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Strain-induced three-photon effects
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Strain-induced three-photon effects such as optical second-harmonic generation and hyper-Rayleigh light
scattering, characterized by electromagnetic radiation at the double frequency of an incident light, are phe-
nomenologically investigated by adopting a nonlinear photoelastic interaction. The relations between the strain
and the nonlinear optical susceptibility for crystal surfaces with point symmetries of 4mm and 3m are de-
scribed by a symmetry analysis of the nonlinear photoelastic tensor. We theoretically demonstrate a possibility
of determining the strain components by measuring the rotational anisotropy of radiation at the second-
harmonic frequency. Hyper-Rayleigh light scattering by dislocation strain is also described using a nonlinear
photoelastic tensor. The angular dependencies of light scattered at the double frequency of an incident light for
different scattering geometries are analyzed.
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I. INTRODUCTION

The methods of photoelasticity in linear optics are w
developed for the investigation of strain in solids.1,2 External
strain applied to a solid leads to a change in the shape
symmetry of a specimen.3 Internal strain in composite
materials—for example, in crystal films on substrates
multilayers—leads to a lowering of the symmetry near
interfaces and to structural deformations induced by a m
between crystal lattice constants.4 The influence of strain on
the optical properties of solids in the phenomenologi
framework can be described by introducing a photoela
term in the dielectric permittivity tensor as1,2

e i j 5e i j
~0!1pi jkl ukl , ~1!

where e i j
(0) is the dielectric permittivity tensor of a nonde

formed medium, andpi jkl andukl are the linear photoelasti
tensor and the strain tensor, respectively.

Nonlinear optical methods are widely used for the inv
tigation of real solids, and are usually more powerful th
linear optical methods.5 Therefore, it is necessary to exten
the possibilities of photoelasticity for the case of three-wa
optical interactions. Optical second-harmonic generat
~SHG! is very efficient for an investigation of thin films an
interfaces.5–7 The SHG signal is very sensitive to a change
symmetry induced by various physical actions—for examp
by strain. Special kinds of internal strain~not hydrostatic!
lead to a lowering of the symmetry of a crystal, i.e., to
missing of the inversion center.3 As a result, bulk dipole-
active optical SHG should be observed for transparent m
rials in the transmission geometry. From another side,
faces and interfaces of centrosymmetric bulk materials
characterized by a lower point-symmetry group even in
absence of strain. In this case a more effective metho
observe strain-induced changes of a surface is the mea
PRB 620163-1829/2000/62~20!/13455~9!/$15.00
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ment of optical SHG in the reflection geometry. In bo
cases, a method using three-photon phenomena is an e
tive tool for investigating strain-induced effects in solids a
solid-state structures. A number of publications8–19 were de-
voted to both theoretical and experimental investigations o
strain influence on SHG in Si films8–12,17,19 and GaN
films15,18 on different substrates~see also references in th
recent review article20!. However, these studies were co
cerned only with calculations and measurements of str
induced resonances in the second harmonic spectra.

Real crystals contain defects which are the sources of
long-range strain fields around the structural inhomoge
ities, for example, such as a dislocations.4,21 These defect-
induced strains also change the nonlinear optical suscep
ity ~NOS! of a crystal, and lead to nonlinear elastic scatter
or hyper-Rayleigh light scattering~HRLS!.22 Both three-
photon effects, SHG and HRLS, are characterized by ra
tion at the double frequency of an incident light. Howev
radiation corresponding to the HRLS, propagates in an a
trary direction, whereas for the SHG it is necessary to sat
the phase-matching conditions,5 or specular reflection~in the
case of surfaces or nontransparent films!. HRLS has been
applied for the investigation of inhomogeneous crystals
KH2PO4,

23 Sr12xCaxTaO3,
24 and K12xLi xTaO3,

25 as well as
of inhomogeneous solid films of bacteriorodopsin,26 poly-
crystalline ferroelectric films of Pbx~Zr0.53Ti0.47!O3,

26 and
Langmuir film of C60.

27 Recently, a phenomenologica
model describing the influence of dislocations on the seco
order NOS tensor was developed by Bottomley.28 However,
in our opinion, this approach does not give an adequate
scription of the influence of the dislocation strain on t
nonlinear elastic light scattering even with the correcti
made in Ref. 29. A more realistic description of the influen
of dislocation strain on three-photon effects involves the
troduction of a nonlinear photoelastic interaction simililar
13 455 ©2000 The American Physical Society
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the model proposed by Nelson and Lax for the description
the acoustically induced optical SHG.30

In this paper, we present a phenomenological descrip
of strain-induced optical SHG and group-theoretical analy
of the second-order NOS tensor, taking into account a n
linear photoelastic interaction like the approach develope
Ref. 30. Generally speaking, for both ‘‘reflection’’ an
‘‘transmission’’ geometries of SHG observation, the bu
and surface second-order nonlinear optical polarizations
the sources of radiation at the double frequency of an in
dent light. As pointed by Bottomleyet al.,31 it is possible to
separate the bulk and surface contributions to the SHG
measurement of rotational anisotropy at the second-harm
frequency, because these sources of nonlinear polariza
are characterized by different point-symmetry groups.
consider the influence of strain on thes-polarized surface
optical SHG for the 4mmand 3m surfaces of a cubic crysta
neglecting the bulk contribution to the effect. Neverthele
general formulas in this paper are also applicable to desc
bulk strain-induced optical SHG. As an example, we inv
tigate HRLS caused by strain induced by the straight e
dislocation.

This paper is organized as follows. In Sec. II we consi
general relationships for describing strain-induced chan
of nonlinear polarization and the second-order NOS ten
respectively. In this section we also analyze the change
the surface symmetry under different kinds of strain, a
discuss the possibility of an observation of this changes
measurements of rotational anisotropy of the SHG. In S
III, we investigate HRLS by the dislocation strain in th
framework of the general approach of nonlinear photoe
ticity developed in Sec. II. Finally, in Sec. IV we summari
the results obtained in the present paper and outline fu
perspectives of strain-induced nonlinear optics in orde
media.

II. NONLINEAR PHOTOELASTIC TENSOR

The second-order nonlinear optical polarizati
PND~2!(2v) at the double frequency of the incident light
the dipole approximation can be written in the well-know
form5

Pi
NL~2v!5x i jk

~2!~22v:v,v!Ej~v!Ek~v!, ~2!

wherex i jk
(2) is the second-order NOS tensor, andE(v) is the

electric field of the incident light at the frequencyv. Within
the phenomenological approach an influence of strain on
second-order nonlinear polarization can be described by
nonlinear photoelastic tensor. The nonlinear photoelastic
teraction was used in the description of acoustically indu
optical SHG~Refs. 30 and 32! and high-order Brillouin light
scattering by acoustical phonons.33 Similar to Eq. ~1!, the
strain effect on the second-order NOS tensor in the lin
approximation can be presented as

x i jk
~2!5x i jk

~2,0!1pi jklmulm , ~3!

where x i jk
(2,0) is the second-order NOS tensor of unstrain

crystal, andpi jklm is the nonlinear photoelastic tensor. Th
authors of Ref. 32 determined the nonzero component
second-order NOS and photoelastic tensors in GaAs in
f
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infrared region~with wavelengthslv510.6mm and l2v

55.3mm! and found that these values are comparab
xxyz

(2,0)51.3310210 m/V and upxxxyzu.1.2310210 m/V.
From Eq.~3! it follows that the symmetry properties o

the nonlinear photoelastic tensorpi jklm are given by the sym-
metry properties of the NOS tensor and the strain tensor.
definition, the strain tensorulm is symmetric, i.e.,ulm
5uml . As follows from Eq.~2!, the second-order NOS ten
sor x i jk

(2) is symmetric between two indices~j,k!, i.e., x i jk
(2)

5x ik j
(2) ~the same is valid forx i jk

(2,0)!. Therefore, the nonlinea
photoelastic tensorpi jklm is symmetric between two pairs o
indices ~j,k! and ~l,m!, i.e., pi jklm5pik j lm5pi jkml5pik jml .
These relationships result in a reduction of the number
independent components of each tensor.

All components of odd rank tensorsx i jk
(2,0) and pi jklm are

equal to zero in centrosymmetric crystals. However, surfa
and interfaces of centrosymmetric bulk materials are cha
terized by lower point-symmetry groups. For example,~001!
and~111! surfaces of the cubic crystal are described by 4mm
and 3m point-symmetry groups, respectively. In these ca
the nonzero components of odd rank tensorx i jk

(2,0) andpi jklm

can be easily calculated~see Table I!.34

From Eqs.~2! and ~3! the general expressions for th
components of nonlinear polarization in a stressed med
can be expressed in terms of the NOS tensor, the strain
sor, and the nonlinear photoelastic tensor. For a simple~001!
surface of cubic crystal the nonlinear polarization is det
mined as follows:

Px
NL~2v!52@pxxxxzEx

2~v!1pxyyxzEy
2~v!1pxzzxzEz

2~v!#uxz

14@pxyxyzuyzEy~v!Ex~v!

1pxyzxyuxyEy~v!Ez~v!#

1@2xxxz
~2,0!12~pxxzxxuxx1pxxzyyuyy

1pxxzzzuzz!#Ex~v!Ez~v!, ~4!

Py
NL~2v!52@pyyyyzEy

2~v!1pyxxyzEx
2~v!

1pyzzsyzEz
2~v!#uyz14@pyxyxzuxzEx~v!Ey~v!

1pyxzyxuxyEx~v!Ez~v!#

1@2xyyz
~2,0!12~pyyzyyuyy1pyyzxxuxx

1pyyzzzuzz!#Ey~v!Ez~v!, ~5!

Pz
NL~2v!5~xzxx

~2,0!1pzxxxxuxx1pzxxyyuyy1pzxxzzuzz!Ex
2~v!

1~xzyy
~2,0!1pzyyxxuxx1pzyyyyuyy

1pzyyzzuzz!Ey
2~v!1~xzzz

~2,0!1pzzzxxuxx

1pzzzyyuyy1pzzzzzuzz!Ez
2~v!

14@pzxyyxuxyEx~v!Ey~v!

1pzxzxzuxzEx~v!Ez~v!

1pzyzyzuyzEy~v!Ez~v!#. ~6!

From Eqs.~4!–~6! and Table I we can determine the chang
in nonlinear polarization under different kinds of strai
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TABLE I. Nonzero components of the nonlinear photoelastic tensorpi jklm @pi jklm is symmetric between
two pairs of indices~j,k! and ~l,m!#.

Crystal symmetry Nonzero components ofpi jklm

4mm yxxyz5xyyxz, yxyxz5xxyyz, yxzxy5xyzyx, yyyyz5xxxxz, yyzxx5xxzyy
yyzyy5xxzxx, yyzzz5xxzzz, yzzyz5xzzxz, zxyyx, zyyxx5zxxyy
zyyyy5zxxxx, zyyzz5zxxzz, zyzyz5zxzxz, zzzyy5zzzxx, zzzzz

3m xxxyy, xxxx, yyyyx5yxxxy52
1
2 xxxxx1 1

2 xxxyy

xyyy5xyyxx5xxxx, yyxyy5yyxxx52
1
2 xxxxx2 1

2 xxxyy
xyxyz52yyxxz, xxxxz52yyyyz, yxxyz5xyyxz5xxxxz22xyxz

xxxzz52yyxzz52xyyzz, xyzxy5yxzyx5 1
2 xxzxx2 1

2 xxzyy
xxzxx5yyzyy, yyzzx5yxzzy5xyzzy52xxzxz, xzzxx52yzzyx52xzzyy

zxyxy5 1
2 zxxxx2 1

2 zxxyy, zxxyy5zyyxx, zzzyy5zzzxx
zxxxz52zyyxz52zxyyz, zxzxx52zyzyx52zxzyy, yyzzz5xxzzz

xxzyy5yyzxx, yzzyz5xzzxz, zyyzz5zxxzz, zyzyz5zxzxz, zzzzz
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Table II summarizes the relations between the compon
of the second-order NOS tensorx i jk

(2) and the strain tensorulm

for 4mm and 3m symmetry classes.
Strain alters the physical properties of a crystal, and le

to a lowering of symmetry. For example, the~001! surface of
a cubic crystal has a 4mm tetragonal symmetry and chang
into a mm2 orthohombic symmetry with application of th
appropriate stress. Figure 1 illustrates the possible chang
the symmetry due to stress. This symmetry lowering
clearly seen in the rotational anisotropy of the SHG inten
ties. For an investigation of rotational anisotropy of the SH
we consider the relationships between the second-order N
tensorx i 8 j 8k8

(2) andx i jk
(2) in the beam coordinatesx8y8z8 con-

nected with incident and scattered light, and in the crys
coordinatesxyzconnected with the specimen. Whenz andz8
axes coincide, andx8 andy8 axes are rotated by the anglef
relative to thex and y axes, respectively, thes-polarized
component of SHG for boths- andp-polarized incident light
can be expressed as follows:

Ps~v!→s~2v!
NL 5xy8y8y8

~2! Ey8
2

~v!

5@2xxxx
~2! sin3 f1xyyy

~2! cos3 f

1~2xxxy
~2! 1xyxx

~2! !sin2 f cosf

2~2xyyx
~2! 1xxyy

~2! !cos2 f sinf#Ey8
2

~v!, ~7!
ts

s

of
s
i-
,
S

l

Pp~v!→s~2v!
NL 5xy8x8x8

~2! Ex8
2

~v!12xy8x8z8
~2! Ex8~v!Ez8~v!

1xy8z8z8
~2! Ez8

2
~v!

5@~2xyyy
~2! 2xxxx

~2! !cos2 f sinf

1~xyyy
~2! 22xxxy

~2! !sin2 f cosf1xyxx
~2! cos3 f

2xxyy
~2! sin3 f#Ex8

2
~v!

1@~xyyz
~2! 2xxxz

~2! !sinf cosf1xyxz
~2! cos2 f

2xxyz
~2! sin2 f#Ex8~v!Ez8~v!

1@xyzz
~2! cosf2xxzz

~2! sinf#Ez8
2

~v!. ~8!

Equations~7! and~8! are the general formulas for any cryst
symmetry class. These can be simplified for a specific po
symmetry class of a medium. Substituting the nonzero co
ponents of the second-order NOS tensorx i jk

(2) into Eqs. ~7!
and ~8!, we can determine the nonlinear polarization for t
4mm, mm2, 3m, and m symmetry classes~see Table III!.
For these various cases the intensities of SHG are illustr
in polar coordinates in Fig. 2. It can be seen from the
figures that the SHG intensities definitely reflect the symm
try of a nonlinear medium. Thus symmetry lowering induc
by strain can also be found in the rotational anisotropy of
SHG intensity.
train-free

TABLE II. The relation between the strain and the NOS tensor components in 4mm and 3m symmetry

classes. The NOS tensor components represented by the bold characters are equal to zero in a s
crystal. Because of nonszero NOS tensor components, the crystal no longer has 4mm or 3m symmetry.

Components of
strain tensor,ulm

Components of second-order NOS tensor,x i jk
(2)

4mm 3m

xx,yy,zz xxz5xzx, yyz5yzy, zxx, zyy, zzz, xxx, xxz5xzx, xyy, yxy5yyx, yyz5yzy,
xz5zx xxx, xyy, xzz, yxy5yyx, zxz5zzx zxx, xzz, zxz5zzx, zyy, zzx5zxz, zzz
yz5zy xxy5xyx, yxx, yyy, yzz, zyz5zzy xxy5xyx, xyz5xzy, yxx, yxz5yzx,
xy5yx xyz5xzy, yxz5yzx, zxy5zyx zxy5zyx, zyz5zzy, yyy, yzz
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The symmetry class of a crystal imposes restrictions
the form of the second-order NOS tensor. For the 4mmsym-
metry class the second-order NOS tensor is characterize
the nonzero components34 xxxz

(2,0)5xyyz
(2,0)5xxzx

(2,0)5xyzy
(2,0) ,

xzxx
(2,0)5xzyy

(2,0) , xzzz
(2,0) . The discrepancy between the relatio

ships of the second-order NOS tensor components for 4mm
andmm2 symmetry classes lies in the interchange ofx andy
indices. For example, for symmetry class 4mmxxxz

(2,0)

5xyyz
(2,0) , but for mm2 symmetry classxxxz

(2,0)Þxyyz
(2,0) . The

difference betweenxxxz
(2) and xyyz

(2) components of the NOS
tensor in a strained medium can be described by the s
tensor and the nonlinear photoelastic tensor as follows:

Dx~4mm→mm2!5xxxz
~2! 2xyyz

~2! 5~pxxzlm2pyyzlm!ulm .
~9!

Taking into account the nonzero components of the non
ear photoelastic tensor for 4mm symmetry class in Table I
from Eq. ~9! we obtain the following expression fo
Dx(4mm→mm2) ~x (2,0), pi jklm , andulm have 4mm sym-
metry, whilex (2) hasmm2 symmetry!:

Dx~4mm→mm2!5~pxxzxx2pxxzyy!~uxx2uyy!. ~10!

Naturally, when the symmetry of the medium is chang
from 4mm to mm2 due to strain, the change in the SH
intensity should include the changes of the NOS tensor c
ponents in Eqs.~7! and ~8!. There is no SHG in dipole ap

FIG. 1. The symmetry changes of a 4mm crystal due to internal
strain.
n

by

in

-

d

-

proximations for boths(v)→s(2v) andp(v)→s(2v) con-
figurations for a~001! surface of 4mm cubic symmetry.
However, when a surface is deformed tomm2 symmetry
under stress, the SHG intensityI (2v) no longer vanishes for
p(v)→s(2v) polarization. Taking into account the nonze
components of the second-order NOS tensor and the no
ear photoelastic tensor from Eqs.~7! and ~8!, we obtain the
following equation:

I p~v!→s~2v!~2v!}uPp~v!→s~2v!
NL ~2v!u2

5 1
4 uDx~4mm→mm2!u2

3sin2 2fuEx8~v!u2uEz8~v!u2. ~11!

From this equation one can clearly see the fourfold rotatio
anisotropy shown in Fig. 2~a!. From Eq.~11! it follows that
the amount of the symmetry change in the SHG intensitie
proportional to the difference in the nonlinear photoelas

FIG. 2. The rotational anisotropies of the SHG intensities for
s(v)→p(2v) polarization configuration in~a! mm2, ~b! 3m, and
~c! m crystal surface symmetries, and for thes(v)→s(2v) polar-
ization configuration in~d! the m crystal surface symmetry.
TABLE III. Nonlinear polarization for 4mm, mm2, 3m, andm symmetry classes.

Symmetry
class

In and out
polarizations Nonlinear polarization,PNI(2v)

4mm s(v)→s(2v) 0
p(v)→s(2v) 0

mm2 s(v)→s(2v) 0
p(v)→s(2v)

2
1
2 ~xxxz2xyyz!Ex8~v!Ez8~v!sin 2f

3m s(v)→s(2v) xxxxEy8
2 (v)sin 3f

p(v)→s(2v) 2xxxxEz8
2 (v)sin 3f

m s(v)→s(2v) 2@xxxx sin2 f1(xxyy12xyyx)cos2 f#Ey8
2 (v)sinf

p(v)→s(2v) 2@xxyy sin2 f1(xxxx22xyyx)cos2 f#Ex8
2 (v)sinf

2(xxxz2xyyz)Ex8(v)Ez8(v)sinf cosf
2xxzzsinfEz8

2 (v)
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TABLE IV. The Fourier coefficients in Eq.~14! for them symmetry crystal class. AllD i ’s ~c1 ,c2 ,c4 ,c5

also! are equal to zero for 3m symmetry.~The asterisk denotes the complex conjugate.!

Fourier
coefficient s(v)→s(2v) p(v)→s(2v)

c0
1
2 ~uxxxx

~2! u22D2xxxx
~2! !uEy8~v!u4 1

4 ~2uxxxx
~2! u22D1xxxx

~2!22D2xxxx
~2! !uEx8~v!u4

c1 0 2
1
4 D3xxxx

~2! uEx8~v!u2@Ex8~v!Ez8~v!1Ex8
* ~v!Ez8

* ~v!#

c2 2
1
4 ~D112D2!xxxx

~2! uEy8~v!u4
1
4 @~3D122D2!uEx8~v!u414D4uEx8~v!u2uEz8~v!u2#xxxx

~2!

c3 0 0
c4

1
4 ~D112D2!xxxx

~2! uEy8~v!u4 1
4 @~2D223D1!uEx8~v!u424D4uEx8~v!u2uEz8~v!u2#xxxx

~2!

c5 0 1
4 D3xxxx

~2! uEx8~v!u2@Ex8~v!Ez8~v!1Ex8
* ~v!Ez8

* ~v!#

c6
1
4 ~D112D222xxxx

~2! !xxxx
~2! uEy8~v!u4 1

4 ~D1xxxx
~2!12D2xxxx

~2!22uxxxx
~2! u2!uEx8~v!u4
st
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tensor components and the diagonal components ofuxx and
uyy of the strain tensor. The values of nonlinear photoela
tensor componentspi jklm can be determined from indepen
dent experiments: for instance, Boyd, Nash, and Nelson
termined the nonlinear photoelastic tensor components
measurements of acoustically induced SHG.32 Thus, if we
have information about the original symmetry of a mediu
before stress is applied and the rotational anisotropy of
SHG intensities, the stress components or the relations
between them associated with the symmetry lowering can
determined.

For a~111! surface of 3m symmetry, the relationships fo
the SHG intensity are more complicated. However, they
be simplified by Fourier transformation. The intensity of t
SHG can be written using Fourier coefficients in the follo
ing form:

I ~2v!5 (
n50

6

cn cos~nf!. ~12!

Each Fourier componentcn of the SHG intensity represent
the rotational symmetry of the crystal. Similar to the 4mm
symmetry case considered above, we can find a connec
between symmetry lowering and the relationships of
second-order NOS tensor components. Initially, the cu
~111! surface has a sixfold symmetry in SHG intensiti
@Fig. 2~b!#. This rotational symmetry is broken when strain
applied. If strain breaks the sixfold rotational symme
while maintaining the mirror symmetry, the following com
ponents of the second-order NOS tensor contribute to
SHG fors(v)→s(2v) andp(v)→s(2v) polarization con-
figurations:xxxx

(2) , xxyy
(2) , xyxy

(2) , xxxz
(2) , andxyyz

(2) . For the 3m
symmetry class, from Ref. 34 we obtain

xxzz
~2!50, xxxx

~2! 52xxyy
~2! 52xyxy

~2! , xyyz
~2! 5xxxz

~2! . ~13!

These relationships are also approximately correct in thm
symmetry class because the changes of components in l
approximation are usually small. The strain tensor com
nentsuxx , uyy , uzz, anduxz affect these second-order NO
tensor components, and we can define the discrepancieD i
between relationships~13! of the components of the secon
order NOS tensor for 3m and m symmetry classes, takin
into account the nonzero components ofpi jklm ~Ref. 34!:
ic

e-
y

e
ps
e

n

on
e
ic

e

ear
-

D15xxxx
~2! 1xxyy

~2! 5pxxx jkujk1pxyylmulm

5~pxxxxx2pxxxyy!~uxx2uyy!

14~pxxxxz2pxxyyz!uxz , ~14!

D25xxxx
~2! 1xyxy

~2! 5pxxx jkujk1pyxylmulm

5
1

2
~pxxxxx2pxxxyy!~uxx2uyy!

12~pxxxxz1pxxyyz!uxz , ~15!

D35xyyz
~2! 2xxxz

~2! 5pyyz jkujk2pxxzlmulm

5~pxxzyy2pxxzxx!~uxx2uyy!24pxxzxzuxz ,

~16!

D45xxzz
~2!5pxzz jkujk5pxzzxx~uxx2uyy!12pxzzxzuxz .

~17!

In these notations, SHG intensities can be divided into e
Fourier coefficient for each polarization configuration,
presented in Table IV@also see Figs. 2~c! and 2~d!#. In this
table, the first-order terms ofD i and the real parts ofx i jk

(2) are
included for simplicity. From the rotational anisotropy me
surements of the SHG intensity it is possible to find t
corresponding Fourier componentscn presented in the Table
IV for both cases ofs(v)→s(2v) andp(v)→s(2v) polar-
izations. These valuescn are determined by nonzero comp
nents of the second-order NOS tensor andD i , the latter de-
pends only on the nonlinear photoelastic tensor and st
tensor. From the values ofcn , D i in Table IV and Eqs.
~14!–~17!, uxx2uyy , uxz can be calculated. These comp
nents are obtainable without detailed information about
unstressed susceptibilityx i jk

(2,0) if the symmetry of the un-
stressed medium is well known. It should be noted that
other off-diagonal stress components can also be determ
from different polarization configurations in a similar ma
ner to that described above.
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III. HYPER-RAYLEIGH LIGHT SCATTERING
BY DISLOCATION STRAIN

On the other hand, there are some special cases in w
the analytic forms of strain field are already identified. It
well known that real crystals contain dislocations which a
the source of the long-range strain fields.4,21 These strains
also lead to a change of nonlinear optical properties of
crystal, and can be detected by HRLS. In this section
present a phenomenological description of HRLS by dis
cation strain using the approach developed in Sec. II.

Let us consider a cubic crystal without an inversion ce
ter, for example GaAs~the point symmetry 4̄3m2Td!, with
the edge dislocation oriented along thez axis with Burgers
vector b5(b,0,0). In the crystallographic coordinate bas
xyz, the dislocation strain is characterized by the nonz
components of the strain tensoruik(r ),

uxx~r !52
b

4p~12n!

y@x2~322n!1y2~122n!#

~x21y2!2 ,

~18!

uyy~r !5
b

4p~12n!

y@x2~112n!1y2~122n!#

~x21y2!2 , ~19!

uxy~r !5
b

4p~12n!

x~x22y2!

~x21y2!2 , ~20!

wheren is Poisson’s coefficient.
Let us determine the polarization of light scattered at

second-harmonic frequency in the same rotational geom
discussed in Sec. II. Within the slowly varing amplitude a
proximation the wave equation for the second-harmo
electric field can be written as5

2ik2v,i“ iEi~2v,q!52
v2

c2 x i jk
~2!~r !Ej~v!Ek~v!exp~ iq•r !,

~21!

whereq52kv2k2v is the scattering wave vector, whilekv

andk2v are the wave vectors of the fundamental and sec
harmonic light, respectively. Using the infinite plane-wa
approximation,5 from Eq. ~21! we obtain

Ei~2v,q!5
A

V E
V
x i jk

~2!~r !Ej~v!Ek~v!exp~ iq•r !dr ,

~22!

whereA52 iv/cn2v . The integral in Eq.~22! is taken over
the interaction volumeV, andn2v is the refractive index of
the crystal at the second-harmonic frequency.

Substituting the nonzero components of the nonlin
photoelastic tensor for the point-symmetry group 43m and
the dislocation stran tensor determined by Eqs.~18!–~20!
into Eq.~22!, we obtain the values of the electric fields at t
second-harmonic frequency for thes- and p-polarized inci-
dent light as follows:

~ i! s~v!→s~2v!: Ey8~2v,q!50; ~23!

~ ii ! p~v!→s~2v!:
ich

e

e
e
-

-

o

e
ry
-
c

d

r

Ey8~2v,q!5AH xyzx
~2,0! f ~q!cos 2f1pyxzyy

3@uyy~q!cos2 f2uxx~q!sin2 f#

1
1

2
~pxxzxy2pyyzxy!uxy~q!sin 2fJ

3Ex8~v!Ez8~v!; ~24!

~ iii ! s~v!→p~2v!: Ex8~2v,q!50, ~25!

Ez8~2v,q!5A$~pzyyxycos2 f1pzxxxysin2 f!uxy~q!

1@xzxy
~2,0! f ~q!1pzxyyyuyy~q!#sin 2f%Es

2~v!;

~26!

~ iv! p~v!→p~2v!:

Ex8~2v,q!5A$2~pxxzxycos2 f1pyyzxysin2 f!uxy~q!

1@2xzxy
~2,0! f ~q!1pxyzxxuxx~q!1pyxzyyuyy~q!#

3sin 2f%Ex8~v!Ez8~v!, ~27!

Ez8~2v,q!5A$~pzyyxycos2 f2pzxxxysin2 f!uxy~q!

2@xzxy
~2,0! f ~q!1pzxyxxuxx~q!#sin 2f%Ez8

2
~v!.

~28!

The Fourier transform of the dislocation strain tensor co
ponentsulm(q) and factorf (q) are determined as

ulm~q!5
1

V E
V
ulm~r !exp~ iq•r !dr , ~29!

f ~q!5
1

V E
V

exp~ iq•r !dr52
J1~q'R!

q'R
sincS qzh

2 D , ~30!

whereJ1(x) is the first-order Bessel function,R is the diam-
eter of the laser spot,q' is the in-plane component of th
scattering wave vectorq, sinc(x)5sin(x)/x, and h is the
thickness of the crystal. As follows from Eqs.~23!–~28!, for
different mutual orientations of the beam and crystal coor
nate systems, the different components of the nonlinear p
toelastic tensor in combination with the second-order N
tensor will contribute to the HRLS. For example, in the ca
of p(v)→s(2v) geometry from Eq.~24!, we ascertain that
for f50 the HRLS intensity is determined by bothx (2,0) and
pi jklm tensors, while forf5p/4 it is determined only by
nonzero components of the nonlinear photoelastic tensor.
s(v)→p(2v) and p(v)→p(2v) scattering geometries
from Eqs.~25! and ~26! it follows that for f50 the HRLS
intensity is determined only by the components of the n
linear photoelastic tensor, whereas forf5p/4 both tensors
contribute to the HRLS. This rotational anisotropy of th
HRLS allows us to determine the nonzero components of
nonlinear photoelastic tensor. The angular dependence o
HRLS is also determined by the Fourier transform of t
dislocation strain and the factorf (q). Substituting Eqs.
~18!–~20! into Eq. ~22!, we obtain expressions for the Fou
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FIG. 3. Angular dependencies of HRLS from a single-edge dislocation for different values of anglef: ~a! f50, ~b! f5p/6, ~c! f
5p/4, ~d! f5p/3, and~e! f5p/2. ~uv andu2v are the incident angle of fundamental light and the scattered angle of double-freq
light, respectively.!
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rier transform of the dislocation strain which determine t
electric field of scattered radiation at the second-harmo
frequency in Eqs.~23!–~28!:

uxx~q!5
bqy

2pR2q4~n21!
$qx

2@~312n!„J0~q'R!2J0~q'r d!…

16„J1~q'R!2J1~q'r d!…#1qy
2@~2n23!„J0~q'R!

2J0~q'r d!…22„J1~q'R!2J1~q'r d!…#%sincS qzh

2 D ,

~31!

uyy~q!5
bqy

2pR2q4~n21!
$qx

2@~2n25!„J0~q'R!2J0~q'r d!…

26„J1~q'R!2J1~q'r d!…#

1qy
2@~2n11!„J0~q'R!2J0~q'r d!…12„J1~q'R!

2J1~q'r d!…#%sincS qzh

2 D , ~32!

uxx~q!5
bqx

2pR2q4~n21!
$qx

2@J0~q'R!2J0~q'r d!

12„J1~q'R!2J1~q'r d!…#

2qy
2@516„J1~q'R!2J1~q'r d!…#%sincS qzh

2 D ,

~33!
ic
whereJ0(x) is the zero-order Bessel function, andr d is the
radius of the dislocation core. The HRLS intensity can
calculated using Eqs.~23!–~28! in the standard way. The
angular dependence~indicatrix! of the HRLS intensity for
thep(v)→s(2v) scattering geometry is shown in Fig. 3 fo
different values of anglef: f50, f5p/6, f5p/4, f
5p/3, andf5p/2. In a similar way, using Eqs.~25!, ~28!,
~30!, and ~31!–~33!, it is possible to plot the indicatrix of
HRLS for s(v)→p(2v) and p(v)→p(2v) scattering ge-
ometries. As follows from Fig. 3, it is possible to find th
optimal values of the incident angleuv and scattering angle
u2v , to observe the HRLS, and to determine the compone
of the nonlinear photoelastic tensor.

IV. CONCLUSIONS

In conclusion, the strain-induced changes in the seco
order NOS tensor have been phenomenologically inve
gated by introducing the nonlinear photoelastic tensor. It w
shown that the change of symmetry and related strain c
ponents can be determined from measurements of ang
dependencies of SHG. In addition, we applied nonlinear p
toelastic interaction for the description of HRLS by singl
edge dislocation. In a similar way, it is possible to inves
gate HRLS by a screw dislocation. The prese
phenomenological theory of HRLS by a single dislocation
valid for crystals with a low dislocation density. In the ca
of a high dislocation density, it is necessary to take in
account the distribution of dislocations, their shape~for ex-
ample, dislocation loops!, and mutual orientation.

We believe that the methods of strain-induced nonlin
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optics described in this paper are also very useful for
investigation of other kinds of defect structures in cryst
and thin solid films on substrates, because such system
characterized by strain of different origins induced by latt
mismatch and misfit dislocations located near the fil
substrate interfaces.4,21 We would like to note recen
publications35,36 where enhancement of the SHG signal in
BaTiO3/SrTiO3 superlattice was observed. This SHG e
hancement was qualitatively explained with the large str
induced by lattice mismatch located near the interfaces
superlattice. The similar experimental results of misfit str
induced enhancement of SHG in pseudocu
Ba0.48Sr0.52TiO3 thin films on the MgO~001! substrates was
published in Ref. 37. A theoretical model of misfit strain a
misfit dislocation induced SHG, using a nonlinear photoel
tic interaction similar to the phenomenological theory of t
strain-induced three-photon effects developed above,
proposed in Ref. 38.

In our opinion there are very interesting and promisi
possibilities to study strain-induced SHG and HRLS in
dered structures such as magnetic crystals and films. Du
magnetoelastic interactions dislocations and strains lea
ter

et
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ev

.

.

.

n,
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e
s
are

-

-
n
a

n
c

-

as

-
to
to

the formation or so-called dislocation- and strain-induc
magnetic domains.39,40 We hope that these domains can
observed via magnetization-induced SHG, because the
linear optical technique is very sensitive for the observat
of peculiarities of magnetic domains and domain walls.41,42

On the other hand, it should be noted that strain-indu
effects can also be observed with nonlinear optical spect
copy. This is connected with strain-induced changes in
frequency dependencies of the NOS tensors.10–12,14,16,19First,
the resonance frequency of a SHG signal induced by sur
~or interface! strain shifts relative to the bulk resonance fr
quencies. Second, strain leads to the broadening of co
sponding resonant lines at the second-harmonic frequen17
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