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Spin-dependent Josephson current through double quantum dots and measurement
of entangled electron states
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We study a double quantum dot, each dot of which is tunnel coupled to superconducting leads. In the
Coulomb blockade regime, a spin-dependent Josephson coupling between two superconductors is induced, as
well as an antiferromagnetic Heisenberg exchange coupling between the spins on the double dot that can be
tuned by the superconducting phase difference. We show that the correlated spin states—singlet or triplets—on
the double dot can be probed via the Josephson current in a dc-superconducting quantum interference device
setup.

INTRODUCTION conventional singlet superconductors that are described by
the BCS Hamiltonian
In recent years, electronic transport through strongly in-

teracting mesoscopic systems has been the focus of many _ f ﬂ
investigations. In particular, a single quantum dot coupled S_j:L’R QJ.QJ'
via tunnel junctions to two noninteracting leads has provided
a prototype model to study Coulomb blockade effects and + +
resonant tunneling in such systems. These studies have been AN gD+ H‘C']’ @
extended to an Anderson impufitgr a quantum dot coupled
to superconductors® In a number of experimentiland Wwhere Q; is the volume of leadj, h(r)=(—iiV
theoretical papers, the spectroscopic properties of a quan-[e/c]A)?/2m— pu, andAJ(r)zAje*i‘ﬁi(') is the pair poten-
tum dot coupled to two superconductors have been studiedial. For simplicity, we assume identical leads with the same
Further, an effective dc Josephson effect through stronglghemical potential- w, andA, =Ar=A. The two quantum
interacting regions between superconducting leads has beelots are modeled as two localized levels and e, with
analyzec®™® More recently, on the other hand, research onstrong on-site Coulomb repulsid described by the Hamil-
the possibility to control and detect the spin of electronstonian
through their charges has started. In particular in semicon-
ducting nanostructures, it was found that the direct coupling
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of two quantum dots by a tunnel junction can be used to HD_n;ab _62 dnadno+Udanannidni}v @
create entanglement between sgihand that such spin cor- '
relations can be observed in charge transport experiménts. a

Motivated by these studies we propose in the present

work a scenario for inducing and detecting spin correlations, @
viz., coupling a double quantum d@ddD) to superconduct- L R
ing leads by tunnel junctions as shown in Fig. 1. It turns out @

A

that this connection via a superconductor induces a Heisen- b
berg exchange coupling between the two spins on the DD.
Moreover, if the DD is arranged between two superconduct-
ors (see Fig. 1, we obtain a Josephson junctio8-DD-S).

The resulting Josephson current depends on the spin state of
the DD and can be used pwobethe spin correlations on the U

DD.
------------ L

MODEL

The double-dot(DD) system we propose is sketched in \ ﬁ

Fig. 1: Two quantum dotsab), each of which contains one
(excess electron and is connected to two superconducting i, 1. Upper panel: sketch of the superconductor-double quan-
leads (,R) by tunnel junctions (indicated by dashed tuym dot-superconductorSDD-S) nanostructure. Lower panel:
lines)."* There is no direct coupling between the two dots.schematic representation of the quasiparticle energy spectrum in the
The Hamiltonian describing this system consists of thre&uperconductors and the single-electron levels of the two quantum
parts,Hs+Hp+Ht=Hg+H. The leads are assumed to be dots.
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where we pute,= e,= — € (e>0) for simplicity. U is typi-

cally given by the charging energy of the dots, and we have (a)
assumed that the level spacing of the dots-id (which is .
the case for small GaAs ddjsso that we need to retain only
one energy level iHy . Finally, the DD is coupledn par-
allel (see Fig. 1to the superconducting leads, described by
the tunneling Hamiltonian
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wherer; , is the point on the leaficlosest to the dat. Here,
dy=hc/2e is the superconducting flux quantum. Unless ©)
mentioned otherwise, it will be assumed tha,=r_ ,=r_ N
andrg ,=rgp=rr.

Since the low-energy states of the whole system are well

separated by the superconducting gaps well as the strong
Coulomb repulsiorlJ (A,e<U—¢€), it is sufficient to con-
sider an effective Hamiltonian on the reduced Hilbert space (d) o
consisting of singly occupied levels of the dots and the BCS AR
ground states on the leads. To lowest ordadin the effec- n
tive Hamiltonian is
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FIG. 2. Partial listing of virtual tunneling processes contributin
Heir=P Hr[(Eo—Ho) 1(1_P)HT]3 P, (4) to Hets (4). The numb?sred arrows indicaﬁepthe direction and thge

whereP is the projection operator onto the subspace Bgd order of_occurrenc_e o_f the charge transfers. Processes of(&ype

is the ground-state energy of the unperturbed Hamiltonia/@nd(b) give a contribution proportional &, whereas those of type

Ho. (The second-order contribution leads to an irrelevant® and(d give contributions proportional td Other processes not

constant. The lowest-order expansidd) is valid in the limit .|sted here give negligible contributions in the energy regions of

I'<A,e whereI'=7t?N(0) and N(0) is the normal-state Interest.

density of states per spin of the leads at the Fermi energ

Thus, we assume thit<A,e<U — ¢, and temperatures that

are less thar (but larger than the Kondo temperature

¥rhe distinction betweegh and ¢, however, is not significant
unless one is interested in the effects of an AB flux through
the closed loop in Fig. 1see Ref. 11 for an example of such

effectg. The coupling constants appearing in E5). are de-
EFFECTIVE HAMILTONIAN fined by

There are a number of virtual hopping processes that con- o2 2
tribute to the effective Hamiltoniat¥); see Fig. 2 for a par- =

tial listing of them. Collecting these various processes, one

can get the effective Hamiltonian in terms of the gauge-
invariant phase differenceg and ¢ between the supercon- T
ducting leads and the spin operat§gsandS, of the dots(up oA

to a constant and with=1):

€

1 dx

?J f(x)g(x)

rzf dxdy 1
w2 FOOFYIF)+f(y)]g(x)g(y)’

®

_T?rdxdy  g(OLf(x)+f(y)]-2£g(y)
A g0%g(Ig)+gWILf 0 +f(y)]’

Hetr=Jo cog mfap)cos d— 7fap) +[(2J9+J)(1+cose) Jy
+23,(1+cosmf ag) ][ S+ Sy — 1/4]. (5)

Here, fog=Pap/Po and @ g is the Aharonov-BohmAB)  \yherer=e/A, f(x)=I+x2 andg(x)= VI+x2+¢.

flux threading through the closed loop indicated by the Equation (5) is one of our main results. A remarkable
dashed lines in Fig. 1. One should be careful to defmege-  feature of it is that a Heisenberg exchange coupling between
invariant phase differenceg and ¢ in Eq. (5). The phase  the spin on dot and on doth is induced by the supercon-

difference¢ is defined as usu&l by ductor. This coupling is antiferromagneiiall J's are posi-
o (1 tive) and thus favors a singlet ground state of spiandb.
ar L . . . . .
=, ()= br(rr)— — | dl.-A, 6 This in turn is a direct consequence of the assumed singlet
$= o)~ dR(re) q>0er a © nature of the Cooper pairs in the supercondutioks dis-

cussed below, an immediate observable consequenidgsof

is a spin-dependeniosephson current from the left to right

superconducting leatsee Fig. 1, which probes the corre-

——— lated spin state on the DD.

©=.(r)— Pr(rr) — _f (dly+dly)-A. (7) The various terms in Eq5) have different magnitudes. In
Dolrg particular, the processes leading to theterm involve qua-

where the integration fromg to r runs via dota (see Fig.
1). The second phase differencgg, is defined by
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siparticles only as can be seen from its AB-flux dependence,
which has period @. In the limits we will consider below,
this J; term is small and can be neglected.

In the limit {>1, the main contributions come from pro-
cesses of the type depicted in Figga)2and Zb), making
Jo=~0.1(T"%/{€)In ¢ dominant over and J;. Thus, Eq.(5)
can be reduced to

Het~Jo cog mfap)cos d— 7f pp) . o
FIG. 3. dc-SQUID-like geometry consisting of tHf&@DD-S

structure(filled dots at the topconnected in parallel with another
+2Jo9(1+cose)| Sy- S— Z}' ) ordinary Josephson junctidieross at the bottom
up to order (InY)/{. As can be seen in Fig(@, the first term PROBING SPINS WITH A dc SQUID

in Eq. (9) has the same origin as that in the single-dot case: ) )

Each dot separately constitutes an effective Josephson junc- We now propose a possible eXperlmgntaI setup to probe

tion with coupling energy-Jo/2 (i.e., 7 junction) between the correlations(entanglementof the spins on the dots,

the two superconductors. The two resulting junctions form d@sed on the effective modell0). According to Eq(10) the

dc superconducting quantum interference devi8®UID),  SDD-S structure can be regarded asspin-dependendo-

leading to the total Josephson coupling in the first term ofephson junction. Moreover, this structure can be connected

Eq. (9). The Josephson coupling in the second term in Eqwith an ordinary Josephson junction to form a dc-SQUID-

(9), corresponding to processes of type Fith)2depends on like geometry, see Fig. 3. The Hamiltonian of the entire sys-

the correlated spin states on the double dot: For the singléem is then given by

state, it gives an ordinary Josephson junction with coupling

2Jy and competes with the first term, whereas it vanishes for

the triplet states. Although the limk <e<U — € is not easy 1

to achieve with present-day technology, such a regime is H=J[1+C05(9—27Tf)](5a‘30—z +aJ(1-cosb),

relevant, say, for two atomic impurities embedded between (12)

the grains of a granular superconductor.

More interesting and experimentally feasible is the case

{<1. In this regime, the effective Hamiltonigh) is domi-  wheref=®/®, @ is the flux threading the SQUID loo,

nated by a single terrfup to terms of ordet), is the gauge-invariant phase difference across the auxiliary
junction (3'), anda=J'/J with J’ being the Josephson cou-

1 pling energy of the auxiliary junctiotf. One immediate con-

S S Z}’ (10) sequence of Eq(12) is that at zero temperature, we can

effectivelyturn on and off the spin exchange interaction: For

with J~2I'2/e. The processes of type Figs(b2 and Zc) half-integer flux ¢=1/2), sing_let and triplet states are de-

give rise to Eq(10). Below we will propose an experimental generate a#=0. Even at finite temperatures, whefeis

setup based on E10). subject to thermal fluctuations, singlet and triplet states are
Before proceeding, we digress briefly on the dependenc@lmost degenerate arourde=0. On the other hand, for inte-

of J on the contact points. Unlike the processes of type Figger flux (f=0), the energy of the singlet is lower bBythan

2(a), those of types Figs. (B), 2(c), and Zd) depend on that of the triplets.

Her~=J(1+cosep)

St =|r_a—rLpl and srg=|rra—rryp|, see the remark be-  This observation allows us to probe directly the spin state
low Eq. (3). For the tunneling Hamiltoniari3), one gets on the double dot via a Josephson current across the dc-
(putting or = dr_ = 6rR) SQUID-like structure in Fig. 3. The supercurrent through the
SQUID ring is defined abs= (2mc/®y)d(H)/ 96, where the
8t4| (»dw FR(Sr,w)—FA( 5r,w)|2 bracket_s refer to a spin expectation value on the DD. Thus,
J(or)=— — , (11)  depending on the spin state on the DD we find
€ |Jo 27 wte ‘

where FR'A(r, ) is the Fourier transform of the Green’s sin(0—27f)+asing (singled
function in the superconducto’r%, Is/ly= (13

asing (triplets),

FRAD=F10(=t)({i(r,1),4,(0,0}).
wherel ;=2eJ/%. When the system is biased by a dc current
For example, in the limte<A<u, we find J(dr) | larger than the spin- and flux-dependent critical current,
~J(0)e~2°"¢ sirP(keor)/(keor)? up to order &, with ke given by max{|ld!, a finite voltageV appears. Then one
the Fermi wave vector in the leads. Thus, to haNér) possible experimental procedure might be as folldase
nonzero,dr should not exceed the superconducting coherfig. 4). Apply a dc bias current such thatl ;<I<(«
ence lengthre. +1)l,. Here,al; is the critical current of the triplet states,
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Vv the dot, and the switching time,, to reachf=0. We will
ASSUMET o< Tepin, Tsw,» Which is not unrealistic in view of
measured spin decoherence times in GaAs exceeding 100
ns If 74,<Tpin, the voltage is given by 3,/4 for times
less thanrg,, i.€., the singlet no longer contributes to the
voltage. Fort> 7gy,, the spins have relaxed to their ground
(singley state, and the voltage vanishes. One therefore ex-
pects steps in the voltage versus tifselid curve in Fig. 4.
If 7spin<Tsw, @ broad transition region of the volta(I:le from
the initial value to 0 will occurdashed line in Fig. #*®
To our knowledge, there are no experimental reports on
FIG. 4. Schematic representation of dc voltages time when  guantum dots coupled to superconductors. However, hybrid
probing the spin correlations of the DD. The flux through the Systems Consisting of superconduct(nsg_, Al or Nb and
SQUID loop is switched fronf=1/2 to f=0 att=0. Solid line: 2DES(|nAS and GaA$ have been investigated by a number
Tsw< Tspin- Dashed linerg,> 75pin. of groups!® Taking the parameters of those materials, a
rough estimate leads to a coupling enedin Eq. (10) or
and (@+1)I, the critical current of the singlet state &t Ed-(12) of aboutJ~0.05-0.5 K. This corresponds to a criti-
=0, see Eq(13). Initially prepare the system in an equal €@ current scale of;~5-50 nA..
mixture of singlet and triplet states by tuning the flux around N conclusion, we have investigated double quantum dots,
f=1/2. (With electrong factorsg~0.5-20 the Zeeman split- €ach dot of which is coupled to two superconductors. We
ting on the dots is usually small compared wkisT and can have found that in the Coulomb blocl_<ade regime the Josep_h-
thus be ignored. The dc voltage measured in this mixture SON current from one superconducting lead to the other is
will be given by (Vo+3Vy)/4, whereV,(V,)~2A/e is the different for smgle_t or triplet states on the double dot. This
(current-dependept/oltage drop associated with the singlet leads to the p033|b|!|ty to probe the spin states of the dot
(triplet) states. At a later time=0, the flux is switched off €I€Ctrons by measuring a Josephson current.
(i.e. f=0), with | being kept fixed. The ensuing time evolu-
tion of the system is characterized by three time scales: the
time 7.~ max1/A, 1M1} ~1/T" it takes to establish coher-

f=1/2
(VM +3W)/4
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