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Influence of the additional second-neighbor hopping on the spin response in thet-J model
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The influence of the additional second-neighbor hoppingt8 on the spin response of thet-J model in the
underdoped and optimally doped regimes is studied within the fermion-spin theory. Although the additional
second-neighbor hoppingt8 is systematically accompanied by the reduction of the dynamical spin structure
factor and susceptibility, the qualitative behavior of the dynamical spin structure factor and susceptibility of the
t-t8-J model is the same as in the case oft-J model. The integrated dynamical spin structure factor spectrum
is almostt8 independent, and the integrated dynamical spin susceptibility still shows the particularly universal
behavior asI (v,T)}arctan@a1v/T1a3(v/T)3#.
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Following the initial discovery of the antiferromagnet
~AF! spin fluctuation in copper oxide materials,1 extensive
experimental and theoretical studies have been carried o
order to clarify the relationship between the AF spin fluctu
tion and superconductivity.2–4 The single common feature o
copper oxide materials is the two-dimensional~2D! CuO2
plane,2,5 and it seems evident that the exotic behaviors
dominated by this plane. It has been shown from the exp
ments that the anomalous magnetic properties in copper
ide materials mainly depend on the extent of dopings,
the regimes have been classified into the undoped, the un
doped, the optimally doped, and the overdoped, resp
ively.2–4 The undoped copper oxide materials are insulat
systems2 and well understood in terms of the 2D antiferr
magnet with an AF long-range order~AFLRO!.3,4 This
AFLRO is reduced dramatically with dopings6,7 and vanishes
around the dopingd55%. But a series of inelastic neutro
scattering measurements shows that the AF short-range
fluctuation in copper oxide materials persists in the und
doped and optimally doped regimes.8–10 It is widely believed
that the same correlations that lead to the insulating AF s
at small doping also lead to the superconductivity in
underdoped and optimally doped regimes.4,5 Since the cop-
per oxide superconductors are doped Mott insulators, m
authors11,12have suggested that the essential physics of th
materials can be effectively described by the 2Dt-J model
acting on space with no doubly occupied sites, wheret is the
nearest-neighbor hopping matrix element andJ is the
nearest-neighbor magnetic exchange interaction. This m
has been used to study the spin dynamics of copper o
materials in the underdoped and optimally doped regim
and the results obtained4,13–15 from the analytical methods
and numerical simulations are in qualitative agreement w
the experiments.8–10

However, the recent angle-resolved photoemission sp
troscopy measurements16 on copper oxide materials sho
that although the highest-energy filled electron band is w
described by thet-J model in the direction between the (0,0
point and the (p,p) point in momentum space, but both th
experimental data near (p,0) point and overall dispersion
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may be properly accounted by generalizing thet-J model to
include the second- and third-nearest neighbors hopp
termst8 and t9. These photoemission results also show t
the electron bandwidth is reduced from the several eV
pected from the band theory to of orderJ, which indicates
that the coupling of the electron to the AF background pla
an essential role in the electronic structure.16 On the other
hand, the short-range AF spin correlation in the underdo
and optimally doped regimes is responsible for the nucl
magnetic resonance~NMR!, nuclear quadrupole resonanc
~NQR!, and especially for the temperature dependence of
spin-lattice relaxation rate.3 It is believed that both experi
ments from the angle-resolved photoemission spectrosc
and neutron scattering measurements produce intere
data that introduce important constraints on the microsco
models and theories. In this case, a natural question is w
is the effect of these additional hoppings on the spin dyna
ics of thet-J model. In this paper, we study this issue with
t-t8-J model. Our results show that although the addition
second-neighbor hoppingt8 is systematically accompanie
by the reduction of the dynamical spin structure factor a
susceptibility in the underdoped and optimally doped
gimes, the qualitative behavior of the dynamical spin str
ture factor and susceptibility is the same as in the case of
t-J model.13–15 The integrated dynamical spin structure fa
tor of the t-t8-J model is almostt8 independent, and the
integrated dynamical spin susceptibility still shows the p
ticularly universal behavior as I (v,T)}arctan@a1v/T
1a3(v/T)3#.

We start from the 2Dt-t8-J model which can be written
as

H52t(
i ĥs

Cis
† Ci 1ĥs1t8(

i t̂s

Cis
† Ci 1 t̂s

1m(
is

Cis
† Cis1J(

i ĥ
Si•Si 1ĥ , ~1!

where ĥ56 x̂,6 ŷ, t̂56 x̂6 ŷ, Cis
† (Cis) are the electron

creation~annihilation! operators,Si5Ci
†sCi /2 are spin op-
134 ©2000 The American Physical Society
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erators withs5(sx ,sy ,sz) as the Pauli matrices, andm is
the chemical potential. Thet-t8-J model~1! is supplemented
by the on-site local constraint(sCis

† Cis<1; i.e., there are
no doubly occupied sites. Thet-J model was originally
introduced11 as an effective Hamiltonian of the large-U Hub-
bard model, where the on-site Coulomb repulsionU is very
large as compared with the electron hopping energyt, which
leads to electrons becoming strongly correlated to av
double occupancy. Furthermore, many authors12,17 derived
the t-J model or t-t8-J model from a multiband large-U
Hubbard model described with the 2D CuO2 plane. There-
fore the strong electron correlation in thet-J or t-t8-J model
manifests itself by the electron single-occupancy on-site
cal constraint. This on-site local constraint can be trea
exactly in analytical calculations within the fermion-sp
theory,18 Ci↑5hi

†Si
2 andCi↓5hi

†Si
1 , where the spinless fer

mion operatorhi keeps track of the charge~holon!, while the
pseudospin operatorSi keeps track of the spin~spinon!; then
the fermion-spin theory naturally incorporates the physics
the charge-spin separation. In the fermion-spin represe
tion, thet-t8-J model can be expressed18 as

H5t(
i ĥ

hi 1ĥ
†

hi~Si
1Si 1ĥ

2
1Si

2Si 1ĥ
1

!

2t8(
i t̂

hi 1 t̂
†

hi~Si
1Si 1 t̂

2
1Si

2Si 1 t̂
1

!

1m(
i

hi
†hi1Je f f(

i ĥ
~Si•Si 1ĥ!, ~2!

whereJe f f5J@(12d)22f1
2#, the holon particle-hole orde

parameterf15^hi
†hi 1ĥ&, andSi

1 andSi
2 are the pseudospin

raising and lowering operators, respectively. As a con
quence, the kinetic part in thet-t8-J model has been ex
pressed as the holon-spinon interactions in the fermion-
representation, which dominates the physics in the un
doped and optimally doped regimes as in the case of thet-J
model.14

Within the framework of the charge-spin separation, it h
been shown19 that the charge dynamics can be discus
based on the combination rule from spinons and holons,
no composition law is required for discussing the spin d
namics, since the spin fluctuation couples only to spino
but the strong correlation between holons and spinons is
sidered through the holon’s order parameters entering in
spinon propagator. In this case, the spin dynamics of thet-J
model in the underdoped and optimally doped regimes
been discussed14 within the fermion-spin theory by conside
ing spinon fluctuations around the mean-field solution, wh
the spinon part is treated by the loop expansion to sec
order. Following their discussions,14 we can obtain the dy-
namical spin structure factor and susceptibility in the pres
t-t8-J model as

S~k,v!5ReE
0

`

dteiv(t2t8)D~k,t2t8!

52@11nB~v!#Im D~k,v!, ~3a!

x9~k,v!5~12e2bv!S~k,v!52 ImD~k,v!, ~3b!

respectively, where the full spinon Green’s functio
D21(k,v)5D (0)21(k,v)2Ss

(2)(k,v), with the mean-field
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spinon Green’s functionD (0)21(k,v)5(v22vk
2)/Bk , and

the second-order spinon self-energy from the holon p
bubble,

Ss
(2)~k,v!5S Z

ND 2

(
pp8

g12
2 ~k,p,p8!

Bk1p

2vk1p

3S F1~k,p,p8!

v1jp1p82jp82vk1p

2
F2~k,p,p8!

v1jk1p82jp81vk1p
D , ~4!

where g12(k,p,p8)5t(gk1p1p81gk2p)2t8(gk1p1p8
8

1gk2p8 ), gk5(1/Z)(ĥeik•ĥ, gk85(1/Z)(t̂e
ik• t̂, Z is the

number of nearest-neighbor or second-nearest-neighbor s
Bk5D1@2x1

z(egk21)1x1(gk2e)#2D2(2x2
zgk82x2), D1

52ZJe f f , D254Zf2t8, e5112tf1 /Je f f , F1(k,p,p8)
5 nF(jp1p8) @12 nF ( jp8 ) # 1 @11 nB(vk1p ) # @nF(jp8)
2nF(jp1p8)#, F2(k,p,p8) 5 nF(jp1p8 ) @12 nF(jp)#
2nB(vk1p)@nF(jp8)2nF(jp1p8)#, nF(jk) and nB(vk) are
the fermion and boson distribution functions, respective
the mean-field holon spectrumjk52Ztx1gk22Zt8x2gk8
2m, and the mean-field spinon spectrum

vk
25D1

2S FaC1
z1

1

4Z
~12a!2aex1

zgk2
1

2Z
aex1G

3~12egk!1
1

2
eFaC11

1

2Z
~12a!2ax1gk2

1

2
ax1

zG
3~e2gk! D1D2

2S Fax2
zgk82

3

2Z
ax2Ggk8

1
1

2 FaC21
1

2Z
~12a!2

1

2
ax2

zG D
1D1D2S ax1

zgk8~12egk!1
a

2
~x1gk82C3!~e2gk!

1agk8~C3
z2ex2

zgk!2
1

2
ae~C32x2gk! D , ~5!

with the spinon correlation functionsx15^Si
1Si 1ĥ

2
&, x2

5^Si
1Si 1 t̂

2
&, x1

z5^Si
zSi 1ĥ

z
&, x2

z5^Si
zSi 1 t̂

z
&, C1

5(1/Z)(h 8̂^Si 1ĥ
1

S
i 1h 8̂

2
&, C1

z5(1/Z)(h 8̂^Si 1ĥ
z

S
i 1h 8̂

z
&, C2

5(1/Z)(t 8̂^Si 1 t̂
1

S
i 1t 8̂

2
&, C35(1/Z)(t̂^Si 1ĥ

1
Si 1 t̂

2
&, C3

z

5(1/Z)(t̂^Si 1ĥ
z

Si 1 t̂
z

&, and the holon particle-hole order pa
rameterf25^hi

†hi 1 t̂&. In order not to violate the sum rule o
the correlation function̂ Si

1Si
2&51/2 in the case without

AFLRO, the important decoupling parametera has been in-
troduced in the mean-field calculation, which can be
garded as the vertex correction.20

For small dopings, the spin fluctuation scattering rema
commensurate at the AF wave vectorQ5(p,p) position.2,3

With increasing dopings, there is a commensura
incommensurate transition in the spin fluctuation geome
and the incommensurate scattering in the underdoped
optimally doped regimes corresponds to four 2D rods at~p
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62pdd ,p! and (p,p62pdd) with dd is the deviation of the
peak position from the AF wave vectorQ position.2,3 This
incommensurate scattering is the main new feature that
pears into the superconducting phase of copper ox
materials.2 In this paper, we are interested in the influence
the additional second-neighbor hopping on the spin dyn
ics of the t-J model. To make the discussion simpler, w
only study the spin response of thet-t8-J model near the AF
wave vectorQ. We have performed a numerical calculatio
for the dynamical spin structure factorS(Q,v) and dynami-
cal spin susceptibilityx9(Q,v) of the t-t8-J model, and the
results of theS(Q,v) andx9(Q,v) spectra at the doping~a!
d50.06 and~b! d50.12 with the temperatureT50.2J for
the parameterst/J52.5, t8/J50.3 ~solid line!, and t8/J
50.5 ~dashed line! are plotted in Fig. 1 and Fig. 2, respe
tively. For comparison, the corresponding results14 of the t-J
model~dash-dotted line! are also shown in Fig. 1 and Fig. 2
respectively. From Fig. 1 and Fig. 2, we find that althou
the additional second-neighbor hoppingt8 is systematically
accompanied by a clear reduction of the dynamical s
structure factor and susceptibility in the underdoped and
timally doped regimes, the qualitative behavior of the d
namical spin structure factor and susceptibility in thet-t8-J
model is the same as in the case of thet-J model.14 The spin
structure factor spectrum is separated into low- and hi
frequency parts, respectively, but the high-frequency par
suppressed in the susceptibility; then the low-frequency p
dominates the dynamical spin susceptibility, the neut
scattering, and NMR processes, which is consistent with
experiments.2,8,9

One of the most important features of the spin dynam
in copper oxide materials is the universal behavior of
integrated dynamical spin response.2,10 This universal behav-
ior is very significant because of its relation to many oth
normal-state properties of copper oxide materials. The in
grated dynamical spin response is manifested by the i

FIG. 1. The dynamical structure factorS(Q,v) at the doping~a!
d50.06 and~b! d50.12 with the temperatureT50.2J for the pa-
rameterst/J52.5, t8/J50.3 ~solid line!, and t8/J50.5 ~dashed
line!. The dash-dotted line is the corresponding result of thet-J
model.
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grated dynamical spin structure factor and integrated
namical spin susceptibility, and can be expressed as

S̄~v!5SL~v!1SL~2v!

5~11e2bv!SL~v!

5~11e2bv!
1

N (
k

S~k,v!, ~6a!

I ~v,T!5
1

N (
k

x9~k,v!, ~6b!

respectively. The numerical results of the integrated dyna
cal spin structure factorS̄(v) at the doping~a! d50.06 and
~b! d50.12 with the temperatureT50.2J for the parameters
t/J52.5, t8/J50.3 ~solid line!, and t8/J50.5 ~dashed line!
are shown in Fig. 3. The dash-dotted line is the correspo
ing result14 of the t-J model. These results indicate that th
integrated spin structure factor of thet-t8-J model is almost
t8 independent in the underdoped and optimally doped
gimes. Moreover,S̄(v) is decreased with increasing energi
for v,0.5t and constant forv.0.5t. In correspondence
with the integrated dynamical spin structure factor, the n
merical results of the integrated dynamical spin susceptib
at the dopingd50.12 with the temperatureT50.2J for the
parameterst/J52.5, t8/J50.3 ~solid line!, and t8/J50.5
~dashed line! are shown in Fig. 4. The dash-dotted line is t
corresponding result14 of the t-J model. Our results show
that the integrated susceptibility increases with increas
v/T for v/T,1, and then is almost constant forv/T.1.
Although the value of the integrated dynamical spin susc
tibility of the t-t8-J model is weaklyt8 dependent, the shap
still is particularly universal, and can be scaled appro
mately asI (v,T)5b1arctan@a1v/T1a3(v/T)3# as in the case
of the t-J model.14 These results are in very good agreeme
with the experiments.10

FIG. 2. The dynamical susceptibilityx9(Q,v) at the doping~a!
d50.06 and~b! d50.12 with the temperatureT50.2J for the pa-
rameterst/J52.5, t8/J50.3 ~solid line!, and t8/J50.5 ~dashed
line!. The dash-dotted line is the corresponding result of thet-J
model.
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The t-J model is characterized by a competition betwe
the kinetic energy~t! and magnetic energy (J). The magnetic
energyJ favors the magnetic order for spins, while the k
netic energyt favors delocalization of holes and tends
destroy the magnetic order. Only in this sense is the a
tional second-neighbor hoppingt8 in the t-J model equiva-
lent to an increase in the kinetic energy, and its influence
the spin dynamics of thet-J model may be similar to the
effect of dopings. On the other hand, the scattering
spinons dominates the spin dynamics, and the qualitative
havior of the spin dynamics in thet-J model is not changed
dramatically with dopings in the underdoped and optima
doped regimes.14 These are why at least for small values
t8 the qualitative behavior of the spin dynamics in thet-t8-J
model is the same as these obtained from thet-J model.
Since the scattering of holons dominates the cha
dynamics,21 and some qualitative physical properties of t
charge dynamics are changed dramatically with doping

FIG. 3. The integrated dynamical structure factorS̄(v) at the
doping ~a! d50.06 and~b! d50.12 with the temperatureT50.2J
for the parameterst/J52.5, t8/J50.3 ~solid line!, and t8/J50.5
~dashed line!. The dash-dotted line is the corresponding result of
t-J model.
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the t-J model,21 then it is possible that the additional seco
neighbor hoppingt8 may affect the qualitative behavior o
the charge dynamics of thet-J model.

In summary, we have discussed the influence of the a
tional second-neighbor hoppingt8 on the spin response in
the t-J model in the underdoped and optimally doped
gimes within the fermion-spin theory. Our results show th
although the additional second-neighbor hoppingt8 is sys-
tematically accompanied by the reduction of the dynami
spin structure factor and susceptibility, the qualitative beh
ior of the dynamical spin structure factor and susceptibi
of the t-t8-J model is the same as in the case oft-J model.
The integrated spin structure factor spectrum is almost8
independent, and the integrated dynamical spin susceptib
still shows the particularly universal behavior asI (v,T)
}arctan@a1v/T1a3(v/T)3#.
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FIG. 4. The integrate dynamical susceptibilityI (v) at the dop-
ing d50.12 with the temperatureT50.2J for the parameterst/J
52.5, t8/J50.3 ~solid line!, andt8/J50.5 ~dashed line!. The dash-
dotted line is the corresponding result of thet-J model.
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