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Influence of phason flips, magnetic field, and chemical disorder on the localization
of electronic states in an icosahedral quasicrystal
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The influence of phasons, magnetic field, and substitutional chemical disorder on the electronic spectrum
and wave functions of icosahedral quasicrystals is investigated by means of tight-binding approximation and
level statistic method. The localization of the wave functions has been studied and we show that they are
“critical.” Phasons smear the electronic spectrum and reduce localization of the critical wave functions. A
magnetic field shifts the boundaries of the spectrum, smears it, and lifts its degeneracy. At small magnetic
fields (<10 T) the wave functions also become less localized. The small degree of chemical substitutional
disorder delocalizes the wave functions, but at greater degree the disorder leads to the Anderson type local-
ization. The results show that the localization of electronic states in an ideal quasicrystal exists due to their
coherent interference at the Fermi level which is caused by the specific symmetry and aperiodic long-range
order.

I. INTRODUCTION a hierarchical gap structure and has a nonzero Lebesgue
measure. In all cases the most of the wave functions are
Quasicrystals are objects that have noncrystallographiccritical,” i.e., they are not localized, they are not delocal-
symmetry and coordinational atomic long-range order. Quaized, and they decay with increasing distance according to a
sicrystals are intermetallic alloys, but their electronic andPower law.
other physical properties are different from those of crystal- The localization of electrons in quasicrystals differs from
line and amorphous metallic phases. Like metals, quasicrydhe Anderson localization. For the Anderson localization
tals have a nonzero electronic contribution to the specifi¢Vhich is due to incoherent scattering by the atomic disorder
heat which is smaller than the value calculated within thdntroduced into the system, the electronic states are localized,

free-electron model. At the same time, the electrical resistiyiN€il SPectrum is continuous and the localization is stable

ity of quasicrystals is anomalously high. The highest resiS_against small perturbatiorithe mobility threshold is shifted

tivity of all known quasicrystals displays icosahedral contmuogsly_ with the exter_nal pertur_bat)omn the contrary
(i)~Al-Pd-Re quasicrystal with values of resistivity at 4.2 K the Iocallzqtlon of electronic states in qgasmrystals must be
. "~ " unstable with respect to small perturbations that destroy the
in excess of 10cm. Recent measurements of the conductiv-

: symmetry of the system. Moreover, one can expect the dif-
ity of pure, perfect Ajp ch1Rey s have shown that the Mot torant hehavior of the wave functions at the boundaries and

law for the variable range hoppin@/RH) conductivity o g the center of the band. Therefore the interesting and im-
= goexp(—To/T)is fulfilled at very low temperature's: In portant problem is to investigate the effect of small pertur-
Al7o PhiRe; 5 xMn, it was found that VRH including Cou-  pations, effect like, for instance, intrinsic defe¢phasons
lomb interactionso = aoexp(~To/T)¥? could describe the and weak magnetic field, on the electronic spectrum of qua-
experimental data for<2 at temperatures between 0.45 andsicrystals. It is also interesting to study the influence of
10 K.! The results show that in an “ideal” perfect quasic- chemical substitutional disorder on the properties of quasic-
rystal the electronic states at the Fermi level are localized imystalline alloy, because this can introduce the effect of
the Fermi-glass regime, i.e., the density of states at thénderson localization.
Fermi-level is nonzero, and the Fermi level is located below The influence of phasons on the electronic spectrum was
the mobility edge. This localization is caused by constructivestudied mainly for the two-dimensional quasicrystals2 A
interference of electronic states as a result of the symmetrgodel calculation for the two-dimensional Penrose lattice
characteristics and structure of the quasicry$tal. (PL) with random phason strains have shown that its conduc-
A qualitative information about the nature and charactertance increases compared with the perfectPAt the same
istic features of such localization can be obtained from thetime phason flips in two-dimensional RRef. 13 and two-
oretical analysis of electronic spectra of quasicrystals. In alimensional Fibonacci latti¢® smear out the density of
one-dimensional quasicrystéFibonacci chaip the density states and lead to very strong fluctuations of conductance.
of states is highly singular. It is the Cantor set of gaps andrhe first preliminary results for a three-dimensional model
the measure of the allowed statdsbesgue measurés  quasicrystal also show that phasons smear the singularities of
zero®* In two-dimensional quasicrystai®enrose tiling,°  the spectrum and make the critical wave functions more
two-dimensional Fibonacci latti¢® and three-dimensional extended* The investigation of magnetic field effect on the
(Amman-MacKay networR quasicrystals the spectrum is electronic spectrum of two-dimensional PL has shown that
also singular. It has a very complicated spiky structure whictthe magnetic field leads to a more uniform distribution of the
persists even in the pseudogap atéait it does not contain  states'
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In this paper we present the results of investigations of thevhere N is the number of atoms in the approximant basis,
influence of phason flips, magnetic field, and chemical subB=ey— €; is the total bandwidth, and is the Heaviside
stitutional disorder on the electronic spectrum and waveunction. The second equation yields the band fraction occu-
functions of the model three dimensional quasicrystal. Thepied by gaps between levels with widthsE <BNP#:
most common model of the quasicrystal is based on the qua-
siperiodic packing of two structural units. We used the €117 €
Amman-Kramer tiling composed of prolate and oblate rhom- F(B)= B ;l (€j+1—€)0 B_logNT C)
bohedrons. Since quasicrystals do not have translational long
range order, traditional techniques for calculations of elecfor the constanB these functions should satisfy the follow-
tronic structure in solids based on Bloch’s theorem cannot bég condition in the thermodynamic limit, irrespective of the
applied. Thus the quasicrystal has been considered as tisenoothness of the spectrdi?D(g8)=1 for 8>—1 and
structural limit of the sequence of rational approximants withF(8)=0 for < —1. In crystalline and amorphous systems
increasing lattice period. The calculations have been done ifwith smooth spectruithe curves oD (8) andF(B) jump
the framework of tight-bindingTB) approximation, and the from zero to one ai8=—1 in the thermodynamic limit.
level statistic methodLS) was used for the analysis of the Therefore an electron spectrum is considered as singular if
electronic spectrum. width of the gaps between levels as a function of the system

The paper is organized as follows. In Sec. Il the methodsize do not behave as a 1/N in the thermodynamic limit.
of calculation and ways to introduce the phason flips, the Localization of wave functions have been studied using
chemical disorder and the magnetic field are described. Ithe statistics of p norms (moment$ of wave function$;®
Sec. lll the results of the investigation are presented. In conwhich are defined as
clusion we discuss the nature of electron localization in qua-

sicrystals.
Y > 1l
W] 2p=

N—-1

II. METHOD OF INVESTIGATION ®)

pl
o o o (EWnIZ)
A tight-binding Hamiltonian with constant hopping inte- n
grals t;; between nearest neighbors was used. As fonow%vherewn are the expansion coefficients of the wave function

from the results for one-, two-, and three-dimensional quasiy, i, tight-binding basis set. The statistical analysis of the
crystals such Hamiltonian allows one to analyze qualltatlvelydistribution of 20 norms of wave functions is based on the
the effect of quasiperiodicity on electronic spectrtif =912 function 1,.(7). %31 which yields the relative number of
We used the periodic boundary conditions and consideregL:ates witﬁpbyn'ormsH\IfH <N ie
“central” and “vertex” decorations of rhombohedrons by 2p= 0 e
atoms with ones-like orbital per the atom. 1 N
The TB Hamiltonian of the system in the site representa- Lop(¥) = > 0(y—logn| ¥ |5p). (6)
tion is written as N n=1

The wave functions were classified in accordance with
H=> |iYe(i|+ >, [yt (il (1)  their normalization integrals. They are delocalized if
: s

b J171<rl W (r)|?dr~R?, whered is the space dimensionality,

wheree; is one site energies afi),|j) ares-like wave func- ~ and they are localized when their noffif (r)|?dr is finite.
tions. If atoms On|y of one type are present’ the diagonawave functions which cannot be normalized in an infinite
e|ementS€i can be equated to zero. In this case the Schrospace but are not delocalized are defined as “critical.” For

dinger equation in the tight-binding approximation can bedelocalized states, thepZnorm of the wave functions de-
written in the form pends on the system size [a¥[|55~N'"P, as follows from

Eq. (5), while exponentially decaying functions have thg 2

norm ||\If||§>,§p"°°'~1. It is known, nevertheless, that the de-
> ¥ =EV;, (2)  pendence of the 2 norm of the wave functions on the sys-
! tem size described by the functidd”®® applies to the

where the transfer integrals are equated to a nonzero constafit ' funpt|org)sll\/v hose squared amplitudes decay as power-
(t; =—1) in the case of nearest neighbors, and are zero ot aw functiong®!! (« is the localization or criticality index;
1] '

erwise. We regarded the nearest neighbors as atoms belorfg= 0 @nda— characterize delocalized and exponen;ially
ing to adjacent rhombohedrons in the “central” model and cah_zze;d states respectly eJySo' It was assumed that |
as atoms connected by bonds in the “vertex” model. ~|r|~4%. The wave functions with such behavior can be nor-

To characterize the smoothness of the energy spectruffi@lized in the three-dimensional case onlyvif3/2.
the LS method was uséd®*21t is based on two key equa- Phasons are introduced as follows. For the central deco-

tions. The first equation gives the relative number of gapd@tion of rhombohedra a configuration consisting of two ob-
between levels with width& E<BNA: late and two prolate rhombohedra is often encountéiteel
same is for the vertex decoratjorin a certain combination

. N1 these rhombohedra form a rhombic dodecahedron. Phasons
_ Ei+1 € were introduced by flipping of rhombohedra which form

0B - o p-10 J—) 3 y fipping

(B) N—-1 121 (ﬂ On B @ rhombododecahedron in the real space so that the shape and
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atoms/unit cell in the same approximants is strongly in-
creased for the real objectfor example, the 3/2 approxi-
mant ofi —Al-Pd-Re contains 2292 atoms per unit cell wéth
p, andd orbitals and sharply is increased for the approxi-
mants of higher ordéf). However we have decided to make
use of the model system because it was not only simplified
the calculations and gave the possibility to use the LS
method in the full volume, but helped to study the influence
o o of quasicrystalline symmetry on the electron localization in-

FIG. 1. Flipping of rhombohedra inside of the rhombododeca-gependently of the atomic nature of the object. Besides, the
hedron(see text preliminary results have shown that the four approximants

_ ) _ are sufficient to observe the tendency to the localization.
onentatlon_of _the latter are unchanggsg. 1). In domg_ SO,  Since an increase in the approximant order by @he order
the atoms inside the rhombohedra were transferred into news he 1/1 approximant is one, that of the 2/1 approximant is
positions which are inversely to the old ones with respect tc{wo, etc) leads to a decrease in the Brillouin zone volume by

the geometric center of the rhombododecahedron, and thqiconsiderable factor~ 3, wherer is the golden mean

number of nearest neighbors remained the same. The an fe singular point of the icosahedral quasicrystakisO.

ﬁgy of such ftrﬁ\nsfor_mat_ion inbthe Erojec_tionf tﬁchniqus is ?Therefore for the studying of the statistics of levels and cal-
uctuation of the projection tube. The ratio of the number of o, .2ing the integrated density of states the distribution of

prolaye rhombohedra to the number of oblate rhombOhed.r@nergy levels was calculated lat=0. The density of states

Br the three lowest approximants 1/1, 2/1 and 3/2 were cal-

duced, the coordination environment for atoms at the center|§_points in the irreducible part of the Brillouin zorBZ) of

of rhombohedra is changed, and as a result of it the positionﬁ]e corresponding approximant. Due to the relatively small

2;;25e30n26r0 elements of the Hamiltonian matrix arey,slume of the BZ of the 5/3 approximagds compared to the

BZ volume for the first approximaptthe reduction in the

The magnetic field was introduced in the usual way. Wenumber ofk-points had a little effect on the resulting density

substituteH(ﬁ) by H(|5—e,5\) with vector potential corre- of states.
sponding to the magnetic fieBli=Be,. The transfer integral
in the presence of the magnetic field gets the form IIl. RESULTS OF CALCULATIONS

t_.(B)%ei(e/ﬁ),’-‘\(f{ﬁrf{j)(ﬁjflii) The results for the ideal perfect modejuasicrystal were

. ' presented earlier in the Ref. 7. It was shown that the energy
The Landau gaugA(r) = —yBe, was used. The measure of SPectrum does not contain a hierarchical gap structure typical
the field was a ratio of magnetic flux through an anﬁ of the Cantor set of measure zero in a spectrum of a one-
with a,—the lattice constant of a cubic approximant to thedimensional quasicrystabut there are much common with
flux quantab=®/d, (@_TrazB ®o=h/2e) the two- dimensional ca®e The spectrum contains a singu-

- - 0 y - . -
In order to analyze the effect of the chemical disorderIar part and the thermodynamically Iargg numtligpéoo) of

(disorder due to substitutional impurit?éson the electronic  98PS between levels are narrower than in traditional systems.
spectrum and wave functions, the atoms of a different ele‘_l’he curves of the density of electron states for approximants

ments were randomly distributed over the unit sell of rationa f higher order are less smooth and more “spikifig. 2).

cubic approximants. A two-component model of a random _he spectrum is_smoother at l.OW energies_ while strong os-
alloy was employed® In this case in Eq(1) the diagonal cillations are mainly seen at higher energies. The width of

elementse; can take two possible values, namefyand e” the smooth section decreases with increasing approximant
dependingl on whether atoor B is at th’e sitéi. The dif- order. In the thermodynamic limit strong oscillations in the

ference between the two types of atoms can be characteriz‘fpﬁg tstﬁ:%lgntgéo(;%nguéggf WZOISC?rZenr]ggrgangte’ d\i,!hlgrhsirgﬁlaegz
by the energy parametet=e2— €° which is a measure of gy sp » dISp ’

diagonal disorder. The transfer integrals for nearest neighggg t:: r?qrg;spu\rls.'log:‘ufhseOéne:CtrosnSe;rri%e;};elor\:\gnt]:rcl)_ea_n d
bors aret?? or t°® depending on which atoms occupy sites 9 9y sp

andj. The difference between the transfer integrals for thedepend weakly on approximant size, unlike the case of a

different types of atoms can be characterized by the energ&@i‘ft'imaet?;'fg?' iﬂﬁﬁ:ﬁ?ﬁﬂ. thvgowni prrrfzer?;ttize ﬁrg%ul;sngf
parametew;, §;=t22—tP® For thet®® we used the additive 9 P » mag

limit t29= (£33 t9)/2. The both kinds of disorder, diagonal Cn€Mical disorder.
and offdiagonal, were investigated.
The density of state$DOY9), the integrated density of A. Influence of phasons
states(IDOS), the Lebesgue measuresp Zorms and the Phason flips create the configurations, topologically for-
coordination dependence of wave functions were calculatedidden for quasicrystalline structure and this influences the
We investigated four rational cubic approximants of theelectronic system. Phasons smear the electron spectrum,
icosahedral quasicrystal: 1/1, 2/1, 3/2, 5/3. The unit cells obome gaps disappear and new peaks are created. On the other
these approximants contain 32, 136, 576, and 2440 atortsand, peaks become smaller and even disappear. At the same
respectively, with ones orbital per atom. The number of time at certain higher energies the peaks appear. LS analysis
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FIG. 3. Influence of phasons on the relative number of gaps
D(B) and the band fraction occupied by gdp§3) between levels
with width AE<BN? (“central” decoration.

B. Influence of chemical disorder

Chemical disorder was characterized by the three factors,
namely the atomic concentratid®, of second component,
the difference of on-site energiesand by the value ob;
which defines the difference of transfer integrals. On Fig. 8
the functiondD (B) andF(B) for 3/2 approximant are shown
for different degrees of substitutional disordeZ,&0.3).
The presence of disorder smears the energy spectrum; the
D(B) andF(B) approach the step function gt=—1. The
dependence of the average localization indesn the degree
of disorder is shown for central and vertex decorations on
Figs. 9 and 10. The wave functions at low degree of disorder
(6= 641<<0.1) become less localize@Fig. 9. But at &
> 6¢i~ 0.1 the tendency to the localization increases again.
The results of calculations show that with increasihygthe
tendency to the localization appears at smadigg. The in-
fluence of the chemical disorder is different for different
electronic states of the bariétig. 11). Only the wave func-

FIG. 2. The DOS for the first four periodic approximants of an tions near the bottom of the band and near the Fermi level

icosahedral quasicrystal. The units are arbitrary.

(Fig. 3 and Fig. 4 shows that a singular component of the
spectrum decreases with increasing number of the phaso
flips; the D(B) and F(B) curves become steeper itz —1

and approach a crystalline step. So the presence of phasor 03¢
makes the distribution of interlevel gaps and filling of the
band by gaps more uniform. Phasons delocalize wave func
tions. The localizatiorfor criticality) index « averaged over
all band states is diminished with increasing number of the
phason flipgFig. 5). But the influence of phasons is different 04
for different wave functiongsee Fig. 6 and Fig.)7 With
increasing number of the phason flips the states near thi
bottom of the band and near the Fermi level became delocal
ized. New states at high energies which appear when phasor
are introduced in the system are more localized than the oo
states neaE, but they do not contribute to the conductivity ‘

of the quasicrystal. So phasons delocalize the electronic

are affected by disorder. The same is also true for off-
diagonal disorder which is characterized by the param@ter

1.0

8o

0.8

=
=

02 r

F(p)

0.6

04

02 r

0.0

states, and therefore the conductivity of the quasicrystal must F!G. 4. Influence of phasons on the relative number of gaps
D(B) and the band fraction occupied by gdp&3) between levels

with width AE<BN? (“vertex” decoration.

increase.
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) . 2 . ) 0.8 | -
for different number of phason flips 1: “central” decoration; 2: =
“vertex decoration. 0.6 =
(Fig. 12. The narrowing of delocalization interval of wave 04 Ep ]
functions with increasing concentration of the second com- 02 ! ! L L
ponentC, shows that the scattering processes on impurities -6.0 -4.0 -2.0 0.0 2.0 4.0
become important. Decreasimgat small§ and §; confirms Energy

the destruction of coherent interference of electronic states in
guasicrystals, but the subsequent increase wfith increas-
ing 6 and 8, is a common effect of localization due to dis-
order in the systenfAnderson localization

FIG. 6. Distribution of the localization index on energy band
for different number of phason flip&'central” decoration. (a) O;
(b) 40; (c) 74.

those for which the magnetic length is larger or equal to the
quasilattice parameteb&10™4).

It is well known that electronic spectrum in a magnetic  The functionsD () andF () in magnetic field of differ-
field has a complex structure. Hofstadfdras shown that the ent strength, for 3/2 approximatitcentral” decoration are
electronic spectrum of square lattice in the magnetic fieldshown on Fig. 13. Thé(8) and F(B) dependencies ap-
depends on the rationality or irrationality of number of flux proach to a step function g8=—1 in small fields, which
guanta penetrating the area of unit cell. In “rational” mag- shows that interlevel intervals become more uniform and the
netic field the energy spectrum consists of a finite number oband fraction occupied by gaps between levels is increased.
Landau levels, but in the case of the irrational ratio the specThis is a result of repulsion of levels in a magnetic field.
trum is the Cantor set of levels and the field dependence dBesides it is seen from the DOS curves that the magnetic
the spectrum contour has a butterfly shape. In the case of thield redistributes the levels in groups and in each group the
three- dimensional quasicrystal the ratio of areas of prolatéevels are aligned in a quasiperiodic sequence of long and
and oblate rhombohedra is an irrational numbdthe ratio  short intervals, which reflects the specific symmetry of the
of number of prolate rhombohedra to the number of oblatejuasicrystalFig. 14). The magnetic field also moves quasi-
rhombohedra also is irrationalln a magnetic field all wave periodically the boundaries of the spectrum.
functions gain a complementary phase depending on the The influence of magnetic field on the localization of the
number of the flux quantdb) penetrating the surface of wave functions is shown on Fig. 15. It is seen that the local-
rhombohedra which is perpendicular to the magnetic fieldization (or criticality) index « decreases in small magnetic
For the prolate and oblate rhombohedra they are differenfjeld (H<10 T) which shows that the weak magnetic field
and the wave functions gain the different phases. Note, thatestroys the phase coherency of the wave functions. Obvi-
for b=1 the magnetic field is equal to 40T (quasilattice ously at the higher fields their shrinkage takes place. How-
parameter is of the order of several angstromhis is unre-  ever the effect of the strong magnetic field is more compli-
alistically large field. At the same time, the small fields arecated and its study is beyond the scope of the present paper.

C. Influence of magnetic field
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IV. CONCLUSION

It has been demonstrated that the electron spectrum of the
model perfect icosahedral quasicrystal contains a singular
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at different degrees of chemical disordgcentral” decoration.

c=01 FIG. 12. Distribution of the localization index on energy band

at different degrees of chemical disordé€central” decoration).

C=0.1.
(nonsmooth component and wave functions are critiéal.

Criticality or localization index is larger for the band center . o . . o

than for the edges. Small perturbations, such as phason flipfoximants with increasing period. The Brillouin zone vol-
a weak magnetic field, a very low degree of the chemicalme is d|m|n|she_d with increasing order of the approximant
substitutional disorder smear the singularities of the specbecause the lattice period is increased, and becomes infi-
trum and make the critical wave functions more extendednitely small (~7°) in a quasicrystalline limit. Then in the
The degree of influence is different for the center of the bandarrison approach to the construction of the Fermi sutface
and for the band edges. This tendency is opposite to wellkFS) the FS becomes fractional; that it is multiconnected
known case of Anderson localization. The results show thawith a large number of electron and hole “pockets.” In a
in a pure quasicrystal all electronic states at the Fermi leveperfect quasicrystal the number of FS “pockets” is practi-
are localized. This localization is a consequence of cohereraally infinite. The condition of strong localizatioki-1~ 1,
interference of electronic states which is caused by the spavherel is mean free path, will be fulfilled for the electrons in
cific symmetry and structure of quasicrystal. Simple consideachith FS valley. So conductivity of pure quasicrystals at
erations can justify this conclusion. Within the six- zero temperature must be zero.

dimensional periodic description of icosahedral structure itis In fractional FS model with practically infinite number of
obvious that each scattering wave vector in a quasicrystalalleys all electrons are localized at zero temperature. So
corresponds to a reciprocal wave vector in a periodic structhere exists an analogy with a heavily doped semiconductor
ture of higher dimension. Thus a set of reciprocal latticeor strongly disordered system. Each valley of FS plays a role
vectors densely fill the reciprocal space of the quasicrystalpf the localization center in a doped semiconductor. At finite
and all electronic states at the Fermi level have zero groupemperatures an intervalley scattering will take place. At low
velocity due to Bragg reflection®f course, with different temperatures the process with highest probability is the in-
intensitieg. It is convenient to elucidate this picture consid- tervalley scattering with a small momentum transfer in a
ering quasicrystal as a limit of a sequence of rational apneighboring valley. In the real space this corresponds to
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FIG. 13. Influence of magnetic field on the relative number of
gapsD(B) and the band fraction occupied by gdp§3) between
levels with width AE<BN?.

hopping on a large distance. Two factors contribute to this.
First the thermal excitation with the probability proportional
to exp(~AE/T), whereAE is inversely proportional to den-
sity of states at the Fermi level, ad (¢ is effective hop-
ping distancg Secondly, the tunneling will take place with
probability which contains the factor expRar) where 1k
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FIG. 15. Influence of magnetic field on the localization index

is the decay length of the wave function. Then following the(g) “central” decoration[ «(0)~0.891; (b) “vertex” decoration
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FIG. 14. The DOS for 3/2 approximant in magnetic fi€lden-

Energy

tral” decoration.

[«(0)~0.889.

Mott proceduré® we can find the optimat and obtain the
Mott law for VRH conductivity.

At higher temperaturesT(>10 K) the electronic states
are smeared by temperature and scattering. This leads to the
FS with a finite number of valleys, and this number depends
on the character of perturbatiofls Therefore a crossover
from VRH regime to another temperature dependence of the
conductivity must occur. Impurities and other structural im-
perfections(second phases, grain boundariean also give
the same effect and the finite residual conductivity Tat
=0 K will appear.

It is interesting to note that according to the results of
investigation of localization behavior of the wave functions
in a magnetic field one has to expect the negative magnetore-
sistance in small magnetic field$4&10 T). However at
higher fields it has to change sign. Recently the experimental
proof of such behavior has appeared. According to the ex-
perimental dat® the magnetoresistance of the perfect
i—Al-Pd-Re samples|R=p(1.29 K)/p(300 K)>12] at
very low temperatures~0.2 K) is negative in fieldH
<13 T and changes sign at the higher field.
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