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Anomalously weak influence of source-drain voltage on inelastic scattering processes
in quantum Hall systems
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The inelastic scattering lengthL in of a two-dimensional electron gas in Al0.3Ga0.7As/GaAs heterostructure
crystals at high magnetic fields is studied by analyzing the transition width between quantum Hall plateaus.
The dependence ofL in on the source-drain voltageVSD is found to be anomalously weak when compared to its
dependence on the lattice temperature. The weakVSD dependence is attributed to the fact that in high magnetic
fields the scattering-wave states of electrons incident on the conductor from the source contact is spatially
separated from the states representing electrons incident on the conductor from the drain contact.
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The inelastic scattering lengthL in is an important physica
parameter determining the transport properties of tw
dimensional electron gas~2DEG! systems at low tempera
tures. Extensive studies ofL in have been carried out in zer
and weak magnetic fields, e.g., via the electron-wave in
ference effects in the double-slit geometry1 and the negative
magnetoresistance in the weak localization regime.2

In high magnetic fields, however, experimental works
L in were limited to those of temperature scaling3–5 that stud-
ied temperature exponents ofL in . In our previous work,6 we
studiedsize scaling7 of the integer quantum Hall~IQH! tran-
sition and successfully determined absolute sizes ofL in . To
achieve a deeper understanding of inelastic scattering
cesses, it is important to study the electron-energy dep
dence ofL in .

The simplest and most widely applied method of tuni
electron energy is to elevate the lattice temperatureTL . An
alternative approach is the control of the source-drain v
ageVSD. In zero magnetic field, it is known that increasin
VSD has an effect equivalent to that of elevatingTL , viz.,
increasingVSD strongly decreasesL in , which can be inter-
preted as a consequence of the rise in the effective elec
temperature.1 Here, we show that the influence of increasi
VSD is surprisingly small compared to the effect of elevati
TL , and we argue that in high magnetic fields the physi
implication of increasingVSD on the inelastic scattering pro
cesses is distinctly different from that of elevatingTL . Sev-
eral groups performed current-scaling experiments ea
and derived exponents that are different from those with te
perature scaling. The difference has led the authors to
sume that the effect ofVSD is suppressed by energy
relaxation processes inside the conductor.8–10

Here, we present a different interpretation and argue
the influence ofVSD on the inelastic scattering processes
intrinsically weak in IQH systems. We carry out systema
studies of theVSD dependence as well as of theTL depen-
dence. We argue that the observed robustness ofL in against
VSD neither comes from energy-relaxation processes in
the conductor nor arises from inefficiency ofVSD in gener-
ating nonequilibrium electrons in the conductor. From t
viewpoint of scattering-theoretic approach,11–13 we note that
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in strong magnetic fields the scattering-wave states that
filled by electrons entering the conductor from the~electron-
injecting! source contact are spatially separated from
~empty! scattering-wave states that represent electron wa
incident on the conductor from the drain contact. We sugg
that this strongly suppresses the inelastic scattering proce
between the two sets of scattering-wave states, leading to
observed weak dependence ofL in on VSD.

Samples are standard Hall bars with a Schottky front g
as illustrated in the inset of Fig. 1~a!. They are fabricated on
an Al0.3Ga0.7As/GaAs heterostructure crystal with a 4.2-
electron mobility ofmH5100 m2/V s and a sheet electro
density of ns52.731015 m22. The 2DEG regions under
neath the gates are regular squares with a sideL520, 40, 80,
and 160mm long. Four-terminal measurements are carr
out in a 3He-4He dilution refrigerator system at temperatur
down to 25 mK. Low-pass filters are used inside the mixi
chamber as well as outside the cryostat to eliminate the n
heating. The differential longitudinal resistance,]Rxx /]VG

FIG. 1. ~a! Differential longitudinal resistancedR/dVG as a
function of gate-bias voltageVG for a small source-drain current o
I SD51 nA at different lattice temperaturesTL . The lines are offset
for clarity. The inset is a schematic representation of the sample~b!
Differential longitudinal conductancedG/dVG for different source-
drain voltagesVSD at TL525 mK. The lines are offset for clarity.
13 004 ©2000 The American Physical Society
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}]Vx /]VG, is studied by applying a dc current ofI SD51
nA and modulating the gate-bias voltageVG with the peak-
to-peak amplitude ofVp-p51 mV. Similarly, the differential
longitudinal conductance,]G/]VG}]I SD/]VG, is studied by
applying constant dc voltages,VSD’s, and modulatingVG
with Vp-p51 mV.

Figures 1~a! and 1~b! compare theTL dependence and th
VSD dependence of the transition spectrum between I
states, taken on a sample ofL5160mm. The magnetic field
is fixed atB52.5 T so that the 2DEG regions outside t
gate are kept in the IQH state of the Landau-level filli
factor of n54, while the 2DEG system underneath the g
undergoes transition from then54 IQH state to then53
IQH state asVG is negatively biased. Figure 1~a! displays the
four-terminal differential resistance and shows that the tr
sition width remarkably increases as the lattice tempera
TL is elevated from 25 mK to 780 mK at a constant low b
current of I SD51 nA. In contrast to the remarkableTL de-
pendence, Fig. 1~b! shows that the transition width does n
increase remarkably asVSD increases up to 100mV if TL is
fixed atTL525 mK.14 The voltage ofVSD5100 mV corre-
sponds to a temperature as high asTeff51200 mK if the
‘‘effective electron temperature (Teff) ’’ of nonequilibrium
electrons is estimated from the relation

kBTeff5eVSD, ~1!

wherekB is the Boltzmann constant ande is the unit charge.
Similar features are observed in all the samples of diff

ent L ’s. To suggest below that the observed weakVSD de-
pendence is of an intrinsic origin, we display in Fig. 2~a! the
transition widthDVG as a function ofTL for different de-
vices, whereDVG is defined as the full width at half maxi
mum ~FWHM! of each transition spectrum. At elevated tem
peratures aboveTL5250 mK, the transition widthsDVG’s

FIG. 2. ~a! Transition widthDVG against the lattice temperatur
TL for different-size samples. The solid line is a fit to the data
elevatedTL’s. The dotted lines are theoretically predicted values
individual samples.~See the text and Ref. 15.! The inset shows
DVG against sample sizeL at TL525 mK. ~b! DVG against the
source-drain voltageVSD. The solid line is a fit to the data in a
higher-VSD range. The inset shows the transition spectra for
higher-VSD range.
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from different devices agree with one another, forming
straight line with a slope ofTL

0.44, while at lowerTL’s they
are split and saturated to sample-specific values. TheL de-
pendence of the saturated values at the base temperatu
25 mK is described byDVG}L21/2.55, as shown in the inse
of Fig. 2~a!. The former characteristics indicate thatL in de-
creases with increasingTL and becomes smaller thanL to
serve as an effective sample size at the elevatedTL’s.6 The
experimental results at lowerTL’s indicate that the conduc
tion is determined by the sample sizeL becauseL in exceeds
L.6 The conductors are thus in the coherent regime at
lower TL’s; specifically, we can safely assume thatL in

.160 mm at TL525 mK, as will be explicitly shown later.
When VSD exceeds 100mV, DVG eventually starts to

increase with increasingVSD with a dependence ofDVG

}VSD
0.22, as shown in the inset of Fig. 2~b! for the sample of

L5160 mm. Note that the largest value ofeVSD or kBTL
applied in the present experiment is still much smaller th
the Landau-level energy spacing\vc .

Figure 3~a! compares theVSD dependence~open squares!
and theTL dependence~open circles! of DVG, where the
horizontal axis is so chosen thatVSD corresponds toTeff
through Eq.~1!. The data are shown only for the sample
L5160mm, for it provides the widest range for compariso
However, the results are similar for all the samples. T
increases ofDVG are well described asDVG}T0.44 andDVG

}VSD
0.22, respectively, at higher levels ofTL andVSD.

t
r

e

FIG. 3. ~a! The transition widthDVG againstTL andVSD. The
solid lines are fits to the data. The dotted lines are theoretical va
predicted by usingL in(TL) in Fig. 3~b!. ~b! Derived values of the
inelastic-scattering lengthL in againstTL and VSD. The solid lines
are fits to the data.



.

.

f

,

c
t

el

u
si

th

n
ed
th

a

s.
-
ro

e
c-
en

th

he

t to

se

is
m-

or
n-
not
lec-

the

the
on-
r-
s. In
ider
or-
e
o

13 006 PRB 62TOMOKI MACHIDA AND SUSUMU KOMIYAMA
We can translate the values ofDVG shown in Fig. 3~a!
into absolute values ofL in , by noting also the data of Figs
2~a! and 2~b! and applying the analysis discussed in Ref. 615

Figure 3~b! displays the derived values. The exponentsp and
p8 of the TL dependence andVSD dependence ofL in (L in

}TL
2p/2 ,VSD

2p8/2) are determined, respectively, to bep52.2
andp851.1.

We have found that the weakVSD dependence ofDVG or
L in is common also at different magnetic fields~yielding dif-
ferent IQH transitions!. Table I lists the exponents,p andp8,
obtained at different magnetic fields. Individual values op
and p8 are somewhat dependent on magnetic field.16 We
note, however, that the exponents of theVSD dependence
p8, are smaller than the exponents of theTL dependence,p,
by a factor very close to 2,p/p852, regardless of magneti
field. In additional experiments on a differen
Al0.3Ga0.7As/GaAs crystal~used in Ref. 6! with p53.0, we
found thatp/p8 is again close to 2. Thus, the relationp/p8
52 is suggested to be intrinsic to the high-magnetic-fi
transport.

In order to interpret the experimental results, we arg
first that the effects discussed in this work are of an intrin
origin. Two points are to be made. First, the influence ofVSD
on the 2DEG system might be apparently suppressed if
current contacts are poor or nonideal.17–19However, the pos-
sibility of poor contacts is definitely ruled out in the prese
experiments because~i! the contact resistance was confirm
to be much smaller than the longitudinal resistance of
2DEG system for every current contact and~ii ! additional
studies ofI SD dependence~taken from the transition spectr
obtained at fixed values ofI SD) provided results that are
similar to those of theVSD dependence described in Fig
1–3. Second, the extent ofVSD-induced nonequilibrium elec
tron distribution may be reduced if energy-relaxation p
cesses are effective in the conductor, viz.,Teff may be re-
duced by the factor ofLE/L as

kBTeff5eESDLE5eVSD~LE/L !, ~2!

if the energy-relaxation lengthLE is smaller than the sampl
sizeL, whereESD is an average electric field in the condu
tor. This was earlier suggested to be the origin of a differ
exponent of current scaling.8–10 In our experiments, how-
ever, the inelastic scattering lengthL in is larger than the
sample size,L5160 mm, in a range ofVSD,70 mV at TL
525 mK. Noting that the energy-relaxation lengthLE must
be intrinsically larger than the inelastic-scattering leng
L in , we suppose thatLE is much larger thanL in our experi-
ments. In our experiments, therefore, the effect ofVSD is
much weaker than that ofTL in the condition where the
energy-relaxation processes cannot be effective. Furt

TABLE I. Values of theTL exponentp (L in}TL
2p/2) and the

VSD exponentp8 (L in}VSD
2p8/2) and the ratio ofp/p8, determined at

different magnetic fields.

B ~T! n p p8 p/p8

3.3 3-2 2.4 1.2 2.0
2.5 4-3 2.2 1.1 2.0
2.0 5-4 1.9 0.91 2.1
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more, even in the higher-VSD range whereL in,L, the ob-
served discrepancy between the effects ofVSD and ofTL is
too large to be accounted for by Eq.~2!. For instance, Fig.
3~b! shows that the values ofkBTL and eVSD at which L in
'20 mm differ by a factor ofkBTL /eVSD'1/60, whereas
the damping factor is at mostLE/L5L in /L'1/8. Energy-
relaxation processes are thus concluded to be irrelevan
the phenomena discussed here.

In zero magnetic field,L in has been reported to decrea
remarkably with increasingVSD, which strongly suggests
that the effect of increasingVSD is equivalent to that of el-
evating TL if VSD is scaled by Eq.~1!.1 Accordingly, the
weak VSD dependence found in the present experiments
likely to be a characteristic of high-magnetic-field pheno
ena, not observable in the absence of magnetic field.

Let us consider a simplified two-terminal conduct
shown in Fig. 4, where a disordered 2DEG region is co
nected to ideal leads at the opposite ends. Although
shown, the ideal leads are jointed, respectively, to two e
tron reservoirs with given electrochemical potentialmS and
mD . In the presence of transport,mS.mD , the electron res-
ervoir on the left serves as the source of electrons and
one on the right as the sink~drain! of electrons. In actual
experiments, the 2DEG region underneath the gate,
2DEG regions outside the gate, and the metallic Ohmic c
tacts ~source and drain!, respectively, represent the diso
dered scattering region, the ideal leads, and the reservoir
the absence of inelastic scattering, one can cons
scattering-wave states for the conductor, which forms an
thogonal set of eigenstates.11–13 Each scattering-wave stat
for a given two-terminal conductor is classified to tw
groups: In one group, the scattering-wave stateCS,n,k de-

FIG. 4. Schematic representation ofCS,n,k and CD,n,k for ~a!
T51, ~b! T1R51, and~c! R51.
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scribes electron waves that are emitted from the source
ervoir, propagate along the ideal lead~on the left! with the
moden ~Landau-level index! and the wave numberk, enter
the disordered region, elastically scatter in the disorde
region, and finally leave the disordered region by be
transmitted and/or reflected to one and/or both of the id
leads: In the other group, the scattering-wave stateCD,n,k
similarly describes electron waves that are emitted from
drain reservoir. We emphasize that a partial reflection~or
transmission! described by the scattering-wave states is no
consequence of inelastic scattering. That is, the scatter
wave statesCS,n,k and CD,n,k are exact eigenstates of th
system in the absence of inelastic scattering processes, w
have taken complete account of the effect of elastic sca
ing processes in the disordered region of the conductor.
scattering-wave states in the first group,CS,n,k , are occupied
with electrons up to the electrochemical potential of t
source reservoirmS, while those in the other group,CD,n,k ,
are occupied up to the electrochemical potential of the d
reservoirmD , wheremS2mD5eVSD.

Considering the highest occupied Landau leveln and a
small energy intervalmD,e,mS, an IQH transition is de-
scribed as follows.17,20 In the middle of then5n IQH state,
CS,n,k andCD,n,k are simply edge states with the transm
sion probability ofT51 as schematically illustrated in Fig
4~a!. As the Fermi levelEF in the disordered region lowers
backscattering17 takes place, yielding a finite probability o
reflection,RÞ0 (T1R51), as illustrated in Fig. 4~b!. When
the Fermi level lowers sufficiently, the transmission pro
ability completely vanishes,T50 (R51), whereby the tran-
sition is completed as illustrated in Fig. 4~c!.

In the earlier stage of the transition regime whereEF is
above the Landau-level centerEC, the transmission coeffi
cient dominates (T.R), and the scattering-wave states m
be viewed as edge states that are hybridized with bulk st
through random potentials. An average envelope function
the position probability densityuCS(D),n,ku2, peaked along
one relevant boundary of the conductor, will have an ex
nential tail penetrating widthwise into the interior region,
illustrated in Fig. 5~a! for the case ofuCS,n,ku2. We suppose
that the characteristic penetration depth is given by the lo
ization lengthj(EF2EC) of bulk states.21 In the latter half
stage of the transition whereEF,EC (R.T), strong back-
scattering will take place along the junction between the~en-
try! ideal lead and the disordered region, and the expon
tially decaying penetration ofuCS(D),n,ku2 into the interior
region takes place lengthwise. We expect again that the c
acteristic penetration depth is given byj(EF2EC) as shown
in Fig. 5~b!. WhenEF is close to the level centerEC and the
localization lengthj(EF2EC) well exceeds the size of th
disordered regionL, the probability densities of the two
groups of scattering-wave states,uCS,n,ku2 anduCD,n,ku2, are
peaked, respectively, at the diagonally opposite corner
the disordered region and deeply penetrate both length
and widthwise. We expect, however, that the two grou
uCS,n,ku2 and uCD,n,ku2 always avoid each other, being sep
rately distributed in the disordered region as schematic
illustrated in Fig. 5~c!. @Only whenEF is exactly atEC does
j(EF2EC) diverge, yielding an appreciable overlap betwe
uCS,n,ku2 and uCD,n,ku2].

The view presented above explains why the transit
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width decreases with increasing sample size at the limi
low TL and VSD @Fig. 2~a!#. Furthermore, it distinguishe
different roles played by the length and the width of samp
in an IQH transition and accounts for relevant experimen
results reported in our earlier work.22

We can safely assume that the inelastic scattering p
cesses vanish atTL50 andVSD50.23 Let us speculate on
why the effect ofVSD andTL in introducing the process ar
markedly different. We should also explain why the effec
are similar in the absence of a magnetic field. Our argume
below will be general, being independent of microscop
mechanisms behind the inelastic scattering processes.

Every inelastic scattering process is an event in which
electron is scattered from one scattering-wave state to
other. Possible mechanisms causing the scattering inc
the electron-electron (e-e) interaction, the electron-phono
interaction, and the spin-flip scattering at magnetic impu
ties. Two electrons are relevant ine-e scattering, while only
one electron is relevant in the latter two mechanisms.
matter which particular mechanisms are relevant, we

FIG. 5. Schematic representation of an average envelope o
position probability densityuCS(D),n,ku2 of scattering-wave states
~a! uCS,n,ku2 for EF.EC (T@R). ~b! uCS,n,ku2 for EF,EC (T
!R). ~c! uCS,n,ku2 and uCD,n,ku2 are spatially separated in genera
whetherEF.EC , EF,EC or EF;EC (T;R).
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group any inelastic processes into the following two class
The ‘‘SD process’’ is an inelastic scattering process inclu
ing scattering between the two different groups of scatteri
wave states,CS,n,k andCD,n8,k8 , such asCS,n,k→CD,n8,k8
and CD,n,k→CS,n8,k8 . The other, the ‘‘SS process,’’ is a
inelastic process in which every scattering event occ
within the same group of scattering-wave states, such
CS,n,k→CS,n8,k8 and CD,n,k→CD,n8,k8 . ~For instance,e-e
scattering withCS,n,k→CD,n8,k8 and CS,n9,k9→CS,n-,k- is
an SD process, while that withCS,n,k→CS,n8,k8 and
CD,n9,k9→CD,n-,k- is an SS process.!

WhenTL is elevated whileVSD is kept vanishingly small
(mS'mD), the two groups of the scattering-wave stat
CS,n,k andCD,n,k , are occupied with electrons in a simila
fashion, with the distribution functions being described
nearly the same, thermally broadened, Fermi functionsf S
and f D , as schematically shown in Fig. 6~a!. By contrast,
whenVSD increases whileTL'0, the distribution functions
are steplike Fermi functions,f S and f D , displaced byeVSD
to each other, as illustrated in Fig. 6~b!. Thus, in the energy
interval mD,e,mS the group of scattering-wave state
CS,n,k originating from the source reservoir is complete
occupied with electrons while the other groupCD,n,k is
empty.

It follows that, in the case of elevatingTL , both SS and
SD processes are possible to take place, whereas, in the
of increasingVSD, SS processes can never occur and o
SD processes are possible.~We implicitly assume that
kBTL5eVSD.) Furthermore, SD processes are expected to
strongly suppressed because the two groups of the scatte
wave states,CS,n,k and CD,n,k , are separated at a macr
scopic distance. The overlap between the two groups
wave functions,}exp@2(j/L)2#, is exponentially small ex-
cept at exactly the critical point (EF5EC). This explains
why L in is found to be anomalously insensitive toVSD in the
present experiments. SS processes are free from such
pression mechanisms because scattering occurs within
same group of scattering-wave states. The points mentio
above are independent of particular mechanisms respon
for the inelastic scattering processes. We thus have expla
why the influence ofVSD on L in is much weaker than that o
TL .24

The discussion above was restricted to the highest o
pied Landau level. However, the conclusion is unaltered
lower Landau levels are taken into consideration and a
trary coupling is admitted between different edge states.

We should note that, in zero magnetic field (B50), elec-
tron wave functions propagating in the opposite directio
can have exactly the same profile on a cross-sectional
normal to the propagation direction. Hence, atB50, the two
groups of scattering-wave states,CS,n,k and CD,n8,k8 , sub-
ev
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stantially overlap one another unlessT is nearly zero. Ac-
cordingly,VSD can be as effective asTL in generating inelas-
tic scattering processes atB50, which is consistent with the
experimental results reported in Ref. 1.

In summary, we have studied the dependence ofL in on
VSD in the 2DEG systems in the IQH regime.L in derived
from the transition spectra between successive IQH plate
remarkably decreases with increasingTL . By contrast, the
increase ofVSD is much less effective in promoting the in
elastic scattering processes. The anomalously weakVSD de-
pendence ofL in is confirmed to be an intrinsic characterist
of electron systems in high magnetic fields. We interp
these results as a consequence of substantial spatial se
tion between the two groups of scattering-wave states
electrons that are incident on the conductor from the sou
and the drain reservoirs.

FIG. 6. Schematic representation of the electron distribut
functions, f S and f D , respectively, for the groups ofCS,n,k and
CD,n,k . Open circles and closed circles denote examples of
initial and the final states, respectively, in inelastic scattering p
cesses.~a! TL.0 with VSD50. ~b! TL50 with VSD.0.
Jpn.
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50, the rate of scattering with an infinitesimal energy trans
may be roughly scaled by the factor of the combined occupa
in the initial and the final states,

W5**fF~«1!@12 f F~«1!# f F~«2!@12 f F~«2!#d«1d«2

5~kBT!2**F~y1!@12F~y1!#F~y2!@12F~y2!#dy1dy2

}~kBT!2,
where f F is the Fermi function withF(y)5@11exp(y)#21 and
y5(e2eF)/kBTL . In the case ofVSD increasing withTL50, the
factor of the combined occupation is given by

W5**fS~«1!@12 f D~«1!# f D~«2!@12 f D~«2!#d«1d«2

5** f S~«1!@12 f D~«1!#d«1}eVSD.
We thus have derivedp/p852.


