PHYSICAL REVIEW B VOLUME 62, NUMBER 19 15 NOVEMBER 2000-I

Phase transitions in fractal clusters in the presence of electric fields
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It is shown that if the size distribution of the nuclei formed during phase transition is a fractal cluster, then
the spatial distribution of the electric field in the cluster is highly inhomogeneous. Electric field is accumulated
in small scales, and its strength grows according to the power law from larger scales to smaller scales. When
the dielectric permeability of the nuclei is much larger than that of the surrounding medium, the electric field
grows asEx3¥, wherek is a number of the nucleus in the fractal cluster with the sigsa,>az>---
>a, . We determined the work of formation of the nuclei in the fractal cluster taking into account the change
of the configuration of electric fiel&. It is demonstrated that the formation of fractal clusters leads to the
dynamics of a phase transition with bifurcations, whereby the growth of a nucleus causes the formation of the
new nuclei.

The effect of the electric field on the dynamics of phasefield E~3 where k is a number of heterogeneous
transitions is of interest in the analysis of various naturallyjclusions in the fractal cluster with the sizag>a,>as
occurring phenomena, e.g., electric phenomena in the atmgs...s g, .
sphere, and various technological applications, e.g., electric The analyzed effect may occur not only for the electric
breakdown of liquid dielectrics. Various aspects of this prob-field but also for temperature fields, electric currents, etc. To
lem were considered in the literatuigee, e.g., Refs. 1 and 2, the best of our knowledge, this effect was not considered
and references therginlf one neglects the presence of the previously, at least in the aspect of renormalization of the
free charges in the system, i.e., assumes that the spatial desize of the critical nucleus in a fractal cluster by electric field.
sity of the free charges is small, the effect of the electric field In order to calculate the work of nucleus formation in a

is proportional toE?/87. The coefficient of proportionality polarizable mediunW, caused by the change of the configu-
depends upon the geometry of the system and material propation of the electric field, it is necessary to determine the
= (E%/8)v, wherev is a specific volume per one atom in electrostatit_: approximation_ in a locally isot_ropic medium
the nucleus, is rather small. Indeed, a small valte these functions are determined by the following equations:
=10°V/cm and v=10 ?1-10 ?*cm®. However, a strong V-D(r)=0, D=eE, VXE=0. @)
effect of the electric field on the dynamics of phase transigoundary conditions for Eqs(1) imply continuity of the
also other examples where the effects of electric field angric field at the surface of thith inclusion and condition at
electric current are considerable while the magnitude of thisnfinity:

bly, studies reporting the anomalously strong effects of elec- i i 1\#

tric fields are not the exception but rather are common. In [E-]=0, [Dn]=0, E(N=Ee+O[+] .

that may cause a considerable increase of the effettiyim F—w, B>1

the phenomena which can be affected by electric field. ’ ’

cation of the field in a fractal cluster due to the renormaliza-, , i=1,...k, and dielectric permittivitye,; which is differ-
tion of the geometric coefficient. The physics of this effect isent from the dielectric permittivity of the host mediusg.
change of the electric field by the inhomogeneous inclusiongssume that the radii of the particles satisfy the following
is essential in the range of the order of the size of the inclucondition:

ably, each inclusion causes an independent distortion of the a>a, ;. (3
external field. For certain relative locations of these inclu-

In this Brief Report we considered the simplest situation, and=|R;—R;, 1| —a;—a; ;; satisfy the condition

selected a geometry which allows analytical solution. In the

erties. In the thermodynamical scale, the magnitudaVgf  induction of electric fieldD(r) and its strengttE(r). In the
=10 3-10 *K corresponds to a relatively large fiel
tions is observed for considerably smaller fietdghere exist tangential and normal componenE, andD!,, of the elec-
field in a thermodynamic sense is negligibly snfafiNota-
this connection it is of interest to determine the mechanisms )

In this study, we consider the effect of a strong amplifi- Consider a cluster consisting of spherical particles with radii
rather simple, and it is associated with the fact that the et R; be a radius vector of the center of ti particle, and
sion. Therefore, if the sizes of the inclusions differ consider-
sions, one can attain a considerable amplification of the fieldThe distances between the surfaces of the partidigs;
framework of this model, the amplification of the electric ai>d; i1 >ai. 4
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We will use further that a perturbation caused by a spherical
particle with the radius; into the configuration of electric

field D(r) is essentially nonzero in the domdin-R;|~a; .

For |r—R;|>a;, this perturbation can be neglected. Under
these conditions the problem can be solved by iterations.

At the first stage a system of equatioii$ with boundary
conditions(2) is solved for the first particle with a center at
R; and radiusa;. Then in the space domain where veator

satisfies simultaneously the conditions

[r—Ry/>a,, |r—Rs/>as, ... |r—Ry>a,, (5

the expression foD(r) reads

381

D(r)= ﬁ_m Do+ 6.Dg

3

a
_ 2_qy__ "1
k(l £&(3u 1)|r—R1|3

: (6)

aj
r

—3e {uNl—u TR,

where §_=60(—x), 6,=0(x), x=|r—Ry|—a;, 6(x) is a
Heaviside function, and

Do (r—=Rqp)-k
Do=g0Eq, k= Do’ n= BE
(7
€T €1 _kX[kX(r—Rl)]

T ei+280" T [KX(T—Ry)|

In order to determine functio(r) in the domain|r
—R,|~a,, we must determine a solution of Eq4) with
boundary condition$2) whereby the third of condition&)
is replaced by

E—Elro| 2 8
~E Ol =Ryl ®
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a(¢, o) =

b(g,/.l«o) ==

. kX[(R;—Ry)XK]
~ [(Ry—Ry)XkK|

FunctionM (¢, 1o) determines the absolute value of the field
while functionsa, b, anda®+b?=1 determine the direction
of the field in a seti, k. Parameter¢ varies in the range
—1<¢<3, and functionM(&,uo) has a maximum at the
point uo=0 for 0<é<3. In the range—1<¢<0 at u,
=0, functionM (&, o) has a minimum, and it assumes the
maximum value in this range at pointg,=*1. Thus if a
dielectric permeability of the host mediugm> ¢4, then the
maximum of the absolute value of the electric induction is
attained in the direction normal to uy=0) and

380

~Dl_ _
D~Dj=(1+8)Dok=——

Dok.
If eg<eq, or —1<¢<0, the maximum of the electric induc-
tance is attained in the direction kfand

3e
1_ 1
D; o1t 26 Dok. (10

Hereafter we consider the ca&R)), especially because the
effects of the nuclei are stronger in this case. Thus we have
calculated the strength of the electric fidlg in the bound-

ary condition(8), Eéz Dé/so, and we can determine electric
induction D(r) in the vicinity of the nucleus with a radius
a,. The expression foD(r)=D, in the region|r—R,|

~a, is obtained directly from Eq6) by substitutinga; ,R;

by a,,R, and D, by D}, whereDj is given by expression
(10). Repeating this procedure, we arrive at the expression

According to the conditiort4), the second nucleus is located ¢4 electric induction in the vicinity of théth nucleus when
in the domain of influence of the first nucleus. In order t0ine nuclei are aligned in the directidn

determineEy and Dj=¢,EJ, let us rewrite Eq.(6) in the
coordinate system with an origin &,. Conditions(3) and
(4) imply that in the regiorjr — R,| ~d,<|R,—R4|,

Ir—Ry|

——~_cos
[Ro—Ry[

Ir—Ry+R,—Ry|~|R,—Ry|-| 1+

~|R2_R1|,
where
(r—-Ry)-(R;—Ry)
|(r=Rp)|-|(Ry;=Ryp)|"

Then Eq.(6) in the region|r—R,|>a; and |r—R,|—a,
~d4, can be written as follows:

Cosa=

D=DoM (&, mo)lka(&, mo) +ib(£, o) ], 9

where

M(& mo)=[(£+1)2+3&ug(£—-2)1"2

D)= 0| —2 | 4 g L
(1) =6, g1+2¢ 007 g+ 2¢, 0
:
|k 1-£Bu2—1) —2
K| 1- &34 1>|r_Ri|3)

a;

—3€§Mivl—#?m
I

where6;, 6", andu; correspond to functiong, #_, and
0, , wherea,,R; are substituted bg,,R;.

Now we will determine a work of formation of a fractal
cluster of nuclei using a general expressiéhn:

, (11)

Wezf (E-D—Ey-D)dV, (12)

whereEy, Dy, andE,D are the strengths of the electric field
and electric induction before and after formation of an inclu-
sion, correspondingly. If a source of the electric field does
not change during the formation of a nucle¥¥, can be
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written asW,= [ (E-Do— Eq-D)dV. Thus the expression for =fo(,(p,T))+pv,(p,T), where o denotes a particular

the work of formation of a clustew'g reads phase, substituting solutiond6) yields the following ex-
pression for the Gibbs potential:

k
W= (EM. D —EPYL . DMV, K _
AT ®=2 pa(p+PBi+p N+ (P, DN, (17)
whereV; is the volume of théth nucleus.

=&,EM" and DX, =£,E?" . Here D is the value of the €duations,

electric induction inside théth nucleus while the electric ~ s Ty _
induction D, corresponds to the fielB(r) in the domain #aPFR P T) = (P T), 18
which is determined by the following two conditionsfr ~ which determine the size of critical nuclef for phase tran-
—R;_1|=a;_; and|r—R;|>a;. The above procedure corre- sition from phase 0 to phase 1 through the formation of a
sponds to the known procedure for calculating the change dfactal cluster. EquatiofiL8) allows to determine the relation
the energy of the field caused by inhomogeneous inclusiobetween the critical nuclei sizes at the—1)th andith

(see Ref. 7, Chap. 2, Sec.)11 stages of formation of a fractal cluster provided that the ther-
Thus we obtain modynamic state of the host phase 0 does not change:
k _ 2i-1 2 2 2a
KN wy w _E0TE1 3eq eoEj _a=_+~. = 19
We_i=§:1 pIVI1 pi= 8 (81+280 1 . aic aic—l Pi-1—Bi- ( )
(13

In order to estimate the magnitude of the effect, consider a
Now using the above expression for the work of formation ofcase with a weak oversaturation of phase 0. The size of a
a fractal clustelVX, we can determine the size of the critical critical nucleus of phase 1 without electric fiedd is given
nucleusa’, which is required for théth generation. Param- by the following formulat*

eters of a critical nucleus are determined by the conditions

for mechanical and chemical equilibrium in the systeth. c_ 2aV,

Let F be the free energy of the system measured from the 0 ATAS’

free energy of the system prior to the formation of the first

nucleus. Using Eq(13), we can write the following expres- whereAT is the deviation of the temperature from the bin-

odal To(p) andAS=S,— S, is the difference between spe-

ston forF cific entropies of the new and the host phases. The domain
k k . with a weak oversaturation is defined by the following con-
F=> fo(v;, TINj+aS+ >, PiviN;+fo(ve, TIN. dition:
i=1 i=1
(14 CHEFEIES (20

Herew is a specific volume per atom in thth nucleusyp is
a specific volume per atom of the host phaSeis the sur-
face area of theth nucleus,« is a coefficient of surface
tension fo(vo,T) is the free energy per particle without elec- ac 2w

tric field, andN is the remaining number of particles of the ai°=+c~ - =. (21
host phase. The condition for mechanical equilibrium in a _ Pido Pi

system with a volum&'=3X_,vN; +v,N yieldsk+ 1 equa- 2a

Linearizing Eqg.(18) and taking into account thdp;]
>|B;_4| in the domain determined by conditi¢®0), we find

tions: Thus at weak oversaturation of a host phagéa’_,
9 A(F+pV) _ ~Pi_1/P;, and in the case whesy>¢,, a/ai_ ;~0.1.
(E) ==y, 0 =0,k (19 Since a characteristic time of formation of a nucféd$
VAN v ) ' r~exp(4mraa?/3T), the rate of the phase transitions in-

where{} denotes a set of parameters which are kept constafff €2S€S sharply at each of the successive stages of formation

andp is a Lagrange multiplier. It is shown below thptis ~ ©f & fractal cluster.

equal to the thermodynamic pressure in the host phase. L?t In this study, we demonstrated that the formation of a
7o(p,T) andv;(p,T) be solutions of the equatiodf/dv ractal heterogeneous cluster may be accompanied by strong

——p for the host phase and the new phase, respectiveI)f.enormal'z_at'on of the field and accumulatlpn of energy in
small spatial scales. Clearly such accumulation of energy can

Then expressions for the solutions of E¢ES) read ; . 7
cause different phenomena, e.g., electromagnetic radiation,

vi(p. N =v1(p+Pi+p), i=1,...Kk formation of beams of charged particles, heat fluxes, etc. A
(16) simple model that we employed in this study was chosen in
vo(p,T)=00(p,T), order to elucidate the possibility for accumulation of strong

fields in small spatial scales when the applied external field
wherep}=2a/a; is the pressure of a surface tension in theis relatively small. Strong variation of physical parameters in
ith  nucleus. Since (see, e.g., Ref. 11 wu/ (p,T) fractal structures was studied in the pasee, e.g., Refs.
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13-16, and references thergilowever, most of the theo- of electric field in small scales.

retical studies of these phenomena were based on the scaling The adopted model of the phase transition is general
approach and computer simulations. Simple geometry of thenough, and it can be refined and used also for the analysis
fractal cluster used in this study allowed us to solve the conef various other phenomena, e.g., chemical reactions, ioniza-
sidered problem directly and to determine the accumulatiotion, etc.
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