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Disorder and interactions in quantum Hall ferromagnets near nÄ1
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We report on a finite-size Hartree-Fock study of the competition between disorder and interactions in a
two-dimensional electron gas near Landau-level filling factorn51. The ground state atn51 evolves with
increasing disorder from a fully spin-polarized ferromagnet with a charge gap to a partially spin-polarized
ferromagnetic Anderson insulator, to a quasimetallic paramagnet at the critical point betweeni 50 and i 52
quantum Hall plateaus. Away fromn51, the ground state evolves from a ferromagnetic Skyrmion quasipar-
ticle glass to a conventional quasiparticle glass, and finally to a conventional Anderson insulator. We comment
on signatures of these different regimes in low-temperature transport and NMR line shape and peak position
data.
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I. INTRODUCTION

Because of the macroscopic degeneracy of single-par
states in a Landau level, neither disorder nor electr
electron interactions in a two-dimensional electron syst
~2DES! can be treated perturbatively in the quantum H
regime. This is the raison d’eˆtre for the many interesting an
surprising phenomena1 which have arisen in quantum Ha
physics. Theories of quantum Hall physics usually inclu
either only interactions or only disorder, although both a
always present. In particular, it is common to include on
disorder in studies of the integer quantum Hall effe
~IQHE!, which generally focus on the sudden jump in t
Hall conductivity between values separated bye2/h, and it is
common to include only interactions in studies of the fra
tional quantum Hall effect~FQHE!, which generally focus
on the ability of interactions to create charge gaps at pa
Landau-level fillings. The competition between interactio
and disorder has often, but not always,2,3 been neglected, in
part because of the lack of easily manageable analytical
numerical tools that can deal with both simultaneously.
this paper we address an instance in which this competi
is particularly direct and can be successfully addressed
elementary techniques.

At Landau-level filling factorn51, the ground state of a
disorder-free 2DES is a strong ferromagnet,4 i.e., it is com-
pletely spin polarized by a Zeeman field of infinitesim
strength. In practice, of course, the field experienced b
2DES in the quantum Hall regime isnot infinitesimal; how-
ever, the field’s Zeeman coupling to the electron spin is ty
cally very weak compared to other energy scales.~In refer-
ring to these systems as ferromagnets, we are emphas
that they remain spin polarized in the limit of zero Zeem
splitting. In experimental systems,5 typical values of the in-
teraction and Zeeman energy scales are;160 K and;3 K
respectively. The spin splitting produced by this bare Z
man coupling is usually negligible in paramagnetic state!
The quantum Hall ferromagnet has a large gap for cha
excitations, and hence has a robust quantum Hall effect.
typical Zeeman coupling strengths, its elementary char
excitations are topologically charged spin textures~Skyrmi-
PRB 620163-1829/2000/62~20!/13579~9!/$15.00
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ons! containing several flipped spins.1,4,6 Large Skyrmions
have a Hartree energy cost smaller that those of conventi
quasiparticles and, because the spins align locally, o
slightly higher exchange energy.7 Because Skyrmions are th
lowest-energy charged excitations, the global electron s
polarization is expected to decrease rapidly asu12nu in-
creases. This has been observed in nuclear magnetic
nance~NMR! experiments.1,5,6 On the other hand, then51
state of noninteracting disordered electrons differs qual
tively. The ground state is a compressible paramagnet w
no Knight shift and no gap for charged excitations. For ze
Zeeman coupling, quasiparticle states at the Fermi energy
quasiextended and cause the Hall conductivity to sudde
jump by 2e2/h as this filling factor is crossed;n51 is in the
middle of a Hall ‘‘riser,’’ instead of being at the middle of
Hall plateau.

The competition between disorder and interactions an
51 can be addressed8 using the Hartree-Fock approxima
tion, which has the virtue of being exact1 in both the nonin-
teracting and the nondisordered limits. Experimental inf
mation on this competition comes primarily from transpo
and NMR studies. Early NMR studies5 of weak-disorder
quantum Hall ferromagnets yielded relatively featureless l
shapes and Knight shifts in good agreement with Hartr
Fock ~HF! theory estimates6,7,9 of Zeeman-coupling and
filling-factor-dependent Skyrmion sizes.~Effective field
theory estimates4,10 are not accurate in the case of typic
Zeeman coupling strengths.! More recent experiments11

paint a more complex picture, in part because the meas
ments were performed at lower temperatures where the
nal is not motionally averaged.12,13 It is now clear that dis-
order plays a role in the interpretation of these experime
even when it is weak. At stronger disorder, as the nonin
acting limit is approached, the spin polarization must ev
tually vanish. In our model calculations we find that as t
interaction strength is increased relative to disorder atn51,
the 2DES ground state suffers a continuous phase trans
from a paramagnetic to a ferromagnetic state. Depending
the details of the disorder model, a second continuous ph
transition to a fully spin-polarized incompressible strong f
romagnet with a gap for charged excitations may occur
13 579 ©2000 The American Physical Society
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still stronger interactions. For the disorder models we u
the fully polarized state is reached when the Coulomb ene
scale is approximately twice the Landau-level-broaden
disorder energy scale. Away fromn51, screening by mobile
charges reduces the importance of disorder and the sy
reaches maximal spin polarization at smaller interact
strengths. The maximally polarized ground state at mode
interaction strengths is best described as a glass of loca
conventional quasiparticles formed in then51 fully polar-
ized vacuum. Only for stronger interactions do we find
phase transition to a state with noncollinear magnetizatio
which the localized particles have Skyrmionic character.

We organize this paper as follows. In Sec. II we summ
rize our implementation of finite-size HF theory in the lowe
Landau level~LLL !. In Secs. III and IV we present and dis
cuss our numerical results for calculations atn51 and n
Þ1. The possibility, discussed in recent work,3 that at n
51 disorder will induce reduced-size Skyrmion–an
Skyrmion pairs in the ground state is specifically addres
in Sec. III. Finally, in Sec. V we present our conclusions

II. HARTREE-FOCK THEORY IN THE LLL

The HF approximation allows the interplay between d
order and interactions to be addressed while retainin
simple independent-particle picture of the many-bo
ground state. For the current study, the use of this appr
mation is underpinned by the fact that it reproduces the e
ground state atn51 in both weak interaction and stron
interaction1 limits. HF theory is a self-consistent mean-fie
theory, and as such it has strengths and shortcomings, w
we discuss later. In this section, we outline the basic form
ism of HF approximation calculations in the LLL limit.

In a strong magnetic field, the Landau-level splitting
very large and, since excitations to higher Landau levels
effectively forbidden at the low experimental temperatur
we follow the common practice of considering only LL
states. This neglecting of Landau-level mixing allows us
ignore such effects as levitation of critical states, wh
could have an important effect in low magnetic fields.14 Ne-
glecting the frozen kinetic-energy degree of freedom,
Hamiltonian in second quantization is written as

H5HI1Hdis1HZ , ~1!

whereHI is the interaction part of the Hamiltonian,

HI5
1

2E drE dr 8(
ss8

v I~r2r 8!

3ĉs
†~r !ĉs8

†
~r 8!ĉs8~r 8!ĉs~r !,

Hdis is the external disorder part of the Hamiltonian,

Hdis5E dr(
s

vE~r !ĉs
†~r !ĉs~r !,

andHZ is the Zeeman term,

HZ52
1

2
gmBE dr(

ss8
ĉs8

†
~r 8!ĉs~r 8!tWs8s•BW ~rW !,
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with s5↑,↓, v I andvE being the Coulomb interaction an
disorder potentials, respectively, andt i being the Pauli ma-
trices. Here we also define the Zeeman coupling strengt
g̃5gmBB/(e2/e l ) for later reference. We chose the Land
gauge elliptic theta functions as our basis,

fm~x,y!5
1

ALylAp
(

s52`

`

ei (1/l 2)xm,sye2(1/2l 2)(x2xm,s)
2
,

where xm,s5(2pml2/Ly)1sLx , m,m851, . . . ,Nf , Nf
5A/(2p l 2), andl is the magnetic length which we set equ
to 1 for simplicity. These wave functions satisfy the semip
riodic boundary conditionsfm(x,y)5fm(x,y1Ly) and
fm(x1Lx)5exp(1iLxy/l2)fm(x,y).

We consider the HF single-particle states to be a lin
combination of the up and down spin states of these b
functions,

ua&5(
m,s

^msua&ums&.

Before writing down the Hamiltonian matrix in the HF ap
proximation, we introduce several notation-simplifying de
nitions, closely following previous HF studies.8 The expec-
tation value of the particle density~in momentum space! is
given by

^r~q!&5(
a

nF~eF2ea!^aue2 iq•rua&

[Nfe2(1/4)q2

(
s,s8

ds,s8Ds8s~q!e2 i (qxqy/2),

where we define

Ds8s~q![
1

Nf
(

m,m8
d (xm8 ,xm1qy)e

2 iqxxmrs8s~xm8uxm!

and

rs8s~xm8uxm!5(
a

nF~eF2ea!^m8s8ua&^aums&.

Hered (xm8 ,xm1qy) is a periodic Kronig delta function, i.e., i

is nonzero forxm85xm1qy1s Lx for any integers. With
these definitions we can write the Hamiltonian matrix in t
HF approximation in a compact form that is simple to dia
onalize numerically,

^msuHum8s8&HF5 (
qPBZ

H @gD0~q!UH~q!1Udis~q!#I

1
g

2
@D0~q!I 1DW ~q!•tW #UF~q!J

3d (xm ,xm81qy)e
1 iqxxm82

1

2
g̃B̂•tW , ~2!

whereDa(q)5Tr$Dss8(q)ta%, B̂ specifies the orientation o
the external magnetic field, andI is the identity matrix. The
various effective potentials which appear here are define
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Udis~q!5
1

A (
G

e2(1/4)uq1Gu2vE~q1G!e( i /2)(qx1Gx)(qy1Gy),

~3!

UH~q!5
1

2p (
G

e2(1/2)uq1Gu2 2pe2

uq1Gu ~12dq1G,0!, ~4!

and

UF~q!52
1

A (
q8

e2(1/2)uq8u2eiqx8qy2 iqxqy8
2pe2

uq8u
~12dq8,0!,

~5!

with G5„(2pNf /Lx)nx ,(2pNf /Ly)ny….
For vE(r ), we choose a white noise potential without sp

tial correlation,^^vE(r )vE(r 8)&&5s2d(r2r 8). The density
of states in the noninteracting limit has been calculated
actly by Wegner for this distribution of the disorde
potential,15 yielding a full width at half maximum of ap-
proximately 1.06s. In our calculations the parameterg
5e2/es specifies the relative strength of interactions a
disorder broadening. This type of disorder potential distrib
tion is characterized by a single parameters, which we use
as our unit of energy. As we discuss later, our results
insensitive to correlations in the disorder potential on len
scales smaller thanl, but would change in some respects f
disorder potentials which are smooth on the magnetic len
scale.

The HF equations are solved by an iterative appro
which can create difficulties which must be addressed.
HF equations generally have many solutions that corresp
to different, usually metastable, extrema of the HF ene
functional. The challenge is to locate the true global mi
mum. In particular, the iteration process will not break a
symmetries of the Hamiltonian which are not broken by
starting charge and spin densities, even though the gl
minimum of the HF energy functional frequently does bre
at least some of these symmetries. To counter such probl
it is usually a good idea to introduce small artificial terms
the Hamiltonian which break the continuous symmetries
help the iterative process to reach the lowest-energy stat
this problem, the iterative process is also hampered by se
convergence problems at zero temperature connected
the localization of HF quasiparticle wave functions and
long-range nature of the Coulomb interactions. A sm
change in the energy of a particular orbital may involve
substantial rearrangement of the charges. These prob
can be mitigated by always working at a temperature wh
is comparable to the finite-size quasiparticle energy le
spacing and which scales to zero as the system size
creases. The Zeeman term in the Hamiltonian, for which
choose typical experimental values, reduces the SU~2! spin
symmetry to a U~1! symmetry. In order to break the continu
ous U~1! symmetry, we introduce an artificial~but very
small! local magnetic field at the center of our simulatio
cells which points in thex direction. It is this space-
dependent field, required on purely technical grounds, wh
has motivated developing the formalism in a manner wh
permits nonconstant Zeeman coupling strengths. To en
that this artificial field and the finite temperature do not
-

x-

d
-

re
h

th

h
e

nd
y
-

e
al

k
s,

d
In
re
ith
e
ll

ms
h
l

in-
e

h
h
re

-

fect the final solution, we lower the magnitude of these ter
until no change is seen in local charge and spin densities
in HF quasiparticle energies.

The phase diagrams discussed in Secs. III and IV w
obtained by starting from the noninteracting case and inc
menting the interaction strengthg, taking as the starting den
sities the self-consistent densities from the previousg value.
There is, of course, some hysteresis involved in this proc
so we do a backwards sweep ong once we have reached th
maximum interaction strength for a given run. If they diffe
we use the smaller of the values obtained in upward
downward sweeps for the energy per particle. The energy
particle is obtained using the expression

E

N
5

1

n (
qPBZ

Udis~q!D0* ~q!1
g

2n (
qPBZ

UH~q!uD0~q!u2

1UF~q!@ uD↑↑~q!u21uD↓↓~q!u21uD↑↓~q!u2

1uD↓↑~q!u2#2
g

2
g̃B̂•PW tot ,

wherePW tot is the total global spin polarization. The local sp
magnetization density, which we calculate as well, is giv
by

^Si~r !&5
\

2 (
m8,m,s,s8

rss8~xm8uxm!tss8
i fm* ~r !fm8~r !.

We define the local spin polarization aŝPi(r )&
52^Si(r )&/@\^r(r )&#. Note that in this casêuPW (r )u& does
not have to be equal to 1 since the system is compress
except in the limit of very largeg, where^uPW (r )u&→1 for
all r .

Our criterion for convergence is that

dD[
1

Nf
2 (

qPBZ
(
ss8

uDss8
i

~q!2Dss8
i 21

~q!u2,131026,

~6!

wherei stands for thei th iteration. We have performed ca
culations for several disorder realizations at different valu
of n for system sizes ofNf516232. The finite-size effects
come mainly from the effective exchange potentialUF(q)
and have been studied in detail previously.16 The main effect
is on the interaction part of the energy per particle and i
well understood and easily corrected. We believe that
physics of the phase transitions observed in these calc
tions is not affected qualitatively by finite-size effects. O
qualitative conclusions are based on persistent feat
which are obtained for several different disorder realizatio
The values ofg at which the various transitions and cros
overs we discuss below take place do not change by m
than 5% for different realizations. The results we pres
here are for one particular disorder realization.

III. RESULTS AT nÄ1

At n51, the disorder-free (g→`) 2DES has1 an S
5N/2 ground state. TheSz5S5N/2 member of this multi-
plet is a single Slater determinant and can therefore be
tained by solving Hartree-Fock equations self-consistently
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is only in recent years that samples which are sufficien
clean to reach, or at least nearly reach, complete spin po
ization have been grown.5 The collective behavior producin
such a ground state was not exhibited in earlier sam
which had more disorder in the form of unintended impu
ties, interface dislocations, and, in modulation-dop
samples, the potential from remote ionized donors. Figur
summarizes the HF theory results we have obtained for
dependence of the spin polarization on interaction stren
The calculations were performed for a realistic value of
Zeeman coupling strength,g̃50.015, and at a very sma
value, g̃50.0018. Extrapolating from these two values tog̃
50 allows us to identify parameter values for which spo
taneous spin polarization occurs, i.e., values for which
ground state is ferromagnetic. We find that ferromagnet
occurs for g*0.5 in the Hartree-Fock approximation;
smaller values ofg, the single-particle disorder term dom
nates and yields a spin-singlet ground state. Notice that
spin susceptibility, which may be estimated from the diffe
ence between the spin polarizations at the twog̃ values, is
small in the singlet state, and becomes large as the p
transition to the ferromagnetic state is approached. For
specific finite-size disorder realization we have studied, co
plete spin polarization is reached at a finite value ofg;1.5.
At larger values ofg, the system has a finite gap for char
excitations. We must be aware, however, that the HF
proximation overestimates the tendency of the system to
der so the interaction strength at both transition points sho
be taken as lower limits. In addition, any physically realis
disorder potential is likely to have rare strong disorder
gions which prevent the fully polarized state from bei
reached.

In our calculations, there is a wide region of interacti

FIG. 1. Global polarization for a fixed disorder realization atn

51 with g̃50.015 ~filled circles! and g̃50.0018 ~squares!. The
averagemagnitudeof the local polarization is shown~open circles!

at g̃50.015. The transition to a fully polarized state occurs ag
'1.621.9 for all disorder realizations studied. Examples of t
local polarization density and local density profile at different v
ues ofg for a typical disorder realization are shown in Figs. 2 a
3.
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strengthsg for which partially spin-polarized states occur.
this regime our HF ground states nearly always have non
linear magnetic order. We show local spin polarization a
charge-density profiles of typical partially polarized states
Figs. 2 and 3. The origin of the reduced spatially integra
spin polarization is partly due to variation of spin orientatio
but principally due to a reduction in the average value of
magnitudeof the local spin polarization. This point is illus
trated in Fig. 1~open circles! and may be inferred from Fig
2~a!. The reduction in spin polarization is due to the occu
rence of doubly occupied orbitals, i.e., to disorder-induc
charge fluctuations which cannot be accurately describe
models which include only the spin degree of freedom. T
charged excitations of the ground state in this regime
ungapped and involve population of localized quasiparti
states. We also remark that local-density profiles at th
relatively smallg values, illustrated in Fig. 3~a!, follow the
effective disorder potential smoothed by the form factor
the lowest Landau-level electrons. Rapid spatial variat
components in the white noise model disorder potential h
little effect on the electronic state. The relationship betwe
electron number density and the Pontryagan index densit
the local spin orientation, valid for slow spin-orientatio

-

FIG. 2. Local polarization density forn51 andg̃50.015 atg
50.75 ~a! and atg51.25 ~b!. Thez component is represented by
shadow plot with black as21 and white as11. The in-plane local
polarization density is represented by a two-dimensional ve
plot. The contour plot corresponds to the effective disorder poten
used in the phase diagram shown in Fig. 1.
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PRB 62 13 583DISORDER AND INTERACTIONS IN QUANTUM HALL . . .
variation and nearly constant charge density,1 is not valid in
this regime. Still, the collective nature of the 2DES manife
itself in the nonzero spin-polarization density perpendicu
to the Zeeman field. As interactions strengthen further,
local charge density smoothes out favoring the minimizat
of Coulomb energy at a cost in disorder energy.@See Figs.
2~b! and 3~b! for g'1.5.#

Experimentally, the effects of disorder can be seen m
directly in the NMR spectral line shape obtained at the lo
est possible temperatures where the spin profile is frozen
the experimental time scale.12,13 The NMR intensity spec-
trum in this regime is given by

I ~ f ,g!}E drrN~z!e2(1/2s2)[2p f 22pKsre(z)^SW (r ;g)&] , ~7!

with s59.34 ms21 and Ks;25 kHz. HererN(z) is the
nuclear polarization density andre(z) is the electron density
envelope function in the quantum well. The evaluation
such spectra has been outlined elsewhere;12,13 here we sim-
ply show results for several interaction strengths in Fig.

FIG. 3. Local-density profile forn51 at g50.75 ~a! and atg
51.25 ~b!. In this shadow plot, black represents a local Land
level filling factor of 2 and white represents a local Landau-le
filling factor of zero. The contour plot corresponds to the effect
disorder potential used also in the calculations of Fig. 1. Minima
the electron density occur at maxima in the effective potential
vice versa.
s
r
e
n

st
-
on

f

.

The parameters used in Eq.~7! are the same as the ones us
in Ref. 12.

Note that the quantity usually identified experimentally
the Knight shift, the location of the peak in the NMR spe
trum in Fig. 4, does not match the global polarization. Th
Knight shift measurement always overestimates the glo
polarization. In order to obtain the global polarization of t
system from the measured spectrum, one has to extrac
first moment of a normalized spectrum.12 One sees from the
NMR spectrum at g51.25 that disorder-induced spin
density variation leads to a broadening of the maximum p
and can even lead to secondary peaks at lower Knight s
frequencies. Note, however, that features correspondin
negative Knight shifts, corresponding to regions of revers
electronic spins, are unlikely because the typical size of s
regions is small and because they are also obscured by
finite width of the quantum wells which trap the 2DES. O
calculations demonstrate that care must be taken in interp
ing low-temperature NMR data in the quantum Hall regim

The partially polarized regime can also be studied exp
mentally by measuring the transport activation gap. Provid
that weak Zeeman coupling can be ignored, the exten
quasiparticle states are expected to be precisely at the F
level when the 2DES is in a paramagnetic state. The H
conductivity should jump from 0 to 2e2/h at n51. In the
ferromagnetic state, the majority-spin extended quasipart
state will be below the Fermi level, the majority-spin e
tended state will be above the Fermi level, and the Hall c
ductivity at n51 should be quantized atsxy5e2/h. The
spontaneous splitting of the two extended state energie
experimentally accessible and should exhibit interest
power-law critical behavior as the ferromagnetic state is
tered. This transport gap should vary monotonically with t
global spin polarization, although the precise relationship
tween these quantities is not trivial.

It is interesting to note that the Skyrmion–anti-Skyrmio
pairs predicted recently by Nederveen and Narazov3 do not
appear in our calculations. We do not conclude that th

-
l

n
d

FIG. 4. NMR spectrum forn51 andg̃50.015 atg50.75~solid
line!, at g51.25 ~dashed thick line!, and atg52.0 ~dashed-dotted
line!. The sample parameters correspond to those used in the
perimental studies of Ref. 13.
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objects cannot appear atn51; we would expect them, fo
example, if we choose a disorder model with relatively lar
potential variations, but only on a length scale much lar
than the Skyrmion size. In this case the NLs model consid-
erations in Ref. 3 should be applicable. Our calculatio
demonstrate rather clearly, however, that charge-den
variation atn51 does not necessarily, or even usually,
quire the existence of well-defined Skyrmion quasiparticl

IV. RESULTS AT nÅ1

In clean~largeg) samples where full polarization is ob
served atn51, the global polarization decays rapidly wit
u12nu.5 It is generally accepted that this property is a uniq
signature which experimentally establishes the thermo
namic stability of Skyrmion collective quasiparticles. In th
strong disorder limit, on the other hand, spontaneous s
polarization does not occur at any filling factor nearn51.

The global polarization results fornÞ1 in Fig. 5 illustrate
how the system interpolates between these two extrema
the interaction strengthg is increased from 0 to 2, the be
havior is similar to then51 case. For strong disorde
charge variation is dominant, and small spin polarizatio
occur primarily because many single-particle orbitals are
cupied by both up and down spin electrons. Charge varia
is the dominant response to disorder, and it continues to
an important role at all interaction strengths. At sufficien
largeg, our finite-size systems reach a state with the ma
mum spin polarization allowed by the Pauli exclusion pr
ciple. This maximally polarized state is reached earlier th
in the case atn51 (g;1.421.6) because, we believe,
larger number of charged quasiparticles are available

FIG. 5. Global polarization phase diagram for a fixed disor

realization atn51.25 andg̃50.015 ~solid line!, at n51.25 andg̃

50.0018~dashed line!, at n50.75 andg̃50.015~dotted line!, and

at n50.75 andg̃50.0018~dotted-dashed line!. The transition to a
maximally polarized state~Laughlin quasiparticle glass! occurs at
g'1.522 for all disorder realizations obtained. The transition fro
a Laughlin quasiparticle glass to a Skyrmion glass occurs ag
'15 for experimentally relevant parameters. Local spin polar
tion density and local density at different values ofg for such
disorder realization are shown in Figs. 6 and 7.
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screen the random potential. At this point the system for
what we refer to as a conventional quasiparticle glass~CQG!.
The conventional Laughlin quasiparticles are initially loca
ized in the deepest minima~or maxima for n,1) of the
effective disorder potential, and as the interaction stren
increases, or equivalently the depth of the disorder poten
wells becomes smaller, the charged quasiparticles rearra
themselves locally into a quasitriangular Wigner crys
pinned by the strongest of the disorder potential extrema
largerg we observe a transition from a CQG to a Skyrmi
glass. The location of this transition is marked by a reduct
of the global polarization from its maximally polarize
value. For a specific disorder realization, the point of cro
over from the CQG to the Skyrmion glass, as illustrated
Fig. 5, depends on filling factor andg̃. The dependence o
the transition point ong̃ in this regime can be approximate
by considering a simple model for a single Skyrmion trapp
at a disorder potential extrema. We approximate its ene
by

E~K !5U~K2K0!21g* mBBK1sAK, ~8!

whereK is the number of spin flips per Skyrmion,s is the
strength of the disorder potential, andA is a phenomenologi-
cal parameter. The first two terms determine the optim
Skyrmion size in the absence of disorder.17 The form for the
third term reflects the property that Skyrmions with smal
K are smaller and will be able to concentrate more stron
close to the potential extrema. This simple model gives
estimate of the interaction strength at whichK.0 Skyrmi-
ons first become stable,

g* 5
A

2K0U/~e2/e l !2g̃
. ~9!

The parametersU andK0 can be estimated17 for filling factor
n51.25 asU/(e2/e l );0.014 andK0;1. Using our numeri-
cal result for where the transition occurs atg̃50.0018, we
estimate thatA;0.1. From this, one obtains an estimate
g* ;7 for the crossover point from conventional quasipa
cles to Skyrmions atg̃50.015. This is in reasonable agre
ment with the actual crossover pointg* ;10 ~see Fig. 5, the
transition is out of scale in Fig. 8! given the simplicity of the
model. These estimates of the maximum disorder strengt
which Skyrmion physics is realized could be checked
performing NMR experiments in samples where electr
density, and hence the interaction strength, is adjusted by
application of gate voltages.

For a particular realization of the disorder potenti
particle-hole symmetry is broken in a finite system and
recovered only in the limit of very largeg. The particle-hole
symmetry relation for the global spin polarization is (
2e)Pz(n512e)5(11e)Pz(n511e), where e,1. At
large g this relation is approximately satisfied. Also in th
limit, the Pontryagan relation between the local-density p
file and the local spin density1 becomes accurate. In the clea
limit, the Skyrmion system crystallizes in a square lattice
the filling factors considered here.~The Skyrmion crystal is
triangular17 for n very close to 1.! The disordered Skyrmion
glass state has very smooth fluctuations of the local s
density, compared to the CQG, although both lattices
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pinned by the disorder potential. We remark that quant
fluctuations in Skyrmion positions are not accounted for
HF theory, and it is quite possible that even in this limit t
ground state is a liquid rather than a crystal.18 As noted in
Ref. 17, it is possible that the broken U~1! symmetry of the
Skyrmions orientation order predicted by Hartree-Fock d
not survive quantum fluctuations. We show an example
the CQG in Figs. 6~a! and 7~a!, and of the quasi-Skyrmion
lattice state in Figs. 6~b! and 7~b!. Note that we find, in
agreement with Nederveen and Narazov,3 a shrinking of the
Skyrmion size as disorder broadening increases. This e
may help explain the appearance of a ‘‘tilted plateau’’ ce
tered aroundn51 in the Knight shift vs filling factor data.11

Rare highly disorder regions in the sample may localize
reduce the effective size of the few Skyrmions presen
these filling factors. This would allow the bulk of the samp
to be fully polarized atnÞ1 and give rise to a Knight shif
equivalent to the one atn51. The plateau is tilted because
the change in fully polarized density as pointed out in R
11.

FIG. 6. Local spin-polarization density forn51.25 atg510.0
~a! and atg540.0 ~b!. Thez component of the spin is represente
by a shadow plot with black as21 and white as11. The in-plane
local spin-polarization density is represented by a two-dimensio
vector plot. The contour plot shows the specific effective disor
potential which leads to these results and those illustrated in Fi
Notice that spontaneous in-plane spin polarization appears on
the largerg value.
s
f

ct
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d
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V. DISCUSSION

We have used the Hartree-Fock approximation to stu
the competition between interactions and disorder n
Landau-level filling factorn51. At a qualitative level our
results can be summarized by the schematic ze
temperature phase diagram shown in Fig. 8, which is dra
for the case of small but nonzero Zeeman coupling. Disti
ground states can be distinguished by different values for
quantized Hall conductivity,sxy , by the presence or absenc
of spontaneous spin polarization perpendicular to the dir
tion of the Zeeman field, and by the presence or absence
gap for spin-flip excitations. At smallg ~strong disorder!, the
electronic state is paramagnetic~denoted as PC in Fig. 8!,
there is no spin polarization in the absence of Zeeman c
pling, and the Hall conductivity is expected to jump from
to 2e2/h as the filling factorn crosses then51 line. For a
small Zeeman coupling, there will be a small splitting b
tween the majority-spin and minority-spin extended state
ergies, and the zero-temperature Hall conductance sh

al
r
5.
at

FIG. 7. Local density forn51.25 at g510.0 ~a! and at g
540.0~b!. The density is represented by a shadow plot where bl
corresponds to local filling factorn52 and white corresponds to
local filling factor n50. The contour plot shows the effective dis
order potential used in this calculation and in Fig. 5. Notice that
density variation is smoother at largerg when Skyrmion quasipar-
ticles, rather than Laughlin quasiparticles, are localized near po
tial minima.
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have a narrow intermediatee2/h plateau centered onn51.
However, we do not expect that this plateau will be obse
able at accessible temperatures, and have indicated th
Fig. 8 by using a thick line to mark the 0 to 2e2/h phase
boundary. At somewhat largerg, there is a phase transitio
at zero Zeeman energy between paramagnetic and ferro
netic states~denoted as FC in Fig. 8!. In our calculations this
transition occurs at a larger value ofg at n51 than away
from n51. As g increases in the ferromagnetic state, w
expect that the separation between majority-spin
minority-spin extended state levels will increase rapidly
that then51 integer quantum Hall plateau will broaden a
become observable. At still largerg, we find a transition to a
state with the maximum spin polarization allowed by t
Pauli exclusion principle. Atn<1, this is full spin polariza-

FIG. 8. Phase diagram discussed in Sec. V. Here PC indic
the compressible paramagnetic phase, FC the partially polar
compressible ferromagnetic phase, FSG the spin-gapped ferro
netic phase, and NCF the noncollinear ferromagnetic phase.
emphasize that this phase diagram is qualitative in nature and
sition points vsg should be taken as upper limits.
.M
en

w-
a

ys

.
.

-
in

ag-

d
o

tion. In these states, marked ‘‘SG’’ for spin gap in Fig. 8, t
differential spin susceptibility vanishes. For realistic disord
models, it seems likely that in the thermodynamic limit the
will always be rare high-disorder regions in the samp
which prevent maximal spin polarization from bein
achieved. For this reason, the phase transition we find in
finite systems likely indicates a crossover from large to sm
differential spin susceptibility in macroscopic systems;
have therefore marked this transition by a dashed line.
nally at the largest values ofg ~weakest disorder! the physics
for n near 1 is dominated by Skyrmion quasiparticles wh
emerge from then51 ferromagnetic vacuum. In this regime
the system develops spontaneous spin-polarization in
plane perpendicular to the direction of the Zeeman field.
Fig. 8, we have labeled this regime NCF for noncolline
ferromagnet.

This phase diagram is intended to represent the fill
factor interval 0.85<n<1.15, over which fractional quantum
Hall effects are not normally observed, and it appears lik
that Hartree-Fock approximation calculations are able to r
resent interaction effects. Some of our findings may h
explain the striking tilted plateau feature observed in
NMR spectra11 nearn51. Nevertheless, we have found ric
structure in the crossover between noninteracting
disorder-free limits of then51 quantum Hall effect, which
helps explain the difficulty experienced in attempting to co
struct a simple interpretation of low-temperature NMR sp
tra. Our calculations motivate experimental studies ofn51
transport activation energy studies near the paramagnet
ferromagnetic phase transition.
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