths at zero temperature are relate
the kinetic energies by

la~Å !54638@d~Å !#1/2
1

@Ta~meV!#1/2
, ~57a!

lc~Å !54638S a~Å !2

d~Å ! D 1/2 1

@Tc~meV!#1/2
. ~57b!

The in-plane kinetic energy obtained from our model for t
parameters under consideration and optimal doping isTa
56.6 meV~per oxygen site!. It is not completely clear wha
the parameterd in Eq. ~57a! should be. If we assume tha
only the oxygens in the CuO planes contribute to the p
etration depth, we should take ford one-half of thec-axis

FIG. 9. The in-plane sum rule violationVa vs hole concentra-
tion, for V50.65 eV. The magnitude of the violation is significant
increased in comparison to theV50 case~Fig. 4!.
ed

he
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r
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lattice constantd511.68 Å, which yields from Eq.~57a! an
in-plane penetration depthla;4300 Å. This is substantially
larger than the observed penetration depth,la;1400Å,29

and suggests that carriers from other atoms in the struc
also contribute to the superfluid weight. We will simply tre
d in Eq. ~57a! as a parameter to be determined to fit t
observed penetration depth in the optimally doped case.
Eq. ~57b! we will use the YBCO lattice constantsa53.84 Å
andd511.68 Å.

Figure 20 shows calculated values of the penetrat
depth and experimental observations.29,6 Again we infer the
appropriate values of n for the experimental data by comp
son of experimental and calculatedTc /Tc

max. The in-plane
calculated penetration depth for small doping becomes so
what larger than the experimental one. The discrepancy m
arise from contribution to the superfluid weight from carrie
in other bands with weaker carrier concentration depende
with doping than the oxygen band described by our mode16

The calculated penetration depth in thec direction in-
creases much more slowly than the experimental one as
doping decreases. We attribute this to an enhanced effe
disorder in thec-axis transport in the underdoped regim
This is in fact consistent with interpretation of optical expe
ments in LaSrCuO~Ref. 13! indicating a stronger c-axis
scattering rate in the underdoped regime, as well as w
transport experiments in YBCO.27 By comparison of calcu-
lated and observed penetration depth anisotropies, show
Fig. 21, we extract the doping dependence of thec-axis scat-
tering rate in Eq.~51!:

FIG. 10. The sum rule violation anisotropyVa /Vc for V50.65
eV. The results are similar to theV50 case~Fig. 6!.
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FIG. 11. The in-plane kinetic energy~per planar oxygen! vs doping for the case withTc
max590 K andV50.65 eV. We show~a! the

single-particle contribution,~b! the pair contribution, and~c! the total. The single-particle contribution increases with increasing bandw
and dominates the pair contribution, which decreases with increasing bandwidth. Note that the pair contribution peaks close to the
Tc , while the single particle contribution increases monotonically with doping.
d
u

a

the
de-
S 11
\/tc

pD D 21

[pc5
~lc /la! theory, clean limit

2

~lc /la!experiment
2

. ~58!

This assumes that the penetration depth in the plane is
scribed approximately by the clean limit result given by o
e-
r

calculation. Thec-axis scattering rate thus obtained has
strong doping dependence.

We can hence calculate the doping dependence of
c-axis sum rule violation in the presence of disorder, as
termined by Eq.~53!:



c energy.
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FIG. 12. The out-of-plane kinetic energy vs doping for the same case as in Fig. 11. The results are similar to the in-plane kineti
ta
m

ger
are
sis
Vc5Vc
cleanS lc

lc
cleanD 2

5Vc
cleanpc

2 ~59!

and plot the results in Fig. 22, together with experimen
observations.6 The reported experimental error in the su
l

rule violation parameter is approximately 10%.31 It can be
seen that the theoretical results now show a much stron
variation with doping than in the absence of disorder, and
closer to the experimental observations. A similar analy
was recently given for LaSrCuO4.30
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B. Kinetic energy lowering

If instead of considering the relative amount of sum ru
violation we consider the absolute amount of kinetic ene
lowering, we need not worry about the effect of disord

FIG. 13. The anisotropy of the single particle~a! and pair con-
tribution ~b! to the kinetic energy for the same case as in Fig. 1
y
.

The amount of kinetic energy in the zero-frequencyd func-
tion is given by

Qd5
2\2v

pe2ad
2

Dd5
\2c2v

4pe2ad
2

1

ld
2

~60!

with v the volume per CuO2 planar unit. The kinetic energy
lowering is obtained from the experimentally measured p
etration depth and sum rule violation as

DQd5QdVd . ~61!

In particular, for thec direction

DQc5QcVc , ~62a!

Qc5
\2c2a2

4pe2d

1

lc
2

. ~62b!

For YBCO, with two CuO2 planes per unit cell, we taked as
half the unit cell dimension in thec direction, and Eq.~62b!
gives the kinetic energy per CuO2 planar unit.

Basov and co-workers reported values forVc for YBCO
for several dopings, for Tl2201 for an optimally doped a
one overdoped sample, and for slightly underdoped La
CuO, together with the corresponding c-axis penetrat
depths.6 Furthermore, Basov reports an error of appro
mately 10% for the reported value of (12Vc).

31 We can

.

FIG. 14. The anisotropy of the total kinetic energy for the sa
case as in Fig. 11. The anisotropy is proportional toh at low hole
densities in the weak coupling limit. At higher densities, the anis
ropy is proportional toh2 in weak coupling and rises roughly in
proportion to hole density. In strong coupling, the anisotropy
proportional toh2 for all hole densities.
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then obtain the experimentally observed absolute value
kinetic energy lowering from Eq.~62!, and the associate
error from

d~DQc!;0.1Qc ~63!

assuming the relative error in the measured penetration d
is much smaller than in the sum rule violation. Table I su
marizes Basov’s results and the resulting values for kin
energy lowering from Eqs.~62! and ~63!.

In our model, the kinetic energy lowering is given by th
expectation value of the correlated hopping term^Td

Dt&.
Since there are two O atoms per CuO2 unit, we have

DQctheory52^Td
Dt& ~64!

since our calculated kinetic energy lowering is per O ato
We estimate hopping anisotropies from band struct

calculations to be approximatelyta /tc510 for YBCO26, 25
for LaSrCuO26, and 50 for Tl2201.32 In the latter it should be
noted this is estimated to be the average anisotropy fo
bands, while for the Cu-O band alone it is estimated to
about 600. According to our estimates from the previo
subsection we assume bandwidthsD50.5 eV for YBCO and
Tl2201, andD50.25 eV for LaSrCuO. In Fig. 23 we plot th

FIG. 15. Various contributions to the condensation energy
one of the cases of Figs. 11–14, with bandwidthD51 eV. For
simplicity we used a two-dimensional case, with a constant den
of states, andDt redetermined to giveTc

max590 K. The parameters
in the two-dimensional model used to yield the same density
states at the Fermi level and condensation energy as the t
dimensional model for these cases areD51.6 eV, Dt50.51 eV.
For optimally doped,Dm520.1 meV andc520.26. For other dop-
ings, Dm follows approximately the behavior ofTc and c varies
linearly with n, from 20.22 in underdoped to20.43 in overdoped
regimes.
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observed and calculated values of kinetic energy loweri
For LaSrCuO, we use a nonzero nearest neighbor repul
in order to fit the rather large value of kinetic energy lowe
ing observed. It can be seen that our calculation gives
sonable agreement with experimental measurements in
underdoped regime. In the optimally doped and overdo
regimes our calculation predicts a significant kinetic ene
lowering, but unfortunately experimental errors are
present too large to confirm or rule out our predictions.

VI. SUMMARY AND CONCLUSIONS

The sum rule violation considered here has also been
cussed by other workers. Kim33 considered the role of impu
rity scattering inc-axis transport for adx22y2 gap and con-
cluded that the superfluid weight could be both larger
smaller than the missing area in the conductivity depend
on parameters. Ioffe and Millis34 argued that the explanatio
of Basov’s observations lies in the interplay of phase coh
ence, quantum and thermal fluctuations, and scattering
cesses. Neither of these treatments predicts an in-plane
rule violation, in contrast to our model. Kim and Carbotte35

found that if there is coherent interlayer coupling the
should be noc-axis sum rule violation; their model howeve
did not include a correlated hopping term. Furthermore th
found that for incoherent interlayer coupling there should
sum rule violation, however, of opposite sign to that o
served. Within their model~without a Dt term! they found
that in-plane sum rule violation~of either sign depending on
parameters! can occur only if the electronic density of stat

r

ty

f
ee-

FIG. 16. Condensation energy vs bandwidth for two values oV
for the optimally doped case~with Tc

max590 K!. A nonzero nearest
neighbor repulsion tends to decrease the condensation energy
fixed value ofTc

max.
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has fine structure on the scale of the superconducting ga
In summary, we have studied here the predictions of

model of hole superconductivity for the condensation ene
and for quantities related to the optical sum rule, for a w
range of parameters. The model predicts a violation of
Ferrell-Glover-Tinkham sum rule that can range from a f

FIG. 17. The~a! in-plane and~b! out-of-plane sum rule violation
as a function of bandwidth, for the same two cases as in Fig.
The sum rule violation tends to increase with increasingV.
.
e
y
e
e

percent to close to 100% depending on the parameters in
Hamiltonian. For given maximumTc , the most important
parameter determining the magnitude of sum rule violation
the bandwidth, or density of states: larger density of sta
gives rise to larger sum rule violation, as well as to larg
condensation energy. Comparison of calculated and m
sured condensation energy for a given system allows fo
determination of the parameters in the Hamiltonian appro
ate for that system.

The transition to the superconducting state is driven
lowering of kinetic energy for all dopings in this mode
Quite generally, the lowering of kinetic energy is one to tw
orders of magnitude larger than the superconducting cond
sation energy. Because the condensation energy peaks
proximately at the same doping asTc , the model predicts a
substantial kinetic energy lowering in the overdoped regim
For the anisotropic structures of the cuprates, the contr
tion to the condensation energy from in-plane kinetic ene
lowering is two to three orders of magnitude larger than t
of interplane motion.

Furthermore the model predicts that in the clean limit t
in-plane sum rule violation should be a few times larger th
the interplane one. The fact that the opposite has been re
edly observed so far6 ~largec-axis violation, no in-plane vio-
lation! leads us to conclude that there is a significant effec
disorder in c-axis transport, that suppresses the low f
quency spectral weight and hence allows for easier detec
of the anomalous high frequency spectral weight. This
sumption is in fact consistent with a variety of other expe
mental observations,12–15 that have led several workers t

6.

FIG. 18. The condensation energy vs doping for a specific c
D50.5 eV, U55 eV, Tc

max590 K, for two values ofV. Dt
50.241 eV forV50, Dt50.501 eV forV50.65 eV. TheTc curves
are also shown to facilitate a comparison of peak positions.
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conclude thatc-axis transport is described by the dirty lim
and planar transport by the clean limit. Using this assum
tion our model can explain the large difference between
servedc-axis and in-plane sum rule violations.

Furthermore, comparison of our calculated and measu
c-axis penetration depths led us to conclude that the effec

FIG. 19. The~a! in-plane and~b! out-of-plane sum rule violation
as a function of doping for the two cases in Fig. 18. In~b! we
include for comparison the experimental data from YBCO fro
Basovet al. ~Ref. 6!.
-
-

ed
of

disorder inc-axis transport increases substantially in the u
derdoped regime. This conclusion is also in fact consist
with other independent experimental observations.13,27 This
fact leads to a much more rapid doping dependence of
sum rule violation than that obtained in the clean lim
which resembles the experimental observations.6

FIG. 20. The~a! in-plane and~b! c-axis penetration depth, as
function of hole doping, using the case from the previous two fi
ures with V50. As the doping decreases the experimental d
~Ref. 29! in ~b! increases much more quickly than the theoreti
clean limit result.
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Experimental papers have suggested that the sum rule
lation effect disappears in optimally doped or overdoped
gime, and concluded from this that there is no anomal
kinetic energy lowering in those regimes.6 We argue that this
conclusion is flawed. Because the ‘‘normal’’ contribution
the superfluid weight increases rapidly as the doping
creases, it can easily mask the anomalous part of the su
fluid weight, which has, according to our calculation, a mu
slower doping dependence and decreases slowly in the o
doped regime. In experimental papers6 it is always the frac-
tional sum rule violation that is plotted, rather than the ab

FIG. 21. The ratio of the penetration depths vs hole dopi
along with the experimental results~Ref. 29!, used to determine the
impurity parameterpc @Eq. ~56!#.
io-
-
s

-
er-
h
er-

-

lute value of kinetic energy lowering. This is presumably d
to the fact that large error bars prevent meaningful extrac
of the latter quantity. However, it should then be recogniz
that an apparent vanishing of the fractional sum rule vio
tion within error bars does not imply a vanishing of th
anomalous kinetic energy lowering.

There is another fundamental reason to reject this exp
mental conclusion. If there is indeed the unusual pheno
enon of kinetic energy lowering, contrary to ordinary BC
theory, it is logical to conclude that whatever mechanism

, FIG. 22. Thec-axis sum rule violation vs doping, together wit
the experimental results~Ref. 6!. The agreement with experiment i
satisfactory, once the stronger c-axis impurity scattering and
doping dependence is accounted for.
TABLE I. Experimental results forc-axis transport, from Ref. 6.

Material Tc ~K! Tc /Tc
max lc ~A! 12Vc Qc (meV) DQc (meV)

YBa2Cu3O61d

d56.5 50 0.53 77 350 0.2 9.08 7.261/20.18
d56.6 60 0.64 63 400 0.37 13.5 8.511/20.50
d56.7 65 0.70 51 500 0.87 20.5 2.661/21.8
d56.8 80 0.86 35 000 0.77 44.3 10.21/23.4
d56.85 85 0.91 30 940 1 56.7 01/25.7
d56.9 90 0.96 15 400 1 229 01/223
d56.95 93.5 1 10 300 1 512 01/251

Tl2201
opt. doped 81 1 119 000 0.5 1.99 1.01/20.20
overdoped 32 0.40 110 000 0.9 2.33 0.231/20.21

LaSrCuO4 32 0.85 50 000 0.4 18.6 11.21/20.7
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FIG. 23. The anomalous contribution to the out-of-plane kinetic energy, for~a! YBCO, ~b! Tl2201, and~c! LSCO, plotted along with data
from Basov~Ref. 6!. Note that the error bars become very large as the doping increases@particularly in~a!, where two of them exceed th
page size#. Representative values of the band structure anisotropy are shown in each case. The results are qualitatively consisten
data, within the error.Dt50.240 eV for~b!, 0.477 eV for~c!.
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causing the kinetic energy lowering drives the transition
superconductivity, and that the lowering of kinetic energy
responsible for the condensation energy of the superc
ductor. At present both our calculations and experimen25

indicate that the condensation energy in the cuprates
function of doping peaks in the optimally doped or ev
o
s
n-

a

overdoped regimes. If there is no kinetic energy lowering
the optimally doped or overdoped regimes, as proposed
Basov, it would imply that a different mechanism explai
superconductivity in those regimes. Moreover, the kine
energy lowering mechanism would apply for optimal
doped Tl2Ba2CuO61d but not to optimally doped
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YBa2Cu3Ox according to Basov’s point of view. Clearly
while such a scenario would not be impossible, it does
appear to be very plausible.

In this paper we have not discussed the temperature
pendence of these effects. So far, no experimental res
have been reported for the temperature dependence of m
ing areas and sum rule violation. We have discussed e
where for selected cases the temperature dependence o
real part of the conductivity,36 London penetration depth,3

and high and low frequency missing areas4 within our model.
Once experimental results for these quantities become a
able it will be possible to provide detailed comparison w
the theory.

In conclusion we note that the mechanism of hole sup
conductivity discussed here is the only mechanism of su
conductivity so far proposed that both predicts an opti
sum rule violation due to kinetic energy lowering, and allo
for quantitative evaluation of the doping and temperat
dependence of the effect. Existing experiments confirm
,
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existence of thec-axis sum rule violation, and suggest th
kinetic energy lowering also occurs in in-plane transport,37,6

in agreement with the predictions of the model. Future m
accurate experiments should be able to provide more s
gent tests of the theory. Furthermore, the model of hole
perconductivity is the only one proposed so far that provid
an explanation for the origin of the high frequency spect
weight that appears in the zero-frequencyd-function.20 It
remains a challenge for other theories to provide expla
tions for these unusual experimental observations.
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