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Strain energy and Young’'s modulus of single-wall carbon nanotubes calculated
from electronic energy-band theory
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The strain energies in straight and bent single-walled carbon nandf8W4YT’s) are calculated by taking
account of the total energy of all the occupied band electrons. The obtained results are in good agreement with
previous theoretical studies and experimental observations. Young's modulus and the effective wall thickness
of SWNT’s are obtained from the bending strain energies of SWNT's with various cross-sectional radii. The
repulsion potential between ions contributes the main part of Young's modulus of SWNT’s. The wall thickness
of the SWNT comes completely from the overlap of electronic orbits and is approximately of the extension of
the 7 orbit of carbon atom. Both Young’s modulus and the wall thickness are independent of the radius and the
helicity of SWNT, and insensitive to the fitting parameters. The results show that continuum elasticity theory
can serve well to describe the mechanical properties of SWNT's.

Since their discovery in 1991¢carbon nanotube&CNT’s) SWNT’s about 5 TPa, 5 times larger than the value of
have invoked considerable interest the last decade. There MWNT or graphite bulk samples, and the effective wall
are many works on both theoretital and experiment&l thickness about @.A , the size of carbon atom.
studies about the electronic structure of CNT's, and many Generally, the total energy of the carbon system is given
exciting and novel properties have been discovered. For exby the sum-2°
ample, it was found that the insulating, semimetallic, or me-
tallic b3ehavior depends upon the radius and the helicity of Etotai=Eert Erep, (€N
gel\;Tti.emg; Sreasr;:ée;:itg tr:)iﬁtgaerzi?yalsg;grttf;‘i‘ ?jﬁ??;?r@mggwhere?e' is the sum of .the.energy of band _electrpns of the
entl,y known’ To understand these many intriguing proper-OCCUpled states arif, is given by a repulsive pair poten-

i : . _ tial depending only on the distance between two carbon at-
ties, many groups have calculated the strain erfergynd Th . b

Young's modulu&~16 of single-wall carbon nanotubes °M>r 'N€Y a@re given by

(SWNT’s). Among these calculations, many depend on the

choice of an empirical potential between the carbon atoms, Ee|=2 Ex (2
such as the Tersoff-Brenner potentialLenoskyet al! em- oce

ployed an empirical model with three parameters reduciblgyg

to a continuous model with two elastic modtdi. They

showed that the continuum elasticity model serves well to

describe the deformation of multiwall carbon nanotubes Erep=2 X &(ri)), ©)
(MWNT’s). Recent theoretical studiés'® on Young's b

moduli of SWNT’s show some discrepancies coming fromrespectively. Sincep(r) is a short-range potentidf, only

the adoption of different empirical potentials and differentinteraction between neighbor atoms needs to be considered.
relations in the continuum elasticity thedi@ET), in particu-  On account of the relaxation effett the bond length of a
lar, the different values of the effective wall thickness of theSWNT is slightly larger than that of graphiter(
SWNT. How to calculate the Young’'s modulus of SWNT is =1.42 A). However, even in &, for which the relaxation
still an open question. effect is significant on account of its small radius, calcula-

Here we present a simple method for the computation ofions show that the energy contribution of the bond relax-
the strain energy of straight SWNT’s directly from the elec-ation can still be safely ignoréd.The total energy can now
tronic band structure without introducing any empirical po-pe rewritten as
tential. This method had also been extended to calculate the
strain energy of bent tubes. It is found that the wall thickness 1 )
of SWNT’s can be calculated simply from the band electrons Etota=5 > Eo(3ri)) %+ Eang, (4)
and Young's modulus by consideration of both the repulsion
energy between ions and the bond-length dependencies wfhere the first term on the right-hand side B, is the
the electronic energy. Our results show that CET can welsum of the repulsion energy between ions and the electronic
describe the bending of SWNT's and that both Young'senergy contribution of the bond length change with; as
modulus and the effective wall thickness are independent ahe change of the distance betweenittieand thejth atoms
the radius and the helicity of the tubes, and insensitive to thén a SWNT from that in graphene. The second term is the
fitting parameters. We obtained Young's modulus ofelectronic energy contribution of the angular change of the
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bond, when rolling from graphene to SWNT. The positions  -7.!
of the atoms of straight SWNT's are located on the cylindri-
cal surface of the tube when the relaxation effect of the
bonds is neglectedsr;; is proportional top 2, wherep is
the cross-sectional radius of the SWNT, and the first term of
Eq. (4) can be ignored, since it is gf 4 order. Therefore, 72t
the strain energy of straight SWNT’s comes from the ~
curvature-induced electronic energy change and can be oL‘?0
tained by taking account of the electronic energy of all the .
occupied bands. =
In order to calculate the electronic energy bands of .|
SWNT's, we use a simple nearest-neighbor tight-binding
(TB) model. This model contains nine TB parameters of
graphite: four hopping, includingVggs,=—6.679, Vg,
=—5.580,V,,=5.037,V;,.= —3.033 in units of eV; four
overlapping integration, including Sgs,=0.212, S, :
=0.102,S,,,= —0.146,S,,,=0.129; and an energy differ- pld,
ence between thes2orbit and the P orbit of the carbon
atomsAE= (&5~ E»p) = —8.868 eV? The model has been FIG. 1. The strain energy per atom versus the radiusngij
used widely for the calculation of the electronic properties oftubes, wheren=6-13 andm=0, 1, 2, orn. The solid line corre-
both graphenes and SWNT’s. In general, these TB paransponds to a least square fit to tfip? behaviorsC=0.71r3~1.44

eters depend upon the bond length as folldfvs: eV A% atom. C is independent of the helicity of tubes. The?
behaviors is clearly shown in the insg@42.03). Herer, is 1.42 A
Vw1 =V u(ro)exd —y(r—ro)]. (5) and the cohesive energy of graphite-g.39 eV.
However, in case of straight SWNT’s, the 2 order depen- =2,3,4. Taking the @ wave function as a vector ands2

dence of the strain energy will not be affected even if wewave function as a scalar, one can easily obtain
ignore simultaneously these dependencies and the repulsion

energy. Vﬁ.?p.(r)z(éAi'éB-(r))VppTr
With the notation used by Whitet al.> each SWNT is t !
indexed by a pair of integers(,n,) corresponding to the _(éA_.ar)(éB_(r).ar)(\/ppw_vppg),
lattice vectorR=n,a, + n,a, on the graphene, wheeg and ' :
a, are the unit cell vectors of the graphene. The tube struc- Vé‘,ﬁi(r)=[é3i(r) . ar]\/spa, 7)

ture is obtained by a rotation operatiéy and a screw op-
eration S(h,«). The operationCy is a rotation of 2r/N

; . VAB (1)=—(€n-U,)V
about the axis, wherdl is the largest common factor of; p; .S A" Hr) Vspo
andn,. The S(h,«) operation is a rotation of an angte

about the axis of SWNT in conjunction with a translation of VA =Veer,

h units along the axis, which bothand « depending on the .
tube parametersLet [m,l] denote a primitive unit cell in whereu, (r=1,2,3) is the unit vector from the atofto its

the tube generated by mapping fig0] cell to the surface of  three neighboring atomB. e, andeg (r) are the unit vec-
the cylinder first and then translating and rotating this cell by, ¢ of the D, wave functionlof atorrJA and the unit vector
|

! apP”C?“O”S of the rotational operat6, followed by m of the 2p; wave function of atonB, respectively. The over-

app;lllcatlck)lns r(])fS(h,a). Because.?(h,ag agld Cﬁ commut% lapping integration matrixS(k,n) has the same form as the

wit ﬁaCH ot _Ier, We can ge.nera ize the Bloch sums an Oti—'|ami|tonian matrix, with four overlapping integration pa-

tain the Hamiltonian matrix: rameters to replace the four hopping integration parameters,
and with units to replace the energy of the &hd 2 wave

AA _ BB —
Hi (ko) =Him(kn) = &6y, functions&,s andé&,, . Thus we obtain an 8 8 Hamiltonian
matrix H(k,n) and an overlapping integration matrix
HEAKN) =[HEB(k,n)T*, (6)  S(k,n). By solving the secular equatiofi(k,n)C;(k,n)

=E;S(k,n)Ci(k,n), we can calculate the electronic energy
B 2nim _ AB bandE; of SWNT'’s.
HAB(kn)=2 ex;{ N Al +ikAm(r) | ViH(r), Taking account of the total energy of all the occupied
' band electrons in SWNT’s relative to that in graphene, we
_ S have calculated the strain energy of the straight SWNT's.
where[ Am(r),Al(r)] (r=1,2,3) are the cell indices of the | i
primitive unit cells located by the three nearest-neighbor atYVith the possible bond-length dependence of the TB param-

omsB of atomA in the tube, andh andB are two indepen- eters being neglected, and with the real bond length of

dent carbon atoms in a primitive unit cell of a SWNT. Let SWNT as|u,|, whereu, represents vectors between the
n=0,1, ... N—1 represent th&l sub-Brillouin zones, and  nearest-neighbor atoms in the tulaye have calculated the

be a one-dimensional wave vectdh=E,s,&=&,, for i direction cosines;- U, of Eq. (7). Figure 1 shows thaE
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[
=

depends only on the radiysof the tubes. The characteristic ~ -7.14
behavior Eq=C/p? is found with C~1.44 eV &/ atom, in 17 @1 20
good agreement with previous calculated value 1(Réf. o 316
12) or 1.53 eV K/ atom (Ref. 13, and excellently close to & -72 S
the value of 1.57 extracted from the measured phonon spedd - 53 =38
trum of graphite® ~ 4
Recently, “curved SWNT’s” and “toruslike SWNT’s” 726 0 @
have been founé? They still have thesp? bond structure, 0 800 1 oz
but they are predicted to have pentagon-heptagon défects. 300 ° 0 i
In curved SWNT’s, the bond length is nearly the same as ,s, ) g
that in graphite sheet, since the distortion that is created by £ 544 E.,
the bending nature of the curved tube is topologically relaxedﬂi‘i 150 >
by the inclusion of fivefold and sevenfold rings. However, 5100 N:_4
the application of an external force moment at the two ends < <3
of the tube gives a different deformation. The hexagonal & (©
structure of the tube will not change until it reaches a critical 00 5 10 15 20 -6 40 80 120 160
bending curvaturé® The tube undergoes only a simple com- (oldy) R/dy

pression on the inner side and a stretching on the outer side. . .
In the following discussion, the term “curved SWNT" refers  FIG. 2. (2) Strain energy per atom versus the bending raius
to the SWNT grown with pentagon-heptagon defects, and th# @ (5,9 tube. The solid line is a fit to thEs+M/R?, WhereEs;
term “bent SWNT” refers to a SWNT that bends with outer- theAZCOheS'Ve e“ﬁrgy |°f Sftra'gfm5’5) tube. x§86.1>< 1';1
stretching and inner-compressing deformations under exteF—X ’f;‘.tdo?“- &) T o 1 S*A 2pr o 2(‘7’0) v ?E’n) tubes.
nal force moments applied to the two ends of the tube. Using '€ SOC i€ 1 a it taa p~,b*~15.27 eV.(c) Eqpp Versus
an empirical model employed by Lenoskyal 11 Ou-Yang e bending radiuf in the (5,5 tube. The solid line is a fit t&,
- T . /R?. The zero point oE,, has moved(d) The value ofx

et al’® have developed a macroscopic continuous elasti - Nelo P elo elo

’ . Bf these tubes. The solid line is a fit my+ap+ayp?, and the
model to calculate the curved SWNT. In their work, the ; _; o=
strain energy of the curved SWNT comes from the angular0 R
change of the bonds or the curvature of the tubes. Howeve
in the case of bent SWNT, the bond-length effect will con-
tribute the main part of the strain energy. In what follows, we
will treat only the latter case.

The bent SWNT surface can be described®by

have found that the anisotropy effect is very small. Similar to
the case of the straight SWNT's, it is easy to obtain the
(8 MN) X (8 MN) matrices of the Hamiltonian and the over-
lapping integration.

Since the change of bond lengtin in bent SWNT'’s is
proportional top/R, the energy contribution of the bond
stretching and bond compressing will be of the order of
1/R?. It is necessary to calculate both the electronic energy

vr\:herer(ls) isr;che position vclactor c;‘f tf;)e ax"ssv?lrllld_lfa;g.l .'S E¢i and the repulsion enerdy,., between the ions. In order
the arc-length parameter along the bent axisid) 5 fit the force constant of graphitd, we take vy

<2m. N(s) and b(s) are unit normal and unit binormal —1.024 A~L, ¢ =ag/or=—13.63y eV/IA and &"

vector of r(s), respectively. The position of each carbon =60.4 eV/ & With these parameters, we arrive correctly at
atom is described by two parametessand ¢. The two op- the second derivative of the stretching ener§y of
erationsCy and S(h,«) can still be used to determine the SWNT’s, D=9’E./de?>=58.5 eV, and at the Poisson ratio,
positions of atoms in the SWNT. Therefore, a translation ofo=0.24, wheree is the relative compression along the axis
h units along the axis of the SWNT means an additiohtd  of the SWNT.

s, and a rotation ofx about the axis means an addition®f Figure Za) shows the strain enerdy, per atom of the
to ¢. However, because the rotational symmetry about th€5,5 SWNT as a function of the bending radiBs The data
axis of the bent SWNT is brokery and S(h,«) are not follow quite well with the expected behavioE,=Eg
symmetry operations. It is necessary to generalize the Bloch-\/R?. A least-square fit to the data yields a value)of
sums in the crystal unit cell containingt X N primitive unit ~ ~173 eV A/ atom. Previous studies on curved SWNT'’s
cells of SWNT. HereM is the length of the cell along the give a simple formuld?

axis direction(the unit ish). M=2(n?+n3+n;n,)/N? for

n,—n, not a multiple of N, and M=2(n?+nj CR c c

+n;n,)/(3N?) for n;—n, a multiple of A.?* We calculate Ev="—~51t -5

only SWNT’s with constant radius of curvatule It is not in pNRT=p" p7 2R
principle difficult to extend the present treatment to genera
bent SWNT's. In the bent SWNTV/;%(r) depends on the

position of atomA and will be written a_g/ﬁB(l M), Where i slies that the strain energy of pentagon-heptagon defects
[m,1] are indices of the primitive unit cell of the atoM s t4r |ess than the strain energy of the stretching and com-
When the SWNT is bent to a different directidi(s),  pressing of the bond length. The experimental fact that the
VﬁB(r) will be different, but the Hamiltonian matrix ele- deformations of bent SWNT’s are the change of bond length
ments are almost independent of the bending direction. Weather than the pentagon-heptagon defect reveals that there is

Y(s,¢)=r(s)+ p[N(s)cos¢+b(s)sing], (8)

)

|n comparing with our results, we find that the valuexdfor
curved SWNT'’s is equal t@/2, only 0.7 eV A/ atom. It
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a high potential barrier between the two deformations to prefective wall thickness of SWNT’s and their dependence of
vent the change of the hexagonal structure under the additiate tube radius and helicity still remain unknown.
of a moment of external force at the two ends of the SWNT. With Eq. (15), from the calculation of the bending strain
By CET, we can calculate Young's modulué of a  energy of SWNT’s with various radius, one may simulta-
SWNT from three different strain energies. They are the roll-neously findY and b of SWNT’s. Figure 2b) shows the
ing energyEs, the compressing or stretching enefgy, and  relationship betweeh and the radius of the tube in the form
the bending strain energyE, . The three energies are given ) — b* p2+a*. In comparison with Eq(15), it implies that
by both Y and b are independent of the radius and helicity of
SWNT'’s. The value ob* =15.3 eV/atom is consistent with
E, (100  the valueD/4=14.7 eV/atom. However, it is difficult to ob-
p? tain the exact value o&*, because the first term of is
much greater than the second teah and introduces high

E =ED52 (11) errors in the fitting ofa*. Careful analysis of the strain en-
€2 ' ergy of bent SWNT'’s tells us only that the electronic energy
from the angular change of the bond can contribute tgthe
N order of the bending strain energy of SWNT. The other
AEb:Q’ (12 terms, including the repulsion energy between ions and the

electronic energy from the nonzenp effects[Eq. (5)], de-
wheree is the relative stretch or compression along the axisend onér, and hence on the radius of the tybeFor the
of SWNT's, andD is the second derivative &.. The three || thickness, is is unnecessary to consider the bond-length

quantitiesC, D, and\ are given by dependence of TB parameters and the repulsion energy. One
needs only to calculate thg=0 bond angular contribution
= Q Yb? 13) E.p Of the electronic energy. Whep=0, the (1R)th order
24(1—o?) ' perturbation of Hamiltonian is zero, afit}j;=\¢jo/R%. The

p° order term ofA comes completely from the,, and the

D=QYb, (149 residual part of\ affects only the value op? order. The
exact value of* can be obtained by calculatilﬁl,g. Figure

QO 2(c) shows the expected relations =\q0/R*. Figure
A= ZYb(p2+b2/4)’ (15) 2(d) gives values gﬂ\em for some EEE\;VIIQIT’S?KI)I leads %a*
=1.053 eV A? atom by fitting it toa* +a,p+ayp? (Ref.

26). The wall thickness of the tube is supposed to be identi-

cal to that of graphite; then from Eq4.3) and(15), one gets
a*=32(1-0%)C~1.0r eV A%atom. Thereforeb is about
0.74 A , andY is about 5.1 TPa. This shows that boffand

respectively. Wherd)=2.62 A?/atom is the occupied area
per carbon atom in SWNT'gy is the effective wall thickness
of the SWNT. Previous calculatioch¥®indicate that the
value ofD of SWNT's is about 58 eV/atom, the same as that

of graphites. However, since the wall thickness is not We"b are independent of the radius and helicity of the tube, and

seined 3 sy s, vroue v ole 00T SO G ST S T s
ent. LUt and Herriadezet al® took the interwall distance 2 Sragde value of MWNT. The obtained valueofs inde-

of graphite(3.4 A) as the thickness, and obtained the averag(—ﬁq igiiﬁvoef tghfhggénga?:rfgg::sns and 4", and Y s also

Young’s modulus of a SWNT as about 1 TPa, in consistency In summary, our calculation shows the following results:

with the = corresponding measurement in multiwall the strain energy of the straight SWNT come mainly from
nanotube¥ and bulk graphite samples. But the average : ol 9 - Y

. ; .~ the occupied band electrons and the obtained Young’s modu-
value of Y cannot describe all the deformations of SWNT’s,

) . . lus of the SWNT is independent of the radius and the helicity
such as the roliing (.)f graphene ar_ld the bending of SWNT Sand is much larger than the modulus of the bulk sample. The
though it can describe the stretching and compressing defor-ff Ve thick f SWNT is ab he si f th b
mation along the axis direction of SWNT's. Yakobson et ectl\;e tl'c n(tass oth dist IS a cl;uit € S'iﬁ OI the carf ct)r?
et al% have givenY=5.5 TPa anch=0.66 A by using the o.onp 'ar 1€SS than e distance between the fayers ot fhe

rolling energy formula of the graphite sheq, (14)] and graphite. These results show that CET can well describe the

the stretching energy formula of graphene or SWNES|. deformation of the bent tubes.

(13)] simultaneously. The obtained valuelfs about ther The authors acknowledge the useful discussions in our
orbital extension of carbon atom, which corresponds to thegroup. We would like to thank Dr. X.-J. Bi, Mr. Y.-H. Su,
general fact that elasticity results from the overlapping ofand G.-R. Jin for correcting an earlier version of the manu-
electron cloud between atoms. However, since @8) de-  script and thank Professor Y.-Z. Xie and Dr. H.-J. Zhou for
scribes the rolling of single-layered graphene, the resultsorrecting the manuscript in English. The numerical calcula-
given by Yakobsoret al. seem to correspond to the graphite tions are performed partly at ITP-Net and partly at the State
sheet rather than the SWNT. Young's modulus and the efKey Laboratory of Scientific and Engineering Computing.
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