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Energy transfer of excitons between quantum wells separated by a wide barrier
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We present a microscopic theory of the excitonic Stokes and anti-Stokes energy-transfer mechanisms be-
tween two widely separated unequal quantum wells with a large energy mismatch~D! at low temperatures~T!.
Several important intrinsic energy-transfer mechanisms have been examined, including dipolar coupling, real
and virtual photon-exchange coupling, and over-barrier ionization of the excitons via exciton-exciton Auger
processes. The transfer rate is calculated as a function ofT and the center-to-center distanced between the
wells. The rates depend sensitively onT for plane-wave excitons. For localized excitons, the rates depend on
T only through theT dependence of the exciton localization radius. For Stokes energy transfer, the dominant
energy transfer occurs through a photon-exchange interaction, which enables the excitons from the higher-
energy wells to decay into free electrons and holes in the lower-energy wells. The rate has a slow dependence
on d, yielding reasonable agreement with recent data from GaAs/AlxGa12xAs quantum wells. The dipolar rate
is about an order of magnitude smaller for larged ~e.g.,d5175 Å! with a stronger range dependence propor-
tional to d24. However, the latter can be comparable to the radiative rate for smalld ~e.g., d<80 Å!. For
anti-Stokes transfer through exchange-type~e.g., dipolar and photon-exchange! interactions, we show that
thermal activation proportional to exp(2D/kB T) is essential for the transfer, contradicting a recent nonactivated
result based on the Fo¨rster-Dexter’s spectral-overlap theory. Phonon-assisted transfer yields a negligibly small
rate. On the other hand, energy transfer through over-barrier ionization of excitons via Auger processes yields
a significantly larger nonactivated rate which is independent ofd. The result is compared with recent data.
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I. INTRODUCTION

Energy transfer of excitons between deep semicondu
quantum wells and quantum dots separated by thick bar
is not only an academically interesting phenomenon
plays a fundamental role in optoelectronic devices based
artificially structured semiconductors, such as quantum-w
~QW! and quantum-dot lasers and light-emitting diod
While energy transfer inside a single QW has been ex
sively studied in the past,1,2 interwell energy transfer ha
received considerably less attention. Recently, surprisin
large low-temperature~T! Stokes and anti-Stokes energ
transfer rates have been observed by Tomita, Shah,
Knox3 ~TSK! and Kim et al.4 between two widely separate
GaAs/AlxGa12xAs QW’s using time-resolved photolumine
cence excitation~PLE! and photoluminescence~PL! spec-
troscopy. For Stokes transfer, the observed transfer rate
a 50-Å QW to a 100-Å QW with an energy mismatchD
560 meV was in the range 33108– 13109 sec21 for
samples with a center-to-center distanced of 175–375 Å and
at T54 – 80 K. Anti-Stokes transfer from a wide to a narro
QW proceeded at a much slower rate (104– 106 sec21).3

These rates~W! were too large and showed too little depe
dence ond to be explained by a standard carrier tunneli
model withW}exp(2ad) ~a is a constant! ~Ref. 4! or dipo-
lar coupling withW}d24.3 Surprisingly, samples with large
d showed faster anti-Stokes transfer rates than those
smallerd.3 For Stokes transfer, however, the observed ra
were nearly independent ofd. In this paper, we present
theoretical explanation for the principal characteristics
these intriguing data.

The anomalously large energy-transfer rates were also
served by Kimet al. and explained by carrier tunneling b
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assuming large trans-barrier GaAs clusters in
Al xGa12xAs barrier.4 However, the statistical rate based o
such a model is expected to decay rapidly withd. In this
paper we present several important intrinsic mechanism
energy transfer. Dipolar coupling, real and virtual photo
exchange coupling, and over-barrier ionization of the ex
tons through exciton-exciton Auger processes are exami

The dominant Stokes energy transfer occurs through
decay of excitons in the higher-energy QW into fr
electron-hole pairs in the lower-energy QW, as proposed
TSK.3 However, we find that photon-exchange interacti
yields much faster transfer rates than the dipolar rate fod
*80 Å investigated by TSK. The radiative rate depends v
slowly on d, decaying logarithmically at larged. For plane-
wave excitons, this rate is small at 0 K, quickly reaches
maximum at a very lowT, and decreases rapidly withT at
higher T’s. For localized excitons, the rate depends sen
tively on the localization radiusj. It depends onT only
throughj and is independent ofT if j is insensitive toT at
low T’s. The predicted rates are in reasonable agreem
with TSK’s data. Photon exchange is recognized as a via
energy-transfer mechanism for optically active impurities
insulators.5 Dipolar coupling yields rates smaller at least b
an order of magnitude ford>175 Å and with a strongerd24

dependence. However, the dipolar rate can be larger than
radiative rate at a short distance~e.g.,d,80 Å!. The calcu-
lated rate vanishes atT50, reaches a maximum, and the
decays at a higherT. This T dependence of the dipola
Stokes energy-transfer rate for plane-wave excitons confl
with the recent result of TSK’s dipolar rate, which is finite
0 K and decreases monotonically as a function ofT. The
physical significance of this discrepancy will be discuss
later.
13 641 ©2000 The American Physical Society
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13 642 PRB 62S. K. LYO
For anti-Stokes transfer through exchange-type~e.g., di-
polar and photon-exchange! coupling, we show rigorously
that thermal activation proportional to exp(2D/kB T) is nec-
essary, in general, to overcome the energy mismatch«2K i

2«1K i
5D between the initial~QW1! and final~QW2! QW’s

contradicting the TSK’s nonactivated rates based on
Förster-Dexter’s spectral-overlap theory.6,7 Here K i is the
wave vector for the center-of-mass motion. The phon
assisted rate is calculated for photon-exchange and dip
transfer, yielding a negligibly small rate and an activatedT
dependence proportional to exp(2D/kB T). On the other
hand, energy transfer through over-barrier ionization of
excitons via two-exciton Auger processes is shown to yie
significantly larger nonactivated rate which is independen
d. In this two-exciton collision process, one exciton becom
annihilated nonradiatvely, imparting its energy to the oth
exciton and separating it into a free electron-hole pair o
the barrier. These carriers relax subsequently to form e
tons in the other QW. This rate is large enough~when the
exciton density is not too small! to explain the recent data
The rate decreases rapidly with increasingj. Larger rates
observed by TSK for a sample with largerd5375 Å as com-
pared to ad5275 Å sample can be explained if one assum
a shorterj ~e.g., rougher interfaces! or a larger exciton den
sity for the 375-Å sample.

This paper is organized as follows. In Sec. II we presen
basic formalism and give the wave functions of the pla
wave and localized excitons and free electron-hole pairs.
Stokes energy-transfer rate is calculated in Sec. III us
dipolar and photon-exchange~i.e., radiative! interactions. In
Sec. IV we establish a useful field-theoretic formalism
exciton transfer by expressing the rate in terms of a corr
tion function, which is then evaluated using a standard d
gram expansion technique. We show here that anti-Sto
transfer through a trans-barrier exchange mechanism suc
dipole-dipole or photon-exchange coupling is always a
vated for largeD ~much greater than level widths!. Anti-
Stokes transfer rate is studied in Sec. V in terms of ov
barrier ionization of the excitons through exciton-excit
Auger processes and also using dipolar and radia
phonon-assisted processes. The paper is summarized in
VI with discussions.

II. BASIC FORMALISM

In this section a basic exciton formalism is present
Partially employing the notations of Takagahara,1 the quasi-
two-dimensional~2D! ground (1s) exciton state with a wave
vector K i for the in-plane center-of-mass motion in thej th
QW is represented as

u j ,K i&5
v0

L (
re ,rh

eiK i•RiF j~rei2rhi ,ze2zj ,zh2zj !

3acre

† avrh
u0&, ~2.1!

whereV5L35Nv0 is the sample volume,v0 is the unit-cell
volume,N is the total number of the unit cells,u0& signifies
the ground state with an empty conduction band~c! and a
filled valence band (v), and zj is the z coordinate at the
center of the QW. The envelop functionF j depends on the
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depths and the widths of the QW. The creation and dest
tion operatorsacre

† and acre
~avrh

† and avrh
! creates and de

stroys an electron in the conduction~valence! band at the
position re(rh) in the Wannier representation. The quant
R5aere1ahrh is the position vector of the center of mas
whereae5me /M , ah5mh /M , M5me1mh , andme(mh)
is the electron~hole! mass. A vectorq5(qi ,qz) is decom-
posed into components parallel (qi) and perpendicular (qz)
to the QW plane. We defineq5uqu and qi5uqiu as the ab-
solute magnitudes of the vectors.

Converting thers summation into integration

(
rs

→ 1

v0
E d3r s , s5e,h ~2.2!

we obtain the normalization conditionŝ j 8,K i8u j ,K i&
5d j , j 8dK iK i8

and

E d2r i E dzeE dzhuF j~r i ,ze ,zh!u251, ~2.3!

for u j ,K i) where r i5rei2rhi . The overlap of the confine
ment wave functions between the two QW’s is neglected

A localized exciton at siteRa in the j th QW is repre-
sented by

u j ,Ra&5v0 (
re ,rh

G~Ri2Ra!

3F j~rei2rhi ,ze2zj ,zh2zj !acre

† avrh
u0&,

~2.4!

where the normalized center-of-mass wave functionG(Ri)
is approximated by a Gaussian function with a localizat
radiusj,

G~Ri!5
1

jAp
exp~2Ri

2/j2!. ~2.5!

Equations ~2.1!, ~2.4!, and the normalization condition
yield,

^ j ,K iu j 8,Ra&5
2Apj

L
exp~2 iK i•Ra2 1

2 j2K i
2!d j , j 8 .

~2.6!

To obtain a numerical estimate of the transfer rate,
use, for the envelop functionF j (r i ,ze ,zh), a product of the
2D exciton radial wave functionF(r i) and the quasi-2D con
finement functionF j (ze ,zh),

F j~r i ,ze ,zh!5F~r i!F j~ze ,zh!, ~2.7a!

where

F~r i!5
2&

ApaB

e22r i /aB, ~2.7b!

F j~ze ,zh!5fe j~ze!fh j~zh!, ~2.7c!

andaB5k\2/(me2) is the bulk exciton Bohr radius. Herem
is the reduced mass andk is the average dielectric constan
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The functionsF(r i), fe j(z), and fh j(z) are normalized.
The approximation in Eq.~2.7b! is employed for an order o
magnitude estimate of the rates. This approximation is
equate for narrow QW’s. For wide QW’s, the result can
improved by employing variational expressions f
F(r i ,ze ,zh).8,1,9

A free electron-hole pair moving with wave vecto
kei ,khi with the center-of-mass motion wave vectorK i and
the relative wave vectorki is represented as

u j ,K i ,ki&5
v0

L2 (
re ,rh

eiK i•Rie2 iki•~rei2rhi !

3F j~ze2zj ,zh2zj !acre

† avrh
u0&, ~2.8!

where kei5aeK i2ki and khi5ahK i1ki . Equations~2.1!
and ~2.8! yield

^ j ,K iu j 8,K i8 ,ki8&

5
1

L
dK i ,K

i8
d j , j 8E d2r i E dzeE dzhe2 iki8•r i

3F j* ~r i,ze ,zh!F j~ze ,zh!. ~2.9!

In the quasi-2D approximation in Eq.~2.7a!, the overlap in
Eq. ~2.9! reduces to

^ j ,K iu j 8,K i8 ,ki8&5
1

L
dK i ,K

i8
d j , j 8E d2r ie2 iki8•r iF* ~r i!

5
8A2paBd j , j 8

L~ki8
2aB

214!3/2dK i ,K
i8
. ~2.10!

III. STOKES ENERGY TRANSFER

In this section we study the Stokes energy-transfer ra
through dipolar and photon-exchange coupling and comp
them with the data of TSK. The dependence of the rate od,
T, andj is studied. The energy transfer occurs from narr
QW1 to wide QW2. The ground sublevel of QW2 lies belo
that of QW1 byD.

A. Dipolar energy transfer

1. Dipolar coupling between the wells

Dipolar coupling arises from the electron-electron inter
tion HamiltonianHee between the two QW’s. Suppressin
the ground-state labelu j 8,0& from u j ,K i ; j 8,0&[u j ,K i& and
employing Eq.~2.1!, the transfer matrix is derived extendin
Takagahara’s result1,

^2,K i8uHeeu1,K i&

5dK i ,K
i8E dzE dz8C~K i ,Rz!F2* ~0,z8,z8!F1~0,z,z!,

~3.1a!

C~K i ,Rz!5E d2RieiK i•RiC~Ri ,Rz!, ~3.1b!

whereRz5z2z82d with uzu,uz8u!d and
d-

s
re

-

C~Ri ,Rz!5
e2

kR3 @D1•D223~R̂•D1!~R̂•D2!#, ~3.2!

in the dipole approximation. HereR5(Ri ,Rz), R̂5R/R,
Dj5*d3rf j v* (r )rf jc(r ) is the transition dipole, andf j a(r )
is the Wannier function withr[0 at the center of the cell. A
2D version of Eq.~3.1! was also studied by TSK.3

The Hamiltonian in Eq.~3.1a! allows an exciton in QW1
to be annihilated, exciting an exciton in QW2. A fre
electron-hole pair stateu2,K i8 ,ki8& can be created in QW2
instead of an exciton. The Hamiltonian for this process
obtained by replacing F2(r i ,ze ,zh)→L21 exp(2iki8
•r i)F2(ze ,zh) in Eq. ~3.1a!, yielding

^2,K i8 ,ki8uHeeu1,K i&

5L21dK i ,K
i8E dzE dz8C~K i ,Rz!

3F2* ~z8,z8!F1~0,z,z!. ~3.3!

The quantityC(K i ,Rz) is theK i component of the inter-
action energy between a dipoleD1 in QW1 and a sheet o
dipolesD2 in QW2 at a perpendicular distanceRz and equals

C~K i ,Rz!5~pD1D2e2/k!K ie2K iuRzuF~fK i
!,

~3.4!
F~fK i

!5@cos~2fK i
2fD!1cosfD#,

wherefK i
(fD) is the angle betweenK i andD1 ~D1 andD2!

in the QW plane. The expression in Eq.~3.4! vanishes in the
limit K i→0 contradicting the result of TSK: The interactio
energy of a single dipole with a sheet~or line! of uniform
dipoles vanishes as well known.10 The derivation of Eq.~3.4!
is given in Appendix A.11

Employing the quasi-2D approximation introduced in E
~2.7a! and inserting Eq.~3.4! in Eqs. ~3.1a! and ~3.3!, we
obtain

^2,K i8uHeeu1,K i&5
8D1D2e2

kaB
2 F~fK i

!dK i ,K
i8
K i^e2K iuRzu&,

~3.5a!

^e2K iuRzu&5E dzE dz8F2* ~z8,z8!F1~z,z!e2K iuz2z82du,

~3.5b!

and

^2,K i8 ,ki8uHeeu1,K i&

5
2A2pD1D2e2

aBkL
F~fK i

!dK i ,K
i8
K i^e2K iuRzu&,

~3.6!

where ^exp(2KiuRzu)& is the average over the electron an
hole distribution. For an order of magnitude estimate, a re
angular distribution over the well widthsb1 and b2 is em-
ployed, yielding (t5K id),
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TABLE I. Sample parameters for the GaAs/Al0.3Ga0.7As quantum wells employed in the text.

Electron massme 0.067m0 Dielectric constantk 12.4
Hole massme 0.14m0 3D exciton binding energyEB* 4.06 meV
Total massM 0.207m0 Dipole momentD15D2 5.5 Å
Band gapEg 1.52 eV Energy mismatchD 60.0 meV
Refractive indexn 3.68 LO phonon energy 36.2 meV
en
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^e2K iuRzu&5e2tS~ t !, S~ t !5
sinh~ tb1/2d!

tb1/2d

sinh~ tb2/2d!

tb2/2d
.

~3.7!

The quantityF(fK i
) is to be squared and averaged overfK i

later, yielding

1

2p E
0

2p

F~fK i
!2dfK i

1S fD→fD1
p

2 D52. ~3.8!

The transfer rate includes the contribution from the perp
dicular D2'D1 given by the second term in Eq.~3.8!.3

2. Direct energy transfer from localized to plane-wave
exciton states

A direct transition fromu1,K i& to u2,K i8& is impossible
because momentum (K i85K i) and energy cannot be con
served simultaneously. Momentum conservation can be
laxed for localized initial exciton states, yielding

W5
2p

\ (
K i8

z^2,K i8uHeeu1,Ra& z2d~EK
i8
2D!, ~3.9a!

whereEK i
5\2K i

2/2M2. Here we ignore the energy distribu
tion of the localized excitons. The energy of localized ex
tons with j is of the order of\2/2j2M2.1.8 meV!D for
j5100 Å and is neglected. This rate is evaluated using E
~2.6! and ~3.5! and ~3.8! and equals

W5~KDj!2W0e2~KDj!2
^e2KDuRzu&2, ~3.9b!

where W05512pM (D1D2e2/kaB
2)2/\352.1431011sec21

for aB5144.5 Å. The parameters employed are summari
in Table I.3 In Eq. ~3.9b!, (\KD)2/2M5D, yielding KD

51/17.5 Å for D560 meV. Therefore,̂exp(2KDuRzu&2 is of
the order of exp(22dKD)52.0631029 for d5175 Å, yield-
ing a negligibly small rate for allj for larged andD.

3. Energy transfer from plane-wave excitons
to free electron-hole pairs

An exciton u1,K i& decays into a free electron-hole pa
u2,K i8 ,ki8& with a rate

W5
2p

\
bE dEK i

e2bEK i

3K (
K i8 ,ki8

z^2,K i8 ,ki8uHeeu1,K i& z2d~«k
i8
2D8!L

K i

,

~3.10!
-

e-

-

s.

d

where «ki
5\2ki

2/2m, b51/kBT, D85D2EB(.0), EB is

the exciton binding energy, andb*dE e2bE is the Boltz-
mann average over the initial states. The angular brac
denote the angular average over the direction ofK i . In this
process, the center-of-mass energy is conserved. The
energyD8 is dissipated into the relative motion of the ele
tron and hole.

Inserting Eqs.~3.6!–~3.8! in Eq. ~3.10!, carrying out the
ki8 summation, we find

W5W0,dip~jT!gS d

jT
D ,

~3.11a!

g~ t !5E
0

`

x3e2x2
e22txS~ tx!2dx,

W0,dip~jT!5
32pm

\3 S e2D1D2

kaBjT
D 2

, ~3.11b!

jT5A \2

2MkBT
5

462

AT
Å ~M50.207m0!, ~3.11c!

whereT is in degrees Kelvin. Using the parameters in Tab
I, we estimateW0,dip52.873108T sec21. The rate is plotted
in Fig. 1 as a function ofT for d5175, 375 Å and forb1
550 Å, b25100 Å as well as forb15b250. It is seen there

FIG. 1. Dipolar Stokes transfer rate for plane-wave excito
from a 50-Å QW to a 100-Å QW separated byd5175 and 375 Å
with a 60-meV energy mismatch. The dotted and dash-do
curves are for the 2D limit.
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that the effect of the well width is small. The rate vanish
linearly with T for T→0 becauseC(K i ,Rz)}K i for K i→0
in contrast to TSK’s result. The calculated rates ford
5175 Å (375 Å) are about one order~two orders! of mag-
nitude smaller than TSK’s data, which are insensitive tod
andT. However, the rate for a much shorter distance is m
larger as shown by the dash-dotted curve on the right axis
d580 Å.

4. Energy transfer from localized excitons
to free electron-hole pairs

The results displayed in Fig. 1 show a rapidT dependence
in contrast to TSK’s data. We now show that theT depen-
dence is absent for localized excitons. The rate for locali
excitons equals

W5
2p

\ (
K i8,ki8

z^2,K i8 ,ki8uHeeu1,Ra& z2d~«k
i8
1EK

i8
2D8!.

~3.12!

Ignoring the distribution ofj, W is evaluated using Eq.~2.6!
and Eqs.~3.6!–~3.8! for largeD8,

W5W0,dip~j!gS d

j D , ~3.13!

which has the same form as in Eq.~3.11! except thatjT is
replaced byj. The rate is plotted as a function ofj in Fig. 2
for d5175, 375 Å and forb1550 Å, b25100 Å, andb1
5b250. The rate becomes maximum at aboutj5140 Å for
d5175 Å. The maximum occurs at a largerj for d
5375 Å ~not shown in Fig. 2!. These rates are of the sam
order of magnitude as those shown in Fig. 1 and are
small to explain the data.

FIG. 2. Dipolar Stokes transfer rate for localized excitons fro
a 50-Å QW to a 100-Å QW separated byd5175 and 375 Å with a
60-meV energy mismatch. The dotted curve is for the 2D limit.
s
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B. Photon-exchange energy transfer

1. Exciton-photon coupling

The electrons see the photon field through t
Hamiltonian12

Hph52
e

m0c
A•p,

A5 i(
k,l

F 2pc2\

V«vlk
G1/2

@blke
ik•r2blk

† e2 ik•r#êlk ,

~3.14!

wherep5(m0 / i\)*c†(r )@r ,H0#c(r )d3r , c(r ) is the field
operator1, blk

† (blk) creates~destroys! a photon with mode
l,k, frequency vlk5kc̃5kc/n, polarization êlk , and «
5n2 ~n is the refractive constant!. H0 is the single-particle
Hamiltonian.

The exciton-photon coupling is obtained inserting E
~2.1! into Eq. ~3.14!,

^ j ,0,Nlk11uHphu j ,K i ,Nlk&

5
eEgL

\c F2pc2\~Nlk11!

V«vlk
G1/2

dK i ,ki

3e2 ikzzj êlk"DjE e2 ikzzF j~0,z,z!dz,

~3.15!

whereNlk is the photon occupation number andEg is the
effective gap energy.

The Hamiltonian for the creation of a free electron-ho
pair through absorption of a photon is similarly obtained
inserting Eq.~2.8! into Eq. ~3.14! and equals

^ j ,K i8 ,ki8 ,NlkuHphu j ,0,Nlk11&

5
eEg

\c F2pc2\~Nlk11!

V«vlk
G1/2

dK
i8 ,ki

3eikzzj êlk•Dj* E eikzzF j* ~z,z!dz. ~3.16!

Note thatki8 represents the in-plane wave vector for the re
tive motion of the electron and the hole, whilek is the pho-
ton wave vector. The expression in Eq.~3.16! is independent
of ki8 . The range dependence of the photon-exchange in
action is introduced through the phase factors exp(6ikzzj) in
Eqs.~3.15! and ~3.16! as will be seen later.

2. Energy transfer from localized excitons
to free electron-hole pairs

A localized exciton in QW1 decays into a free electro
hole pair in QW2 through photon-exchange interaction b
two-step process at a rate

W5
2p

\ (
ki8 ,K i8

uT12,au2d~«k
i8
1EK

i8
2D8!, ~3.17!

where
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T12,a5(
lk

^2,K i8 ,ki8 ,NlkuHphu2,0,Nlk11&^1,0,Nlk11uHphu1,Ra ,Nlk&
Eg2\vlk2 iG

. ~3.18!
n
i

i-

-

d

r-

-

Here,Nlk50 andG is the exciton damping. Thet matrix in
Eq. ~3.18! describes a process where a photon is sponta
ously emitted from an exciton in QW1 and reabsorbed
QW2, exciting a free electron-hole pair. BecauseT12,a is
independent ofki8 , the ki8 summation in Eq.~3.17! can be
carried out immediately, yielding

W5
L4m

4p2\3 E d2K i8uT12,au2u~D82EK
i8
!, ~3.19!

whereu(x) is the unit step function.
Inserting Eqs.~2.6!, ~3.15!, and ~3.16! in Eq. ~3.18!, we

find

T12,a5
8&jEge2D1D2

\L2cnaB
e2 iK i8•Rae2j2K i8

2/2Q~K i8 ,d!,

~3.20!

Q~K i8 ,d!5
ApaBEg

4&
E

2`

`

dkze
ikzd

3
*dzF1~0,z,z!e2 ikzz*dz8F2~z8,z8!eikzz8

~Eg2\ c̃AK i8
21kz

22 iG!AK i8
21kz

2

3P~K i8 ,kz!, ~3.21!

where

P~K i8 ,kz!5(
l

„êl~K i8 ,kz!•D̂1…„êl~K i8 ,kz!•D̂2…,

~3.22!

and D̂j5Dj /D j . The dominant contribution to thekz inte-
gration in Eq.~3.21! arises from\vlk&Eg , namely from
kz&jg

21 wherejg5\ c̃/Eg5353 Å for n53.68.13 Therefore,
the phase factors in thez, z8 integrations in Eq.~3.21! are
roughly unity becauseuzu,b1!jg , uz8u,b2!jg , yielding
unity for thez8 integration. Employing a quasi-2D approx
mation in Eq. ~2.7!: F1(0,z,z)52(2/p)1/2F1(z,z)/aB , we
simplify Eq. ~3.21! as

Q~K i8 ,d!5E
0

`

dkz cos~kzd!

3S 1

~Eg /\ c̃2AK i8
21kz

22 iG/\ c̃!
1

1

AK i8
21kz

2D
3PK

i8 ,kz
. ~3.23!

The angular integration infK
i8
, in Eq.~3.19! yields, when

summed overD1iD2 andD1'D2 ,

1

2p E
0

2p

dfK
i8(i1'

P~K i8 ,kz8!P~K i8 ,kz!5
1

2 F11
kz

2kz8
2

K2K82G ,
~3.24!
e-
n

whereK25K i8
21kz

2 andK825K i8
21kz8

2.
Inserting Eqs.~3.20!–~3.24! in Eq. ~3.19!, we find

W5
W0,rad

2p2 E
0

`

dx u~j2/jD8
2

2x!e2x

3@ uI 0~xd2/j2!u21uI 1~xd2/j2!u2#, ~3.25!

I n~x!5E
0

`

dz
z2n cosz

@x1z2#n H 1

Ax1z2
1

1

d

jg
2Ax1z22 igJ ,

~3.26!

where W0,rad532pm(Ege2D1D2)2/(\5c2«aB
2), jD8

2

5\2/(2MD8) and g5Gd/\ c̃5(G/Eg)(d/jg)!1. For
GaAs,jD8518.1 Å for D560 meV. Using Table I, we esti
mateW0,rad53.643108 sec21. The rate in Eq.~3.25! is inde-
pendent ofb1 ,b2 for b1 ,b2!jg .

The rate in Eq.~3.25! is the sum of the nonresonant an
resonant contributions, i.e.,W5Wnrs1Wres. Here Wnrs is
form the principal part of Eq.~3.26! while Wres is from the
imaginary part given by

Wres5
W0,rad

2 E
0

`

dx u~j2/jD8
2

2x!u~j2/jg
22x!

3e2x cos2S d

j
A~j/jg!22xD

3H ~j/jg!2

~j/jg!22x1g
1~jg /j!2@~j/jg!22x#J .

~3.27!

Here smallg is inserted to avoid a weak logarithmic dive
gence.Wres reduces toWres5W0,radcos2(d/jg) for j@jg , jD8
and to Wres5W0,rad$ ln@(j2/jg

21g)/g#11
2%j

2/(2jg
2) for jg

@j,jD8 ,d. The real part of the integral in Eq.~3.26! is cal-
culated excluding the regionux2xsu,g around the singular-
ity point xs . We useG50.01 meV corresponding to the life
time of about 100 psec~Ref. 3! for the numerical analysis
presented below. This value corresponds tog53.2631026

for d5175 Å. The rate increases~decreases! by about 25%
wheng is reduced~increased! by an order of magnitude.

Figure 3~a! displaysWres, Wnrs, andW as a function ofj
for d5175 Å. Wres and Wnrs are equally important and
have maxima nearj;jg , where\vk (with k;j21);Eg .
W is insensitive tod as shown in Fig. 3~b! as a function ofj
~lower axis! for d5175, 275, 375 Å and also in Fig. 4.W is
independent ofT for T-independentj and is in the range of
TSK’s Stokes transfer rate data3 shown as a function ofT
~upper axis! in Fig. 3~b!. The calculatedW is also plotted as
a function ofd in Fig. 4 for j5150, 400, and 1500 Å.W has
a very slow dependence ond in agreement with TSK’s
data. Wres vanishes neard5pjg/25554 Å for large j
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51500@jg5353 Å ~not shown in Fig. 4! as predicted by
Wres5W0,radcos2(d/jg) and creates a shallow maximum fo
W neard5350 Å as seen in Fig. 4. It is possible from Fig
3 and 4 that samples with a largerd can have faster rate
depending onj.

3. Energy transfer from plane-wave excitons
to free electron-hole pairs

The transfer rate from a plane-wave exciton state in Q
to a free electron-hole pair in QW2 can be obtained from
formalism in Sec. III B 2. The rate is given by

FIG. 3. Photon-exchange Stokes transfer rate for localized e
tons from a narrow to a wide QW separated by~a! d5175 and~b!
d5175– 375 Å with a 60-meV energy mismatch. Contributio
from the resonant and nonresonant processes are shown in~a!.
Temperature-dependent data~symbols! of TSK ~Ref. 3! are shown
in ~b! in the upper axis.

FIG. 4. Photon-exchange Stokes transfer rate as a functio
the well-to-well separationd for localized excitons from a narrow to
a wide QW with a 60-meV energy mismatch for the exciton loc
ization radiusj5150, 400, and 1500 Å.
1
e

W5
2p

\
bE dEK i

e2bEK i

3K (
ki8K i8

uT12~K i8 ,K i!u2d~«k
i8
2D8!L

K i

, ~3.28!

where theT12(K i8 ,K i ,) is obtained by replacingu1,Ra ,Nlk&
with u1,K i ,Nlk& in T12,a in Eq. ~3.18!. The Boltzmann aver-
age is taken over the initial energyEK i

in Eq. ~3.28!. The

unit step functionu(j2/jD8
2

2x) in Eqs.~3.25!–~3.27! is not
necessary and should be replaced by unity. Otherwise,
rate in Eq.~3.28! reduces to Eqs.~3.25!–~3.27! except thatj
is replaced withjT defined in Eq.~3.11c!, namely,

W5
W0,rad

2p2 E
0

`

dx e2x@ uI 0~xd2/jT
2!u21uI 1~xd2/jT

2!u2#.

~3.29!

For the numerical results shown in Figs. 3 and 4, the cu
factor u(j2/jD8

2
2x) in Eq. ~3.25! has a negligible effect be

causej2/jD8
2 is very large. Therefore, the rates displayed

Figs. 3 and 4 can be directly translated intoT-dependent
rates by equatingj5jT5462/T1/2Å, whereT is in degrees
Kelvin. The energy transfer rate is shown as a function oT
in Fig. 5 for d5175 and 375 Å. The rapid decay with risin
T is consistent with the steep decay with decreasingj below
the maximum in Fig. 3 in view ofj5jT5462/T1/2Å. We
can also deduce from Fig. 3 that the rate has a maxim
near jT5390 Å, namely near 1.4 K in Fig. 5. The rapi
T-dependent decay at highT is due to the fact that the photo
energy in the denominators of Eq.~3.23! becomes large. Fig-
ure 6 displays thed dependence of the rate atT54, 10, and
50 K.

The radiative rate in Figs. 4 and 6 decays very slowly
extremely larged. We show in Appendix B that the
asymptotic behavior depends on the sample shape. The
saturates to an asymptotic value independent ofd in a long

i-

of

-

FIG. 5. Photon-exchange Stokes transfer rate as a functio
the temperature for plane-wave excitons from a narrow to a w
QW separated byd5175 and 375 Å with a 60-meV energy mis
match. The symbols indicate the data from TSK.~Ref. 3!.
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sample whered is much larger than the radii of the QW’s. I
the opposite limit, the rate slows down logarithmical
However, the rate is limited by the photon mean free pat
there are other optical-absorbing centers present in the
tem.

IV. FIELD-THEORETIC FORMALISM FOR EXCITON
TRANSFER

A. Formalism

In this section we express the transfer rate in terms o
correlation function, which allows a rigorous and systema
calculation of the rate by using a standard diagramm
technique. The total Hamiltonian is the sum ofHt andH,

H5(
jk

~« jk2m j !n̂ jk1H8, ~4.1a!

Ht5 t̂1 t̂†. ~4.1b!

The first term ofH is the energy of the exciton which i
either at j 51 or at j 52 with the occupation numbern̂ jk
50 or 1. The chemical potentialm j at sitej is introduced to
project out the initial unphysical occupation of site 2 lat
The second termH8 describes the rest of the system~e.g.,
phonons! and its interactions with the exciton. The opera
t̂† transfers an exciton from QW1 to QW2 andt̂ from QW2
to QW1.

The transition rate is given to the lowest order int̂ by

W5
2p

\Z (
nm

@e2bEnz^mu t̂†un& z2

2e2bEmz^nu t̂ um& z2#d~En2Em1V!, ~4.2!

whereHun&5Enun&, V5m12m2 , andZ is the distribution
function forH. The first term in Eq.~4.2! describes the trans

FIG. 6. Photon-exchange Stokes transfer rate as a functio
the well-to-well separationd for plane-wave excitons from a narrow
to a wide QW with a 60-meV energy mismatch forT54, 10, and
50 K.
if
s-

a
c
ic

.

r

fer rate from QW1 to QW2 and the second term the ba
transfer. To ensure that QW1 is occupied and QW2 is em
initially, we let V→`. The expression in Eq.~4.2! can be
rewritten as

W5
2

\
Im F~v r→V1 i0!,

F~v r !5E
0

b

du evru^euHt̂e2uHt̂†&, ~4.3!

where v r52p ir /b is analytically continued to slightly
above the real axis. Herer is an integer. The angular bracke
in Eq. ~4.3! signify the thermodynamic average. The curre
correlation function in Eq.~4.3! can be evaluated systemat
cally applying a standard temperature-ordered diagram
pansion technique.14,15

B. Application to anti-Stokes transfer of plane-wave excitons

The above result is useful for studying the effect of dam
ing and scattering for anti-Stokes transfer. Since there is o
one exciton in the system, we can employ a Fermion rep
sentation and writen̂ jk5cjk

† cjk where k5K i , cjk
† , cjk are

creation and destruction operators andt̂†5(ktK i
c2k

† c1k .

Here tK i
5^2,K iuHtu1,K i& represents dipolar and photon

exchange coupling. We assume that the exciton inter
with phonons and other static scattering centers~e.g., surface
roughness, impurities!.

The rate in Eq.~4.3! is given by a bubble diagram and
one-rung diagram shown in Fig. 7, where the solid lines
dressed exciton propagators and the wavy line is a pho
propagator or a single-impurity line. The bubble diagra
yields14–16

of

FIG. 7. Basic diagrams for the correlation function defined
Eq. ~4.3! for the exciton transfer rate. The solid lines are dress
exciton propagators and the wavy line a phonon propagator.
arrows indicate the direction of momentum and energy flow. T
bubble diagram~a! yields the result in Eq.~4.5! and the one-rung
diagram~b! the interference term in Eq.~4.6!.
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W5
2p

\ E
2`

`

dz@ f 1~z!2 f 2~z!#(
K i

utK i
u2r1K i

~z!r2K i
~z!,

~4.4a!

r j K i
~z!5

1

p

G j K i
~z!

~z2Ej K i
!21G j K i

~z!2 , ~4.4b!

where f j (z)5exp@2b(z2mj)# is the occupation function
~i.e., the Fermi function in the nondegenerate limit! and
G j K i

(z) is the imaginary part of the self-energy. The quant

G j K i
(z) represents damping due to exciton interactions. T

exciton shift~i.e., the real part of the self-energy! is absorbed
into Ej K i

in the spectral function in Eq.~4.4b!. The second

term proportional tof 2(z) in Eq. ~4.4a! is zero in the limit
V→` and is dropped.

In the limit D@G, dominant contributions arise from th
two nonoverlapping resonances atz5E1K i

and z5E2K i
in

Eq. ~4.4a!, yielding

W5
2

\Z1D2 (
K i

utK i
u2@e2bE1K iG2K i

~E1K i
!

1e2bE2K iG1K i
~E2K i

!#, ~4.5!

where exp(2bm1)5(K i
exp(2bE1K i

)[Z1 for a single-
particle occupancy in QW1. The physical origin of the e
pression in Eq.~4.5! will be discussed later in this section

The nonactivated result of TSK is obtained from E
~4.4a! by ~1! replacingf 1(z)5 f 1(E1K i

) and~2! approximat-

ing the rest of thez integration byr1K i
(z5E2K i

). However,
this step is incorrect because the occupation function sh
also reflect the same resonancef 1(z)5 f 1(E2K i

)}exp

(2bE2K i
)}e2bD rather thanf 1(z)5 f 1(E1K i

).
While the second term in Eq.~4.5! is proportional to

e2bD, the same behavior is not apparent for the first te
However, the first term in Eq.~4.5! is proportional toe2bD

because~1! G2K i
(E1K i

)50 unlessK i is large enough to sat

isfy E1K i
>D for elastic scattering and~2! G2K i

(E1K i
)

}e2bD for damping through one-phonon absorption.15 The
contribution toG from the natural lifetime can be neglecte

The physical origin of the expression given in Eq.~4.5!
can be understood by rederiving the full phonon-assisted
in terms of an alternative standard perturbation method.
resulting rate will be employed in Sec. V. For this purpo
we consider two possible perturbation channels which c
nect the initial stateu1,K i ,nsq& to the final stateu2,K i8 ,nsq
1 1

2 6 1
2 & through intermediate states via emission~1! and

absorption~2! of a phonon. Herensq is the occupation for
the phonon modess, q, and energy\vsq . The thermally
averaged rate equals

W5
2p

\Z1
(
K i

e2bE1K i (
K i8 ,sq6

ut12,6u2d~E2K
i8
6\vsq2E1K i

!,

~4.6!

where thet matrix is given by17
e

-

.

ld

.

te
e
,
-

t12,65S tK i
eiqzz2V2,sq

2D
1

tK
i8
eiqzz1V1,sq

D
D

3S nsq1
1

2
6

1

2D 1/2

dK i ,K
i86qi

. ~4.7!

A full expression for the exciton-phonon interactionVj ,sq
will be given in Sec. V.

The first term of Eq.~4.7! describes a process where th
exciton crosses the barrier through dipolar and phot
exchange interactions~i.e., via tK i

! to an intermediate virtua

state u2,K i ,nsq& and is then scattered to the final state
V2,sq emitting and absorbing a phonon. For the second te
the exciton is scattered to an intermediate virtual st
u1,K i8 ,nsq1 1

2 6 1
2 & inside QW1 byV1,sq emitting and absorb-

ing a phonon and then crosses the barrier into the final s
via tK

i8
. The first term of Eq.~4.5! is obtained immediately

by inserting the first term of Eq.~4.7! in Eq. ~4.6!. The sec-
ond term of Eq.~4.5! follows from the second term of Eq
~4.7!. The cross terms in Eqs.~4.6! and ~4.7! yield the con-
tribution shown by the one-rung diagram in Fig. 7 and a
proportional toe2bD as will be shown in Sec. V. More de
tailed study of the total one-phonon-assisted rate will be c
ried out in the next section. An analogous analysis can
applied to static scattering.

V. ANTI-STOKES ENERGY TRANSFER

In this section we study exciton transfer from wide QW
to narrow QW2. The ground sublevel of QW2 liesD above
that of QW1. We have shown in Sec. IV that dipolar
photon-exchange anti-Stokes energy transfer is proportio
to e2bD. As a result, the phonon-assisted rate is negligible
low T. We find that the dominant anti-Stokes energy trans
occurs through the following Auger-like exciton-exciton co
lision processes at a sufficiently high exciton density, yie
ing sufficiently large rates to explain recent data.

A. Over-barrier ionization of plane-wave excitons

An exciton inuK1i& in QW1 is annihilatednonradiatively,
ionizing another excitonuK2i& in the same well over the
barrier into a free electron-hole stateuK i8 ,ki8 ,kze8 ,kzh8 &. Once
excited over the barrier, the carriers fall into QW2 ‘‘imme
diately’’ in the time much less than the transfer tim
;1026 sec. Phonon-assisted carrier capture is faster in
narrower QW. The subscriptj refers to the two excitons. The
final unconfined free electron-hole state is described by

uK i8 ,ki8 ,kze8 ,kzh8 &5
v0

L2 (
re ,rh

eiK i8•Rie2 iki8•~rei2rhi !

3F~kze8 ,ze ;kzh8 ,zh!acre

† avrh
u0&,

~5.1a!

where

F~kze8 ,ze ;kzh8 ,zh!5fe,k
ze8

~ze!fh,k
zh8

~zh! ~5.1b!

is the product of the normalized electron and hole wa
functions that propagate above the barrier in thez direction.
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Following a similar procedure employed in Eqs.~3.1!–
~3.3!, we find

^K i8 ,ki8 ,kze8 ,kzh8 uHeeuK1i ,K2i&

5
1

L2 dK1i1K2i ,K
i8E dZE dZ8CD1

~K1i ,Rz!

3F~0,Z,Z!E d2r i E dz8F~r i ,Z8,z8!

3@F* ~kze8 ,Z8;kzh8 ,z8!ei ~ki81ahK1i !•r i

2F* ~kze8 ,z8;kzh8 ,Z8!ei ~ki82aeK1i !•r i#1~1→2!,

~5.2a!

where Rz5Z82Z, CD1
(R)52e2R•D1 /kR3 is the

monopole-dipole interaction and

CD1
~K i ,Rz!5E d2RieiK i•RiCD1

~R!

52
2p ie2

k
K̂ i•D1e2K iuRzu. ~5.2b!

HereR5(Ri ,Rz) andDj is that of the initial confined state
uK j i&.

The Z, Z8 integrations for the two initial exciton states
Eq. ~5.2a! are sharply localized in QW1. We approxima
CD1

(K1i ,Rz) by its average over the probability distributio

of Z andZ8

CD1
~K i!52

2p ie2

k
K̂ i•D1B~K i!, B~K i!5^e2K iuZ82Zu&,

~5.3!

whereB(K i)52(x211e2x)/x2 with x5bKi for a rectan-
gular distribution of the electron and hole densities andb is
the width of QW1. At this point, we employ the quasi-2
approximations in Eq.~2.7! for the exciton wave function in
Eq. ~5.2a!.

Carrying out ther i integration for the matrix element in
Eq. ~5.2a!, we find

^K i8 ,ki8 ,kze8 ,kzh8 uHeeuK1i ,K2i&

5
32

L2 dK1i 1K2i ,K
i8
CD1

~K1i!E dZ8E dz8

3F* ~kze8 ,Z8;kzh8 ,z8!Fg~Z8,z8!

3F 1

@~ki81ahK1i!
2aB

214#3/2

2
1

@~ki82aeK1i!
2aB

214#3/2G1~1→2!,

~5.4!

where the subscript ‘‘g’’ is introduced to distinguish the
ground-state confinement functionFg(Z8,z8) from the over-
barrier wave function, which is assumed to be symmetric
the electron and the hole coordinates.
n

The thermally averaged total exciton-exciton ionizati
rate is given by

W5
2p

\Z1
(

K1i ,K2i

e2bEK1i f K2i

3 (
K i8 ,ki8 ,kze8 ,kzh8

z^K i8 ,ki8 ,kze8 ,kzh8 uHeeuK1i ,K2i& z2

3d„EK1i
1EK2i

22EB1Eg

2@EK
i8
1«k

i8
1«e~kze8 !1«h~kzh8 !#…, ~5.5!

where f K2i8
52p\2Nexbexp(2bEK2i8

)/M is the exciton oc-

cupancy,Nex is the 2D exciton density,«e(kze8 ), «h(kzh8 ) are
the electron, hole energies in thez direction. Because
Fg(Z8,z8) is confined inside the QW in Eq.~5.4!, theZ8, z8
integrations yield negligible contributions for largeukze8 u,
ukzh8 u.p/b, which is the momentum uncertainty in thez di-
rection. Therefore, we approximate«e(kze8 )1«h(kzh8 )5V0 in
the energyd function in Eq. ~5.5! for small ukze8 u, ukzh8 u
,p/b, whereV0 is the sum of the well depths in the con
duction and valence bands. Also, the exciton energies ar
the order of the thermal energy and are neglected. The
ergy d function then yields«k

i8
5Eg2V022EB[Eg* . The

integrations onkze8 andkzh8 are carried out using the closur
property.

The wave numberki8 for the electron-hole relative motion
in the denominators of Eq.~5.4! is much larger thanK1i

because«k
i8
@Ek

i8
. This allows us to expand the two terms

the large square brackets of Eq.~5.4! to the first order in
K1i . We then obtain after a lengthy algebra

W5W0,ion~jT!F E
0

`

xe2xB~Ax/jT!2dx

1
1

4 H E
0

`
Axe2xB~Ax/jT!dxJ 2G , ~5.6!

where W0,ion(jT)5(96p)2Nex(e
2D1 /k)2EB*

3/\jT
2Eg*

4, and
EB* is the bulk exciton binding energy. For the parameters
Table I,Nex5531010cm22 andEg* 51.09 eV corresponding
to GaAs/Al0.3Ga0.7As, we estimate W0,ion(jT)51.25T
3104 sec21 whereT is in Kelvin. TheT dependence of the
exciton ionization rate is plotted in Fig. 8 forb5100 and 50
Å. The theoretical rates are in the range of TSK’s observ
data. Note that the date ford5375 Å show faster rates tha
those ford5175 – 275 Å.

B. Over-barrier ionization of localized excitons

In this case we replace the initial exciton statesuK1i& and
uK2i& in Eq. ~5.5! by localized statesuR1& and uR2&. Final
free electron-hole statesuK i8 ,ki8 ,kze8 ,kzh8 & are the same. The
rate in Eq.~5.5! is replaced with

W5
2p

\ (
R2

(
K i8 ,ki8 ,kze8 ,kzh8

z^K i8 ,ki8 ,kze8 ,kzh8 uHeeuR1 ,R2& z2

3d„Eg22EB2@EK
i8
1«k

i8
1«e~kze8 !1«h~kzh8 !#….

~5.7!
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The matrix element in Eq.~5.7! can be evaluated from Eq
~5.4! ~after expanding the latter to the first order inK1i as
before! using the transformation in Eq.~2.6!. Because mo-
mentum conservation restrictsK i8 to K i8&2/j in Eq. ~5.7!
and j is of the order ofb or larger, we neglectEK

i8
in the

energyd function. We also approximate«e(kze8 )1«h(kzh8 )
5V0 as before. The energyd function then yields«k

i8
5Eg

2V022EB[Eg* .
The rate in Eq.~5.7! is then evaluated without furthe

approximation, yielding

W5W0,ion~j!F E
0

`

xe2xB~Ax/j!2dx

1
1

4 H E
0

`
Axe2xB~Ax/j!dxJ 2G , ~5.8!

where W0,ion(j)5(96p)2Nex(e
2D1 /k)2EB*

3/\j2Eg*
4. This

result is identical to Eq.~5.6! if j is replaced byjT . Using
the parameters in Table I,Nex5531010cm22 and Eg*
51.09 eV ~corresponding to GaAs/Al0.3Ga0.7As!, we esti-
mate W0,ion(j)52.673109j22 sec21 where j is in Å. The
calculated rate in Eq.~5.8! is plotted in Fig. 9 as a function
of j ~lower axis! for a 2D exciton densityNex55
31010cm22 and is independent ofT. The rate is in the range
of TSK’s data3 which are shown as a function ofT in the
upper axis.

C. Phonon-assisted exciton transfer

In this section we study one-phonon-assisted Stokes
anti-Stoke rates through dipolar and exchange interacti
The anti-Stokes rate equals exp(2bD) times the Stokes rate

FIG. 8. Over-barrier ionization rate of plane-wave excito
through Auger-like two-exciton processes from a QW withb550
~dotted curve! and 100 Å~solid curve!. Symbols represent TSK’s
anti-Stokes rate data from samples withb5100 Å ~Ref. 3!.
nd
s.

The initial and final states are assumed to be plane-w
exciton states for simplicity. The electron-phonon interact
is given in thej th QW by1

^ j ,K i8uHe-phu j ,K i&5Vj ,sqe
iqzzjdK

i82K i ,qi
~bsq1bs,2q

† !,

~5.9a!

Vj ,sq5JcqH j~ahqi ,qz!2JvqH j~2aeqi ,qz!, ~5.9b!

H j~Qi ,Qz!5E d2r i E dzeE dzh

3uF j~r i ,ze ,zh!u2ei ~Qzze1Qi•r i !. ~5.9c!

The quantityVj ,sq was introduced in Eq.~4.7! andJcq , Jvq
are the electron-phonon coupling constants. BecauseD is
larger than the LO phonon energy\v0536.2 meV, LO pho-
nons play a dominant role. LetJcq5Jvq5JLOq , where

JLOq5
J0

q
5

1

q S 2p\v0e2

Ve8 D 1/2

,
1

e8
5

1

e`
2

1

es
.

~5.10!

In the quasi-2D approximation of Eq.~2.7!, we find

H j~Qi ,Qz!5
64r j~Qz!

~Qi
2aB

2116!3/2, r j~Qz!5E dzf j~z!2eiQzz.

~5.11!

Here, symmetric QW’s will be assumed with realr j (Qz) for
simplicity. Inserting Eqs.~5.10! and~5.11! in Eq. ~5.9b!, we
find

Vj ,sq5Vi~qi!r j~qz!/q, Vi~qi!564J0L~qi!,

FIG. 9. Temperature-independent over-barrier ionization rate
localized excitons through Auger-like two-exciton processes fr
50-Å ~dotted curve! and 100-Å~solid curve! QW’s Symbols repre-
sent TSK’sT-dependent anti-Stokes rate data~upper axis! ~Ref. 3!.
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L~qi!5F 1

~ah
2qi

2aB
2116!3/22

1

~ae
2qi

2aB
2116!3/2G ,

~5.12!

whereVi(qi) is a function ofqi only.
The one-phonon-assisted anti-Stokes rate is given a

inserting Eqs.~5.12! and ~4.7! in Eq. ~4.6! by

W5
2p

\Z1D2 (
K i

e2bEK i (
K i8 ,q,6

@ utK
i8
u2r1~qz!

21utK i
u2r2~qz!

2

2r1~qz!r2~qz!~ tK
i8

* tK i
eiqzd1c.c.!#@Vi~qi!/q#2

3~nq1 1
2 6 1

2 !dK
i82K i ,qi

d~EK
i8
1D6\v02EK i

!,

~5.13!

whereqi is replaced by2qi for the emission process. W
approximate r j (qz)

25d j
2/(qz

21d j
2) with a correct limit

r j (0)251 and a widthd j;p/bj .18 We also employ a simi-
lar approximation forr1(qz)r2(qz) with a width d8. It turns
out that the second and third terms in Eq.~5.13! are negligi-
bly small for d@bj .

The dominant rate arises from the absorption proc
~lower sign! in Eq. ~5.13!. Approximatingnq5e2b\v0, car-
rying out theK i andqz summations, we obtain

W5
e2bDVM

\3Z1D2 K (
K i8

1

2qi
e2bEK i8@ utK

i8
u2h1~qi!1utK i

u2h2~qi!

2~ tK
i8

* tK i
1c.c.!h8~qi!e2qih8~qi !d#Vi~qi!

2L
K i

, ~5.14!

whereqi5K i82K i andEK i
1\v05D1EK

i8
. This process is

available only to those high-energy excitons in QW1 wh
can reach the QW2 exciton band with one-phonon abs
tion. In Eq. ~14!, h1(qi)5h2(qi)5h8(qi)51 for narrow
QW’s with d j@qi . In the opposite limit,h j (qi)5d j /qi and
h8(qi)5d8/qi . The analysis has been general so far. F
largeD, we ignoreEK

i8
;kBT!D2\v0 at low T’s and ap-

proximate EK i1\v05D1EK
i8
'D, qi'K i'K i* [@2M (D

2\v0)/\2#1/251/27.8 Å in Eq.~5.14!.

1. Dipolar phonon-assisted exciton transfer

For the dipolar exchange interaction we use the exp
sion in Eq.~3.5a! for tK i

, obtaining from Eq.~5.14!

W5
WLO

dipe2bD

K i*
2Z1

(
K i8

e2bEK i8@K i8
2h1~K i* !^e2K i8uRzu&2

1K i*
2^e2K i* uRzu&2h2~K i* !2K i8K i* h8~K i* !^e2K i8uRzu&

3^e2K i* uRzu&e2K i* h8~K i* !d#, ~5.15a!

WLO
dip5

2p643Mv0K i*

\2D2e8 S e3D1D2

kaB
2 D 2

L~K i* !2. ~5.15b!

Using e82150.012 for GaAs~Ref. 19! and Table I, we esti-
mateWLO

dip53.873108 sec21. The second and third terms i
er

s

p-

r

s-

Eq. ~5.15! decay exponentially as} exp(22Ki*d)5exp
(2d/13.9 Å) and are negligibly small for larged as con-
firmed by our numerical analysis. The dominance of the fi
term means that the excitons prefer to cross the barrier w
a small momentumK i8 to maximize utK

i8
u2}exp(22Ki8d).

This is achieved by being scattered inside the initial Q
from the initial high-momentum stateK i5K i* to a low-
momentum intermediate stateK i8 before crossing the barrier
Using the same argument for the back~i.e., Stokes! transfer
from QW2 to QW1, the exciton-phonon scattering occurs
the lower-energy QW1 after crossing the barrier with a sm
initial momentumK i8 .

Retaining only the first term in Eq.~5.15a!, carrying out
the K i8 summation and employing the approximation giv
in Eq. ~3.7!, we find

W5WLO
dipe2bD

2kBT

EK
i*

h1~K i* !g~d/jT!, ~5.16!

whereEK
i* 5D2\v0 and the functiong(t) was defined in

Eq. ~3.11a!. The one-phonon-assisted Stokes rate due to p
non emission can be derived in a similar way and has
same expression as that in Eqs.~5.15! and~5.16! without the
activation factor e2bD. Comparing with Eq.~3.11!, the
phonon-assisted Stokes rateebDW has exactly the sameT
dependence as the dipolar Stokes energy-transfer rate
plane-wave exciton states to free electron-hole pairs.
factorh1(K i* ) indicates~1! that phonon absorption occurs i
the initial QW1 and~2! that the rate is a faster rate for
smaller well width as well known.18 For a numerical estimate
we takeh1(K i* )51 corresponding to the narrow QW limit
Figure 10 displays theT dependence ofebDW ~i.e., the

FIG. 10. LO-phonon-assisted dipolar Stokes transfer rate
plane-wave excitons from a 50-Å QW to a 100-Å QW separated
d5175 and 375 Å withD560-meV energy mismatch. The dashe
curve is for the 2D limit. The anti-Stokes rate is obtained by m
tiplying the Stokes rate by exp(2bD).
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Stokes rate! for d5175 and 375 Å forb15100 Å andb2
550 Å.

2. Radiative phonon-assisted exciton transfer

Using a similar expression to that in Eq.~3.18!, the
photon-exchange coupling betweenu1,K i& and u2,K i8& is
given by

tK i
5JradQ~K i ,d!, Jrad5

16Ege2D1D2

\pcnaB
2 . ~5.17!

The quantityQ(K i ,d) is the same as given in Eq.~3.23! but
is different from the specific expression given in Eq.~3.21!
where the final state is the free electron-hole state. Using
~3.24! and summing overD1iD2 and D1'D2 , we have the
following relationships:

(
i1'

^iQ~K i ,d!i2&K i
5 1

2 @ uI 0~x!u21uI 1~x!u2#, ~5.18a!

(
i1'

^Q~K i ,d!&K i
5 1

2 @ I 0~x!1I 1~x!#, ~5.18b!

wherex5(K id)2 and I n(x) was defined in Eq.~3.26!. The
quantities on the left-hand sides of Eqs.~5.18! appear in Eq.
~5.14! when tK i

is replaced byJradQ(K i ,d).
The second and third terms in Eq.~5.14! contain terms

proportional to uI n(x* )u2 and I n(x* ), respectively, where
x* 5(K i* d)2. These quantities are negligibly small, indica
ing that the photon-exchange interaction is small for a la
momentum transfer. We therefore retain only the first term
Eq. ~5.14!. Using Eq.~5.18! and following the same proce
dure employed for dipolar transition, we find, forh1(K i* )
51,

W5
WLO

rade2bD

2p2 E
0

`

dx e2x@ uI 0~xd2/jT
2!u21uI 1~xd2/jT

2!u2#,

WLO
rad5

642p3Jrad
2 Mv0e2

\2D2K i* e8
L~K i* !. ~5.19!

The parameters in Table I yieldWLO
rad53.993106 sec21. The

expressionebDW in Eq. ~5.19! has exactly the same form a
that in Eq. ~3.29! except for the rate constantWLO

rad. The
one-phonon-assisted radiative Stokes transfer rate is
played in Fig. 11 as a function ofT. The rate has the sameT
and d dependences as the photon-exchange Stokes rat
excitons to transfer into free electron-hole pairs displayed
Figs. 5 and 6, except that it is smaller by a factorWLO

rad/W0

51.1031022. Nevertheless, it is about one order of mag
tude faster than the phonon-assisted dipolar Stokes rate
ted in Fig. 10. The anti-Stokes rate is smaller by a fac
e2bD.

VI. CONCLUSIONS AND REMARKS

We have studied Stokes and anti-Stokes exciton ene
transfer between two asymmetric QW’s separated by a w
q.

e
n

is-

for
n

-
ot-
r

gy
e

barrier and with a large energy mismatchD@kBT, EB . Sev-
eral important intrinsic energy-transfer mechanisms h
been examined, including dipolar coupling, real and virtu
photon-exchange coupling and over-barrier ionization of
excitons via exciton-exciton Auger processes. Phon
assisted transfer rates were found to be too small to exp
the low-T data.

The two most important theoretical predictions of this p
per are that the photon-exchange interaction is respons
for the long-distance Stokes energy transfer and that
exciton-exciton Auger processes dominate the anti-Sto
rate at lowT’s. In both cases, the rate is insensitive tod if d
is smaller than the mean-free paths of the photons for
Stokes transfer and if the over-barrier diffusion of the ele
trons and holes to the adjacent well is not the rate-limit
process for the anti-Stokes transfer. For the latter, the tra
fer rate is proportional to the exciton density.

For Stokes energy transfer, the dominant energy tran
occurs through the decay of excitons from the higher-ene
QW1 into free electron-hole pairs in the lower-energy QW
The excess energy is dissipated into the kinetic energy of
electron-hole relative motion. Here, we assume that there
no continuum high-energy localized exciton states in QW
to enable resonant transfer. However, energy transfer is
sible into various low-lying excited bound exciton states b
is relatively slow because it requires slow two-step phon
emission processes to relax the energy as demonstrate
Figs. 10 and 11. The energy-transfer rate through the pho
exchange interaction is much faster than the dipolar tran
rate for d*80 Å. In the opposite limit, however, the latte
dominates the former. The dominance of the radiative tra
fer over a large distanced can be understood if we conside
transfer from an initial localized exciton state in QW1 to
final localized state in QW2 separated by a distancer. An

FIG. 11. LO-phonon-assisted photon-exchange Stokes tran
rate for plane-wave excitons from a 50-Å QW to a 100-Å Q
separated byd5175 and 375 Å withD560-meV energy mismatch
The anti-Stokes rate is obtained by multiplying the Stokes rate
exp(2bD).
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analysis similar to that carried out in Sec. III yields a rad
tive rate between these two states proportional to 1/r 2.5 The
total rate can be obtained by summing over the infinite nu
ber of final states in the plane of the final QW2, yielding
large rate with very slow dependence ond, decaying loga-
rithmically at larged in contrast with the rapidd24 depen-
dence of the dipolar rate.

The K i component of the interaction between a sing
dipole of the initial exciton and a plane of dipoles in the fin
QW has a maximum atK i5K i max and vanishes atK i50
andK id@1 as shown in Eq.~3.4!. This is due to the fact tha
the net interaction between a point dipole and a line~or
sheet! of dipoles vanishes10 and that the contributions from
the individual distant dipoles in QW2 cancel out forK id
@1 due to rapid oscillations. As a result, theT dependence
of the dipolar rate for plane-wave excitons has a maxim
as shown by Figs. 1 and 10. The maximum occurs at
temperature corresponding to the thermal wave num
K i max. For localized excitons, the dipolar rate has a ma
mum atj corresponding toj;1/K i max.

TheK i component of the photon-exchange interaction
a maximum nearK i5K imax

ph , saturates atK i50 and vanishes
for K i@K imax

ph . The maximum occurs when the photon e
ergy becomes comparable to the gap. As a result, the ra
tive rate is small atT50, quickly reaches a maximum at
very low T, and decays rapidly at higherT’s for plane-wave
excitons as shown in Fig. 5. The rate is not plotted below
K due to limited graphic resolution. For localized exciton
the maximum rate occurs nearj;1/K imax

ph and decays rapidly
to zero for j(;1/K i)→0. The rapidT dependence of the
radiative rate displayed in Fig. 5 for plane-wave excitons
not consistent with TSK’s data. The rate~shown in Fig. 3! is
independent ofT for localized excitons ifj is independent of
T. This agrees better with experiment. The excitons may
deed be localized in the initial narrow QW, where the wa
functions can be localized even by small layer-thickn
fluctuations.

For anti-Stokes transfer through dipolar as well as phot
exchange coupling, we showed in Sec. IV that thermal a
vation is essential for energy transfer to occur. The sing
phonon-assisted rate was calculated using photon-exch
and dipolar coupling, yielding a negligibly small rate at lo
T’s and an activatedT-dependence proportional to ex
(2D/kBT). In this case, the radiative rate is much faster th
the dipolar transfer rate ford*80 Å, while the latter domi-
nates the former in the opposite limit. On the other ha
energy transfer through over-barrier ionization of the ex
tons via Auger-like two-exciton collision processes yielde
significantly largernonactivatedrate. This rate is indepen
dent of d as long as the diffusion time of the electrons a
holes into the adjacent QW is shorter than the ionization t
and the electron-hole recombination time. In this process
exciton is annihilated nonradiatively, imparting its energy
the other exciton, which separates into a free electron an
hole. The basic interaction here is monopole-dipole inter
tion. This interaction vanishes forK i50 due to the opposite
signs of the charge. However, this electron-hole cancella
is avoided forK iÞ0 as seen from Eq.~5.4!. As a result, the
ionization rate increases as a function ofK i , namely with
increasingT at low T’s as shown in Fig. 8. At the same tim
-
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the rate decreases as a function ofj(;1/K i) as shown in
Fig. 9. The rate is independent ofT for localized excitons for
T-independentj. The calculated rate is large enough to e
plain TSK’s data3 ~Figs. 8 and 9! if the exciton densities are
assumed to be in the range 1010– 1011cm22. However, theT
dependence of the rate predicted by the plane-wave exc
model seems to be more consistent with the data, sugge
that the excitons in the initialwide QW may be delocalized
due to the relatively smaller effect of the interface-roughn
fluctuations.

One existing model proposed for the long-range nature
the energy transfer is by Kimet al.20 These authors observe
efficient energy transfer over a large distance ranging up
d51500 Å and attributed it to the percolation of the carrie
through hypothetical coherent low-energy GaAs chann
connecting the two GaAs QW’s through the AlxGa12xAs
barrier. To support this argument, they studied three differ
compositions for the barrier, namely the GaAs/AlAs digit
alloy, AlAs, and the random AlxGa12xAs alloy.4,20 The
former two structures showed inefficient energy trans
while the latter showed efficient transfer. They conclud
that the percolation GaAs channels exist only in
Al xGa12xAs barrier. Also, no significant energy transfer w
observed between InxGa12xAs/GaAs double QW’s. This ob-
servation is consistent with the absence of In channels in
the GaAs barrier. According to the predictions of the pres
paper, however, the observed inefficient energy tran
should follow from shortj which may be caused by differen
growth and/or interface conditions. Our anti-Stokes res
also relies on efficient diffusion of the carriers above t
barrier if it is very wide. The model by Kimet al. can be
tested by growing a thick layer of GaAs/AlAs digital alloy
or AlAs alloys in the middle of a regular~i.e., leaky!
Al xGa12xAs barrier without disturbing the interfaces of th
GaAs QW’s. The interfaces of InxGa12xAs/GaAs double
QW’s are rough due to In clustering, possibly yielding sh
j and thus the observed inefficient radiative transfer in
cordance with our theory.21

For low-energy localized excitons,j is large and the en-
ergy depends weakly onj. The rate is then a thermally av
eraged superposition of variousj. The T dependence of the
transfer rate is determined by thej dependence of the excito
energy and the distribution ofj, which are sample-dependen
and not well known. The observedT dependence can be use
to deduce the information about these parameters. Accor
to our result, aT-independent rate implies a sharp distrib
tion of j. There is too much uncertainty in theT and the
range dependences of the observed energy-transfer rate
more satisfactory comparison with our theoretical pred
tions. A more systematic experimental study is necess
Our theory serves to provide an order of magnitude estim
for the rates. The anti-Stokes transfer rate through
exciton-exciton Auger process depends linearly on the e
ton density. Since this process relies on the over-barrier
ization of the excitons from the lower-energy QW into fre
electrons and holes, subsequent propagation~diffusion! to
the higher-energy QW, and reformation of excitons,
impurity-induced short diffusion length or separation of t
electrons and holes by a dc electric field in the barrier w
slow down the transfer rate for distant QW’s. The elect
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field will also decrease the electron-hole overlap in the ex
tons, affecting the rate.
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APPENDIX A

In this appendix we derive Eq.~3.4!. AssumingD1ix,
defining fK i

(fD) as the angle betweenK i(D2) and thex

axis and integrating with respect to the angle betweenRi and
K i , we find from Eqs.~3.1b! and ~3.2!

C~K i ,Rz!5pD1D2

e2

k
@~2A0,0,323A2,0,5!

3cosfD13A2,2,5cos~2fK i
2fD!#,

Al ,m,n5E
0

` r l 11Jm~K ir !

~r 21Rz
2!n/2 dr, ~A1!

whereJm(x) is themth order Bessel function. Inserting11

A0,0,35e2K iRz/Rz ,

A2,0,55~22K iRz!e
2K iRz/3Rz , ~A2!

A2,2,55K ie2K iRz/3

in Eq. ~A1!, we obtain the result in Eq.~3.4!.

APPENDIX B

In this appendix we study the asymptotic behavior of
radiative rate ford→`. Inserting x5(K ij)2, we rewrite
Eqs.~3.25! and ~3.26! as

W5
j2W0,rad

p2 E
0

`

dKiK ie2~K ij!2
u~1/jD8

2
2K i

2!

3@ uI 0~K i
2d2!u21uI 1~K i

2d2!u2#, ~B1!

I n~K i
2d2!5

1

2 E
2`

`

dkze
ikzdS kz

k D 2nH 1

k
1

1

jg
212k2 ig/dJ ,

~B2!

for localized excitons wherek5(ki
21kz

2)1/2 andki5K i . For
plane-wave excitons,j5jT and the step functionu is to be
replaced by unity in Eq.~B1!. Introducing the identity

1

~2p!2 E
2`

`

d2r iei r•~ki2K i !5d~K i2ki!, ~B3!

Eq. ~B2! is recast into
i-

l
-
so
r
n

l

e

I n~K i
2d2!5

1

8p2 E d2r ie2 i r i•K i E
2`

`

d3k eik•rS kz

k D 2n

3H 1

k
1

1

jg
212k2 ig/dJ , ~B4!

wherer5(r i ,d). Carrying out thek integration in the polar
coordinate and also ther i integration in the cylindrical coor-
dinate, we find

I n~K i
2d2!5

1

jg
E

0

`

dr iJ0~K ir i!
r i

r S d

r D 2nE
0

`

dx
sinx

r jg
212x2 ih

,

~B5!

where h5gr /d5r /(t c̃), t5\/G, and the factor (d/r )2n

arises from (kz /k)2n in the limit d→`. The upper limit of
the quantityh is the ratio of the sample size to the distan
traversed by light during the lifetime and is assumed to
very small ~i.e., h!1!. The x integral in Eq.~B5! can be
expressed in terms of ci(kgr ) and si(kgr ) functions in the
limit h→0, yielding 2pe2kgr for kgr→`, where kg

5jg
21.5 Therefore, Eq.~B5! can be rewritten in these limits

as

I n~K i
2d2!52pkgE

0

`

dr iJ0~K ir i!
r i

r S d

r D 2n

e2 ikgr .

~B6!

When d is much larger than the QW radius, we expa
r 5d1r i

2/2d. Inserting this result in the exponent of Eq.~B6!
and replacingr 5d elsewhere, we find11

I n~K i
2d2!5 ipe2 ikgdeiK i

2d/2kg. ~B7!

Finally, a d-independent asymptotic rateW5W0,rad is ob-
tained when Eq.~B7! is inserted in Eq.~B1!. Here, the con-
dition j.jD8 is assumed for localized excitons.

In other cases, we change the variable fromr i to r in Eq.
~B6!, obtaining

I n~K i
2d2!52pkgE

0

`

dr J0~K iAr 22d2!S d

r D 2n

e2 ikgr .

~B8!

Hereafter, we study only the contribution fromuI 0u2 and
show that the rate does not vanish ford→` but approaches
a lower bound slowly. Note also thatd/r<1 in Eq. ~B8! for
I 1 and the contribution fromuI 1u2 does not alter this conclu
sion. The integration in Eq.~B8! is given by11

I 0~K i
2d2!5p ikge2 idAkg

2
2K i

2
/Akg

22K i
2, kg.K i

52pkge2dAK i
2
2kg

2
/AK i

22kg
2, kg,K i .

~B9!

Inserting this result in Eq.~B1! and going back to the origi-
nal variablex5(K ij)2 employed in Eqs.~3.25! and ~3.26!,
we find
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W5
1

2
j2kg

2W0,radF E
0

~jkg!2

dx
e2xu~j2/jD8

2
2x!

j2kg
22x1g

1E
~jkg!2

`

dx
e2xe2~2d/j!Ax2j2kg

2
u~j2/jD8

2
2x!

x2j2kg
21g

G .

~B10!

Here, g accounts for the Lorentzian width and prevents
weak logarithmic divergence at the singularity pointx
.
d

d

5(kgj)2 as in Eq.~3.7!. The second term in Eq.~B10! van-
ishes as (j/d)2/g for d→` and is dropped. The first term
can be rewritten in the limitg→0 as

W5
1

2
~jkg!2W0,rade

2~jkg!2F E
0

~jkg!2 et21

t
dt1 ln

~jkg!2

g G .
~B11!

Here j.jD8 . In view of the fact thatg5d/(t c̃) ~!1!, the
second term decreases logarithmically as a function od
while the first term is independent ofd.
-

f

.
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