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Magnetic exchange coupling through superconductors: A trilayer study

C. A. R. Sáde Melo
School of Physics, Georgia Institute of Technology, Atlanta, Georgia 30332

~Received 30 May 2000!

The possibility of magnetic exchange coupling between two ferromagnets~F! separated by a superconductor
~S! spacer is analyzed using the functional integral method. For this coupling to occur threeprima facie
conditions need to be satisfied. First, an indirect exchange coupling between the ferromagnets must exist when
the superconductor is in its normal state. Second, superconductivity must not be destroyed due to the proximity
to ferromagnetic boundaries. Third, roughness of theF/S interfaces must be small. Under these conditions,
when the superconductor is cooled to below its critical temperature, the magnetic coupling changes. The
appearance of the superconducting gap introduces a new length scale~the coherence length of the supercon-
ductor! and modifies the temperature dependence of the indirect exchange coupling existent in the normal state.
The magnetic coupling is oscillatory both above and below the the critical temperature of the superconductor,
as well as strongly temperature-dependent. However, at low temperatures the indirect exchange coupling decay
length is controlled by the coherence length of the superconductor, while at temperatures close to and above
the critical temperature of the superconductor the magnetic coupling decay length is controlled by the thermal
length.
tic
b

e
e
n
e
c
u

th
i.e
r

s,
fo
ng
ye
r
rr
ef
e
ti

t
bl
an
n
ts

i-
o
e
rr

ects

ery
ati-
ate

ed as
, if
ally
rate

ed as

ws
ers,
he
ivity
o the
the
ird,
ra-

tab-
ss?
they
ag-

e
een

ge
ing
d
d
tal

the
I. INTRODUCTION

The problem of magnetic coupling in ferromagne
metal/normal-metal multilayers have received considera
attention in recent years, both on the experimental sid1–3

and on the theoretical side.4,5 The main features that hav
emerged from these experiments were associated with a
direct exchange coupling between the ferromagnetic lay
via the normal-metal host. An oscillatory coupling as a fun
tion of the thickness of the normal-metal spacer was ubiq
tously observed in several multilayered systems.6

The prevailing experimental evidence indicates that
exchange coupling with metal spacers is short ranged,
the magnetic coupling can only be observed across a laye
thickness 10 to 130 Å,7 i.e., in the nanometer range. Thu
the key question, for both theory and experiment, is the
lowing. Can such a thin metallic layer survive pair breaki
effects of the ferromagnetic layers from both sides and
remain superconducting? It is the purpose of this pape
show that appropriate choices of superconductor and fe
magnet lead to the survival of superconductivity and to
fects on the magnetic coupling. Presently there are no exp
mentally known multilayered systems that show magne
coupling both above and below the critical temperatureTc of
the superconductor. The main reasons for that are that
required conditions are difficult to achieve. The desira
superconductor should have high critical temperature
short coherence length, while the desirable ferromag
should be metallic with not so large pair breaking effec
Furthermore, the desirableF/S interfaces should be atom
cally flat and well lattice matched to avoid the effects
roughness and strain.8 Thus, ideal systems to study may b
high-Tc superconductor/colossal magnetoresistance fe
magnet multilayers such as Nd22xCexCuO4 /La12ySryMnO3
or Nd22xCexCu O4 /La32ySryMn2O7 ~for the s-wave case!
and YBa2Cu3O72d /La12ySryMnO3 or Y Ba2Cu3O72d /
La32ySryMn2O7 ~for thed-wave case!.8 In addition to these,
PRB 620163-1829/2000/62~18!/12303~14!/$15.00
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a possible class of systems for the observation of such eff
may be the layered rutheno-cuprate family,9–12 where the
interplay between superconductivity and magnetism is v
important. If the number of cuprate planes can be system
cally changed then magnetic coupling between ruthen
planes and its consequences can be systematically studi
a function of the number of cuprate layers. Furthermore
the number of ruthenate layers can be systematic
changed, then the Josephson coupling between cup
planes and its consequences can be systematically studi
a function of the number of ruthenate layers.

If the superconducting metal, in its normal state, allo
an indirect exchange coupling between ferromagnetic lay
it is valid to ask the following questions. First, how does t
presence of ferromagnetic layers affect the superconduct
of the spacer? Second, does anything dramatic happen t
magnetic coupling when the system is cooled through
superconducting transition temperature of the spacer? Th
what happens to the magnetic coupling at very low tempe
tures when the superconductivity of the spacer is well es
lished? Fourth, what are the effects of interfacial roughne
These questions are the central topic of this paper, and
are intended to establish the conditions under which m
netic coupling inF/S/F multilayers should exist.

The recent published literature onF/S multilayers has
focused mostly on the changes of the critical temperatureTc
of the superconductor13–16 as a function of thickness of th
ferromagnetic layers. The experimental reports have b
mixed. In the cases of Nb/Gd multilayers15,16the observation
of a nonmonotonicTc has been attributted either to a chan
in the underlying pair breaking mechanism with increas
thickness of the Gd layer15 or to evidence for the predicte
p-phase coupling17–19 as a function of thickness of the G
layer.16 More recently, there have been experimen
attempts to observe magnetic coupling inF/S/F multilayer
systems Fe4N/NbN/Fe4N, Ni/Nb/Ni, and GdN/NbN/
GdN.20,21No magnetic coupling was observed even when
12 303 ©2000 The American Physical Society
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12 304 PRB 62C. A. R. SÁde MELO
superconductor was in its normal state. Thus indicating
the effects of interfacial roughness and strains in these
tems may be strong, unlike in the more usu
multilayers.1–3,6,7However, in GdN/W/NbN/W~100!, coex-
istence of superconductivity and magnetism was repo
down to layer thicknesses of 40 and 22 Å of NbN and Gd
respectively,22 but again no magnetic interlayer coupling w
observed. Very recently, however, oscillatory magnetic c
pling and magnetoresistive effects were observed in the
ide based superlattice (TiN/Fe3O4) ~Ref. 23! and injected
new excitement into the question of magnetic coupling a
magnetotransport in oxide based layered materials.

On the theoretical side, the questions raised in this pa
have been only preliminarily addressed previously by
author.8 The only other theoretical work relevant to the
questions that has been published so far, to the best kn
edge of the author, is the pioneering work of Sipr a
Gyorffy.24 They analyzednumericallythe possibility of mag-
netic coupling through a superconductor at zero temperat
without solving for the gap equation self-consistently. T
work presented here distinguishes itself from the work
Sipr and Gyorffy in the following ways. The present wo
shines light on thetemperaturedependence of the magnet
coupling through the superconductor~both at T'0 and T
'Tc), and the results obtained here are mostlyanalytical in
contrast with thenumericalwork of Sipr and Gyorffy.24 In
addition, the spatially averaged self-consistent gap equa
is solved in the asymptotic limit of larger spacer thickne
and the spatially averaged order parameter is used to
mate the magnetic coupling.25–27

The rest of the paper is divided as follows. In Sec.
basic assumptions and model are described. In Sec. III,
functional integral method is discussed and the supressio
the critical temperatureTc of the superconductor is analyze
In Sec. IV, the formalism to calculate the magnetic coupl
is illustrated. In Sec. V, analytical results both close toTc
and atT50 are presented and discussed. The limitations
the approach and the effects of roughness are also m
tioned. In Sec. VI, the main results are discussed and s
marized. In Sec. VII, final comments and new directions
pointed out. In Appendix A details about the formal deriv
tion of the magnetic coupling are given. In appendix B
outline of the explicit evaluation of the magnetic coupling
presented. Finally, in Appendix C an approximate form
the dependence of the averaged order parameter on sp
thickness is discussed.

II. BASIC ASSUMPTIONS AND MODEL

For the purpose of answering the questions raised in S
I, it is important to choose a physical system and outline
underlying assumptions. The system chosen here is a tril
consisting of two identical ferromagnets of thicknessdF
separated by a superconductor of thicknessds . The ferro-
magnetic layer is labeled theF layer, and the trilayer system
will be referred asF/S/F, when the spacer is superconduc
ing (S layer! and F/N/F, when the spacer is in its norma
state (N layer!. In Fig. 1, the trilayer system is shown.

The underlying assumptions are as follows. It is assum
that dF@ds , such the ferromagnetic layers can be treated
semi-infinite. When the spacer is in its normal stateN
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layer!, it is assumed that an indirect exchange coupling ex
between the ferromagnetic layers (F layers!. It is further
assumed that the critical temperatureTc of the supercon-
ductor is much smaller than the Curie temperatureTf of the
ferromagnet, such that fluctuation effects on the magnet
are negligible. Furthermore, theF layers are weak ferromag
nets and good metals, the superconductor is assumed t
s-wave BCS type and theF/S interface is assumed to b
smooth, i.e., atomically flat.

Under all these assumptions, the Hamiltonian density
written as

H5HS1HSF , ~1!

whereHS contains kinetic and potential energy terms for t
trilayer system, and the attractive interaction term inside
superconductor, i.e.,

HS5C̄a~r !$@K1U~r !#dag%Cg~r !1V, ~2!

and HSF is the part of the total Hamiltonian describing th
effects of the ferromagnetic boundaries,

HSF5C̄a~r !$~Hc!ag%Cg~r !, ~3!

i.e, the coupling between ferromagnets and superconduc
The indicesa and g indicate spin components and re

peated indices indicate summation. The kinetic energy te
is K5( i¹)2/2m2m, while the potential energy isU(r )
5U0F(r ), where F(r )5@Q(x2ds/2)1Q(2x2ds/2)#.
Here U0 can be positive or negative.28 The only exchange
interaction considered in the ferromagnetic layers is betw
the spins of itinerant electrons, but a real space represe
tion of the exchange interaction is used given that theF/S/F
system is inhomogeneous. Thus, the exchange interac
(Hc)ag is more transparently written as

~Hc!ag52@~sx!aghx~r !1~sy!aghy~r !1~sz!aghz~r !#,
~4!

where hi(r )5*dr8Ji(r ,r 8)Si(r 8)F(r ) is an effective ex-
change field felt only within the boundaries of the ferroma
net. Here, the spin variableSi(r 8)5cm

† (r 8)(s i)mncn(r 8).29

For Tf@Tc , anduhzu@max(uhyu,uhxu), the F layers have neg-

FIG. 1. Illustration of the trilayer system. The superconducti
metal layer (S layer! is the spacer sandwiched between identi
ferromagnetic layers (F layers!. The thickness of theS layer isds ,
and the thickness of eachF layer isdF@ds .
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PRB 62 12 305MAGNETIC EXCHANGE COUPLING THROUGH . . .
ligible magnetization fluctuations at lowT, and an easy axis
along thez axis. Thus,hz(r ) can be replaced by its averag
value^hz(r )&5J^Sz&F(r ). The interaction energy in the su
perconductor is

V52gC̄~r !↑C̄~r !↓C~r !↓C~r !↑P~r ! ~5!

resulting from a delta function contact attraction, whe
P(r )5@12F(r )#. This attractive interaction leads to a
s-wave superconductor. In Fig. 2 the functionsF(r ) entering
the single particle potentialU(r ), and the functionP(r ) en-
tering the interaction energyV are illustrated.

III. METHOD AND Tc SUPPRESSION

The functional integral method is used here to estim
both the change inTc due to the proximity effect toF layers
and the indirect exchange coupling between theF layers. To
estimate the change inTc of the superconductor one needs
worry only about therestrictedpartition functionZ at tem-
perature T5b21, which can be written as a functiona
integral30 with action

S5E
0

b

dtE dr @C̄a~r !]tCg~r !2HS2HSF#, ~6!

FIG. 2. ~a! The functionF(r )5@Q(x2ds/2)1Q(2x2ds/2)#
appearing in the single particle potentialU(r ) is shown.~b! The
function P(r )512F(r ) appearing in the interaction energyV is
illustrated.
e

where r 5(r ,t) and \5kB51. The Hubbard-Stratonovich
pair fieldD(r ,t) is introduced and upon integration over th

fermionic variables the partition functionZ5*DDDD̄ exp

(2Seff@D,D̄#). The effective action is

Seff@D,D̄#5E
0

b

dtH uD~r !u2

g
2

1

b
Tr ln bG21@D~r !,D̄~r !#J .

~7!

The inverse Nambu propagator is

G2152]t2@K1U~r !1~Hc!s#sz1D~r !s11D̄~r !s2,
~8!

wheres65(sx6 isy)/2, with s j being the Pauli matrices
In a bulk superconductor the critical temperature is obtain
by solving simultaneously the gap equation and the num
equation. The gap equation is obtained fromdSeff /dD50
leading to

1/g5(
k

tanh~jk/2Tc!/2jk , ~9!

wherejk5«k2m and «k5uku2/2m. Using thes-wave scat-
tering lengthas defined by the two-body problem in vacuu
via m/4pas521/g1(k(2«k)

21 the gap equation may b
written as

2
m

4pas
5(

k
F tanh~jk/2Tc!

2jk
2

1

2«k
G . ~10!

The number equation isN52]V/]m, where V5Seff@D
50# in the weak coupling BCS limit, leading ton5(k@1
2tanh(jk /2T)#, wheren5N/V is the electron density. Take
the volumeV5LxLyLz , and define the Fermi momentum v
the relation EF5kFs

2 /2m5(3p2n)2/3/2m. Furthermore,

chooseLx5ds and min$Ly ,Lz%@ds, take the asymptotic limit
kFs

ds@1 and perform an expansion of the effective acti

~7! in powers D to obtain the static linearized Ginzburg
Landau equation

eD~x!2jGL
2 d2

dx2 D~x!50, ~11!

where the coefficientse5(T2Tc)/Tc , correspond to a di-
mensionless deviation fromTc , and

kFs
jGL5

2e22g

p
A7z~3!

48

EF

Tc

is the dimensionless coherence length of the supercondu
Notice that kFsjGL@1 when EF@Tc , as expected in the
BCS limit.

The boundary conditions to Eq. ~11! are
@dD(x)/dx#x56ds/257D(x)/b at the F/S interfaces. The
coefficientb is the extrapolation length

kFs
b'l

EF

2Tc

11g0

g0
, ~12!

whereg05A12U0 /EF characterizes the nonmagnetic offs
of the single particle potential of the ferromagnets, andl
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12 306 PRB 62C. A. R. SÁde MELO
512@1/4#(J^Sz&/L)2, with J^Sz&!L5min$2pTc ,(EF

2U0)% when EF.U0, characterizes the magnetic offset
the single particle potential of the ferromagnets.

This estimate is a result of the assumptions that theF
layer is a good metal, but a weak ferromagnet. Notice t
important features in the extrapolation length. The first f
ture is thatb is independent of the sign of the magnetizati
^Sz& in the F layers. And the second feature is thatb is
independent of the sign of the exchange couplingJ. Physi-
cally, this originates from the fact that an exchange fi
coupled to electrons forming Cooper pairs is always p
breaking irrespective to the sign of the coupling.

The solution of Eq.~11! is D(x)5D0cos(kx) which leads
to a correction to critical temperature of the bulk superc
ductor e52(kjGL)

2 where k satisfies the transcendent
equation tan(kds/2)5(1/kb) which in the limitkFs

ds@1, the

parameterk'p/deff implies a correction

e52S pjGL

deff
D 2

~13!

to the critical temperature of the bulk superconductorTc(`).
Here,deff5(ds12b) is theeffectivelength of the supercon
ductor, and the new critical temperature isTc(ds)
5Tc(`)(11e). The supression ofTc from the bulk value is
small provided thatpjGL!deff , and thus superconductivit
survives. A strong suppression ofTc happens whenpjGL
;deff . Notice that the choices of the superconductor and
ferromagnetic metal are very important in order to have
weak suppression ofTc . The choice of the spacer should b
a superconductor with ahigh bulk Tc and ashort coherence
length kFs

jGL . For the ferromagnet, it is important to be

metal (EF.U0), with Tf@Tc , but with not so strongpair
breaking effects, i.e.,aPB5uJ^Sz&u/2pTc!1. Here aPB is
the pair breaking parameter. It is important to emphasize
the pair breaking parameteraPB5uJ^Sz&u/2pTc and the pa-
rametera05JN(EF) that determines the Curie temperatu
of the ferromagnet are distinct quantities.31 It is possible to
haveTf@Tc at the same time that the pair breaking effe
are not so dramatic. A strong ferromagnet would produ
strong suppression ofTc by bringing the order parameter t
zero at theF/S interface due to strong pair breaking effec

In Fig. 3, it is shown the suppression of the critical te
perature of the superconductor from its bulk value. The p
if of Tc(ds)/Tc(`)5(11e) versuskFs

ds . The supercon-
ductor is considered to have a short coherence len
(kFs

jGL'5) and a not so small ratioTc /EF'0.05 which can

be achieved with ahigh Tc or low EF . The solid line corre-
sponds to the weak metallic ferromagnet discussed h
while the dotted line describes a strong ferromagnet wh
has the boundary conditionsD(x)50 at theF/S interfaces,
i.e., strong pair breaking effect. Notice that for a weak f
romagnetTc is not as strongly suppressed at smaller val
of kFs

ds , and thus chances of preserving superconducti
at smaller thickness of the spacer are more favorable. Th
expected since weak ferromagnets have weaker pair brea
effects in comparison to strong ferromagnets.

Take the ideal case of Nd22xCexCu O4 /La12ySryMnO3
multilayers, where the bulkTc of Nd22xCexCuO4 is Tc
'30 K, and jGL'10 Å,32 and the ferromagne
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La12ySryMnO3 with Tf'300 K andJ'10 K ~Ref. 33! to
further emphasize the need for weak pair breaking ferrom
nets. Ignoring anisotropy of the superconductor and comp
spin structure effects of the ferromagnet, the pair break
parameter isaPB'0.027, and thus Eq.~13! can still be used
to estimate the reduction ofTc due to the ferromagnetic
boundaries. A modestEF'104 K with kF

21'0.38 Å leads
to an extrapolation lengthb'60 Å. The effective length of
the superconductor becomesdeff5ds12b, and for ds
510 Å, the reduction inTc from its bulk valueTc(`) is
only 6%.34 Thus, for spacer thickness in the rangeds
510 Å and ds5130 Å ~where magnetic coupling is ob
served in many systems7!, the suppression ofTc is even
smaller and superconductivity survives. Therefore, multila
ers of high-Tc/colossal magnetoresistance~CMR! ferromag-
nets may be quite attractive to study experimentally. In
dition to high-Tc/CMR ferromagnets, another syste
interesting to study experimentally are the newly discove
layered rutheno cuprates (RuSr2Gd Cu2O82d), where super-
conductivity and ferromagnetism coexist. These systems,
like almost all other cases of coexisting superconductiv
and ferromagnetism, becomes ferromagnetic first atTf
5132 K where the ruthenium ions order, and at a low
temperatureTc'35240 K superconductivity appears~most
likely at the cuprate planes!. These materials are very differ
ent from previously known ferromagnetic superconductor35

where theTf and Tc were usually very close, and stron
competition between superconductivity and magnetism l
to a very small coexistence region.36

Now that the suppression ofTc as a function ofkFs
ds has

been estimated, it is important to analyze the possibility
magnetic coupling between the two weak ferromagn
through the superconducting spacer. This is discussed n

IV. MAGNETIC COUPLING: FORMALISM

Provided that the transition temperature of the superc
ducting film is not strongly supressed by the ferromagne
boundaries, the exchange couplingHc appearing in Eq.~3!
may be treated as a perturbation. For the purpose of ca
lating the magnetic coupling across a superconductor,

FIG. 3. The suppression ofTc expressed ast5Tc(ds)/Tc(`) is
indicated for a weak ferromagnet (aPB!1) and for a strong ferro-
magnet@aPB;O(1)#, i.e., D(x56ds/2)50. The solid line indi-
cates the weak ferromagnet, the dotted line indicates the st
ferromagnet. The parameters used arekFs

jGL'5 and Tc /EF

50.05.
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important to analyze the effective action~7! in terms of the
inverse Nambu propagator

G215G211~Hc!ssz , ~14!

where an explicit separation between the inverse propag

G 2152]t2@K1U~r !#sz1D~r !s11D̄~r !s2 ~15!

~in the absence of ferromagnetic boundaries! and the ex-
change contribution (Hc)ssz ~due to the ferromagnetic
boundaries! is made. This separation is used to treat the
change contribution as a perturbation. As a result, the ef
tive action~7! can now be conveniently written as

Seff5E
0

b

dtH uD~r !u2

g
2

1

b
Tr ln bG 212HeffJ . ~16!

Minimization of the effective action withoutHeff , i.e.,
dSeff(Heff50)/dD* (r )50 leads to the saddle point ga
equationD(r )/g5Tr@Gs2#/b, which can be used to com
pute the effective Hamiltonian to second order inHc ,

Heff'2
1

2b
Tr@~Hc!sszG#2. ~17!

The effective magnetic HamiltonianHeff contains various
terms, but the interest here is focused only on the magn
coupling across the superconductor, which leads to

Heff52
EJ

N3D
(

nm,k'

E E
]Vx1 ,x2

dx1dx2xnmk'
~x1 ,x2!,

~18!

where the energy scaleEJ5 1
2 J1J2^Sz&1^Sz&2N3DVs con-

tains the density of states of the bulk superconductorN3D ,
and the domain of integration]Vx1 ,x2

includes the entire
sample. The details of the derivation of Eq.~18! can be
found in Appendix A. The indices6 refer to theF layers.
The matrix element

xnmk'
~x1 ,x2!52Dnm~x1 ,x2!Qnm~k'! ~19!

defines thenonlocal ‘‘susceptibility’’ of the system which
appears under the double integration overx1 and x2. The
weighting factor

Dnm~x1 ,x2!5wnk'
~x1!wnk'

~x2!wmk'
~x1!wmk'

~x2!

~20!

contains the eigenstateswnk'
(x), i.e.,

He~x,k'!wnk'
~x!5jn~k'!,wnk'

~x! ~21!

of the one-dimensional Hamiltonian

He~x,k'!52@1/2m#]2/]x22meff1U~x!, ~22!

where theeffectivechemical potentialmeff5m2k'
2 /2m with

k'
2 5ky

21kz
2 . The additional term

Qnm~k'!5CT
nm~k' ,k'!Tnm~k' ,k'!

1CP
nm~k' ,k'!Pnm~k' ,k'!, ~23!
tor

-
c-

tic

contains the coherence factorCT
nm5@pun

pum
1pvn

pvm
#2, the

thermal factor Tnm5@ f (em)2 f (en)#/@em2en# in the
quasiparticle-quasihole channel, and the coherence fa
CP

nm5@pun
pvm

2pum
pvn

#2, the thermal factorPnm5@ f (em)

1 f (en)21#/@em1en# in the quasiparticle-quasiparticl
channel. The coefficientspun

and pvn
defined, respectively

by upun
u25@11jn /en#/2 and upvn

u25@12jn /en#/2, reflect

the simplification̂ D(x)&'D ~see Appendix A!, thus leading
to the approximate eigenenergiesen

2'jn
21D2. The averaged

order parameter is dependent onds the thickness of the su
perconducting spacer~see Appendix C!.

V. MAGNETIC COUPLING: ANALYTICAL RESULTS

Under the assumptions used to derive Eq.~18!, the mag-
netic coupling can be obtained analytically only for lar
spacer thicknesskFs

ds@1 both at very low temperaturesT

'0 and near the critical temperatureT'Tc . Recall that
kFs

5A2mEF is the Fermi momentum, and assume thatEF

@max$D,T%. In the asymptotic limitkFs
ds@1, the single par-

ticle wave functionswn(x) are standing waves~which can be
decomposed into plane waves!, the discrete quantum numbe
n becomes a continuousmomentumindex, and the sums ove
the indices (n,m) become integrals. Notice that the mome
tum k' is conserved across the interface. An outline of t
procedure used to evaluate the effective coupling is given
Appendix B. At low temperatures (D/T@1) the form of the
coupling is

Heff52EJ

F
2p2

cos~2kFs
ds!

~2kFs
ds!

2
exp~2kFs

dsD/EF!, ~24!

while at temperatures close toTc , (D/T!1) the magnetic
coupling becomes

Heff52EJ

F
2p2

cos~2kFs
ds!

~2kFs
ds!

2 F12
2

3p2 S D

EF
D 2G

3exp~2pkFs
dsTc /EF!. ~25!

The averaged order parameterD depends weakly on the su
perconductor thicknessds in the asymptotic limitkFs

ds@1,
and a discussion of this dependence can be found in App
dix C. In Fig. 4, two plots ofHeff are shown, the dotted
curves correspond to temperatures nearTc , the solid curves
to temperatures near zero, while the dashed curves co
spond toT50 in the absence of superconductivity. Formul
~24! and~25! are used to plot the curves appearing in Fig.
with the following parametersU0 /EF50.1 andkFs

jGL55.

Notice that the coupling in the superconducting state~at T
50) is small at large values ofkFs

ds .
It is important to analyze the qualitative features of t

previous expressions. First, notice that the period of osc
tion l p5p/kFs

of the magnetic coupling across the supe
conductor is entirely controlled by the Fermi momentum
the superconductorkFs

. The appearance of superconductivi
does not introduce any new periods. This is expected s
no new momentum modulation in the spin degrees of fr
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dom occurs, through the appearance of the supercondu
gap, at length scales comparable tokFs

21. At low temperatures

(D/T@1) there is an energy cost to be paid. Almost all
the electrons that were easily polarized in the normal stat
the superconductor are now paired into singlets. As a re
the spin polarization of the superconductor is costly, i
when summing over all intermediate states~virtual quasipar-
ticle states! there is a minimum energy required: the sup
conducting gap.37 The gap introduces a new length scalejGL
which controls the decay of the coupling~see Fig. 4!. Notice
thatD/EF'0.15/kFs

jGL in the asymptotic limitkFS
ds@1. At

temperatures close toTc , when (D/T!1), there is no decay
caused by the superconducting gap. The gap is so small
intermediate quasiparticle states are strongly thermally po
lated. NearTc , these intermediate quasiparticle states
semble the normal state eigenfunctions, except for the p
ence of a small superfluid density controlled byD. As a
result, the temperature dependence of the magnetic coup
is purely controlled by thermal effects, and only an over
reduction of the prefactor of the oscillations appears. T

FIG. 4. The magnetic couplingY5Heff /EJ is plotted as a func-
tion of kFs

ds , for kFs
ds@1. ~a! Plot of Y versuskFs

ds from kFs
ds

50 to kFs
ds540. ~b! Plot of Y versuskFs

ds from kFs
ds540 to

kFs
ds5100. The dotted curves correspond to the limitT'Tc ,

while the solid curves correspond toT'0. The dashed line indi-
cates what the coupling would have been atT50 in the absence o
superconductivity.
ing
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decay length forT'Tc andT.Tc is controlled by the ther-
mal lengthkFs

lT5EF /pTc and the magnetic coupling pref

actor is controlled by D/EF50.26(12T/Tc)
1/2/kFs

jGL ,

which vanishes atT5Tc , leading to a Ruderman-Kittel
Kasuya-Yoshida~RKKY !-type coupling forT>Tc . This be-
havior is consistent with the temperature dependence
served by Zhanget al.38 in nonsuperconducting multilayers
and suggested by Edwardset al.4 The interesting aspect i
that there is an enhancement of the magnetic coupling at
temperaturesT'0 in comparison with values atT>Tc , but
a reduction of the coupling in comparison with a norm
state system atT50. So notice in Fig. 4 the differences i
magnetic coupling whenT'0 in the presence or absence
superconductivity, and whenT'Tc . Second, notice that the
asymptotic decay is proportional to (kFs

ds)
22 instead of the

usual RKKY decay (kFr )23 for magnetic impurities. The
change in the form of the decay can be viewed as a geom
cal effect since the magnetic ‘‘impurities’’ are now tw
semi-infinite ferromagnets and as a result the magnetic c
pling has to be more effective. This behavior was alrea
theoretically suggested in the context of nonsuperconduc
spacers,4,39 and experimentally observed.6 Third, the mag-
netic coupling is strongly dependent on the type of ferrom
net, similar to the situation encountered experimentally wh
the spacer is in its normal metallic state.6 This dependence
on the ferromagnet is present inHeff via the magnetic ex-
changeJ and the potentialU0. The dependence ofHeff on U0
is explicit in Eqs.~24! and ~25!, since

F5g0 /~g011!2, ~26!

where g05A12U0 /EF. The amplitude of the coupling is
gradually reduced from its maximal value atU050 until it
vanishes atU05EF . This reduction can be interpreted as t
disapperance of spin-dependent states at the Fermi ener
the ferromagnets asU0 /EF!1 increases toU0 /EF'1, thus
it is essentially a density of states effect. Furthermore,
dependence ofHeff on the exchange couplingJ is explicit in
the energy scaleEJ , which is proportional to the produc
J1J2^Sz&1^Sz&2 , and thus depends both on the strength
the coupling of the itinerant electrons (J1 ,J2) and on the
magnetization of the ferromagnets (^Sz&1 ,^Sz&2). Notice
thatHeff}O(J^Sz&)

2, thus ifJ^Sz& is too small, the magnetic
coupling may be hard to measure even in the normal stat
the spacer. However, for ferromagnets with moderateJ^Sz&
values and high critical temperature superconductors s
that the pair breaking parameterapb5J^Sz&/2pTc is small
favors the observation of magnetic coupling accross the
perconductor spacer. Thus suggesting, that ideal system
the observation of such effect may be high-Tc
superconductor/colossal magnetoresistance ferromagnet
tilayers such as Nd22xCexCuO4 /La12ySryMnO3 or
Nd22xCexCuO4 /La32ySryMn2O7 ~for the s-wave case!
and YBa2Cu3O72d /La12ySryMnO3 or Y Ba2Cu3O72d /
La32ySryMn2O7 ~for the d-wave case!. Other possible can-
didates include the newly discovered family
rutheno-cuprates9–12 discussed in Sec. I.

A. Limitations of approach

It is also important to mention the limitations of the r
sults obtained here. The magnetic coupling is calculated o
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perturbatively under the assumption of a weak ferromag
(apb!1), given that one does not want superconductivity
be destroyed by the proximity to the ferromagnet. A stro
ferromagnet@aPB;O(1) or aPB@1# could destroy super
conductivity and wash out completely the effects just d
cussed. In this case the superconductor would remain in
normal metallic state all the way down toT50, and thus no
modification to the RKKY-like coupling would occur. Thi
is certainly not an interesting situation. The perturbat
method used in this paper does not permit a nontrivial an
sis of the dependence of the magnetic couplingHeff on the
exchange couplingJ of the ferromagnet, since it was explic
itly assumed that the ferromagnets produce small pair bre
ing effects (aPB!1) in the superconductor. Small pa
breaking effects can be achieved either by having sm
J^Sz& or large 2pTc . A very small J^Sz& could seriously
jeopardize the experimental observation of the magnetic c
pling across the spacer either in its normal or in its sup
conducting state, sinceHeff}O(J^Sz&)

2. However, the
choice of ferromagnets with moderate values ofJ^Sz& and
high critical temperature superconductors should facilit
experimental observation.

Another limitation is that only the asymptotic lim
(kFs

ds@1) can be obtained analytically, the limit (kFs
ds

'1) can only be treated through numerical calculatio
which are not presented here. Thus, the present results
valid only whends@l p /p, wherel p5p/kF is the period of
oscillation of the magnetic coupling. Thus, ifl p510 Å,
then the calculations are valid only fords@3.18 Å. This is
not such a serious limitation, since as a general ruleds
.5l p /p is practically already in the asymptotic limit.

The dependences ofHeff , and of Tc on thicknessdF of
the ferromagnet are important experimental issues, wh
have not been addressed here. Only a trilayer structure
discussed, where the ferromagnets were considered t
semi-infinite, and thus the expressions obtained forHeff do
not contain any nontrivial dependence on the thicknessdF of
the ferromagnetic layers. The most favorable experime
situation may be that of a multilayered structure~instead of
the trilayer case discussed here! with thin ferromagnetic lay-
ers ~instead of semi-infinite! to further reduce detrimenta
effects to the superconductivity of the spacer. For instanc
the ferromagnetic layers are thin enough, neighboring su
conducting layers may couple and the superconductivity
comes more three-dimensional. In this case, the super
ductivity of the spacer layers may be less harmed by
ferromagnetic layers. This situation will be discussed in
future publication.

It is also important to point out that lattice effects on bo
the spacer and the ferromagnet were not included in
present calculation of the magnetic coupling. For instan
the coupling is very sensitive to the lattice structure of no
superconducting spacers.4,5,39 The inclusion of such effects
are important since it is also known experimentally that
magnetic coupling depends strongly on the type of ferrom
net and on the type of spacer used~in the case of nonsuper
conducting spacers!.6 In particular, the lattice structure i
quite important because the magnetic coupling with non
perconducting spacers occurs at the nanometer scale~from a
few Å to hundred Å or so!,7 and a similar range applies fo
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superconducting spacers. However, lattice effects were
considered in this manuscript, since the ferromagnets and
spacer were treated in the continuum approximation.

In addition, this work cannot be directly applied to hig
Tc/colossal magnetoresistance multilayers. For these
tems, one should include the effects of anisotropy~both in
the band structure and in the order parameter! for the super-
conductors, and the effects of complex spin structure~local-
ized and itinerant spins! for the CMR materials. Further
more, the inevitable effects of roughness have not yet b
included and need to be analyzed. This analysis is done n

B. Roughness effects

The effects of roughness on the critical temperature of
superconductor are negligible provided that the length sc
of the roughness fluctuationsl r!jGL . On the other hand
the effects of roughness on the magnetic coupling are v
important, sincel r can be easily of the order of the magne
oscillation periodl p5p/kF , and thus average out the osc
latory behavior. These studies have been performed exp
mentally in Fe/Cr/Fe multilayers,40 and also theoretically for
severalF/N/F multilayers.39,41,42The case ofF/S/F multi-
layers is not so different, i.e., roughness is also expecte
affect the magnetic coupling in two basic ways. The first o
is that the magnetic coupling must be averaged over th
ness fluctuations of the superconductor film. The second
is that the magnetic coupling is affected by lateral fluctu
tions, which break translational invariance, and thus con
vation of momentum parallel to theF/S interface. Only the
first case is discussed here. Assuming that the thickness
tuations are Gaussian around the mean value thicknesd̄s

with variances, then in the limit thatd̄s@s the only modi-
fications in Eqs.~24! and ~25! consist in replacing the
thickness ds by the average thicknessd̄s and
replacing cos(2kFs

ds) by exp@2(2kFs
s)2/2#$cos(2kFs

d̄s)

12(2kFs
s)(s/d̄s)sin(2kFs

d̄s)%. Thus, provided thats,s*

5l p /pA2, the magnetic coupling is not dramatically r
duced. For instance, ifl p510 Å, then for s,s*
52.25 Å magnetic coupling should still be observed. But
l p53 Å, then only fors,s* 50.68 Å magnetic coupling
should be observed. This last condition is very stringe
This means that the overall effect of roughness is to supp
short period oscillations in much the same way as inF/N/F
multilayers.

VI. SUMMARY AND DISCUSSION

In this paper, the functional integral method was used
study the possibility of magnetic exchange coupling betwe
two ferromagnets~F! separated by a superconductor. T
system of choice was a trilayer made of two identical se
infinite ferromagnets separated by a supeconductor spac
thicknessds . Provided that threeprima facieconditions are
satisfied, magnetic exchange coupling is predicted to exis
large spacer thickness (kFs

ds@1). These important condi
tions are as follows. First, an indirect exchange coupl
between the ferromagnets must exist when the super
ductor is in its normal state . Second, superconductivity m
not be destroyed due to the proximity to ferromagne
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boundaries. Third, roughness of theF/S interfaces must be
small. Under these conditions, when the superconducto
cooled off below its critical temperature, the magnetic co
pling is expected to change. The appearance of the super
ducting gap causes a reduction of the indirect exchange
pling existent in a correspondingT50 normal state. This
reduction was predicted to occur within a length scale c
trolled by the coherence length of the superconductor. F
thermore, the coupling was predicted to be temperature
pendent, i.e., the reduction of the coupling amplitude w
smaller at zero temperature and larger near the critical t
perature due to thermal effects.

It was emphasized that the prevailing experimental e
dence indicates that the exchange coupling with metal s
ers is short ranged, i.e., the magnetic coupling can only
observed across a layer of thickness 10 to 130 Å.7 Thus, the
key question, for both theory and experiment, was the
lowing. Could such a thin metallic layer survive pair brea
ing effects of the ferromagnetic layers from both sides a
yet remain superconducting? This question poses an im
tant experimental challenge, given that presently there ar
known multilayered systems that show magnetic coupl
both above and belowTc . The main reason for the inexis
tence of such an experimental system is that the condit
that need to be satisfied are difficult to achieve. It was
purpose of this paper to show that appropriate choices
superconductor and ferromagnet lead to the survival of
perconductivity and to new effects on the magnetic coupli
The desirable superconductor should havehigh critical tem-
perature andshort coherence length, while the desirable fe
romagnet should bemetallic with not so largepair breaking
effects. Furthermore, the desirableF/S interfaces should be
atomically flat and well lattice matched to avoid the effe
of roughness and strain. Thus, ideal systems to study t
retically and experimentally are high-Tc superconductor/
colossal magnetoresistance ferromagnet multilayers s
as Nd22xCexCuO4 /La12ySryMnO3 or Nd22xCexCuO4 /
La32ySryMn2O7 ~for the s-wave case! and
YBa2Cu3O72d /La12ySryMnO3 or YBa2Cu3O72d /
La32ySryMn2O7 ~for the d-wave case!. In addition to these
systems, the newly discovered layered rutheno cupr
~Ru1212! are also good candidates of magnetic coupl
across the superconducting layers, since the supercondu
state is not destroyed by the proximity to the FM layers a
the ferromagnet/superconductor interface is atomically fla43

Four basic questions were the central topic of this pap
First, how does the presence of ferromagnetic layers af
the superconductivity of the spacer? Second, does anyt
dramatic happens to the magnetic coupling when the sys
is cooled through the superconducting transition tempera
of the spacer? Third, what happens to the magnetic coup
at very low temperatures when the superconductivity of
spacer is well established? Fourth, what are the effect
interfacial roughness?

The answer to the first question is that weak ferromagn
do not strongly suppress the critical temperatureTc of the
short coherence length (jGL) superconductor, because pa
breaking effects are not large (aPB!1). Thus, the supercon
ducting state is expected to survive down to modera
small spacer thickness provided thatpjGL!deff5ds12b),
whereb is the extrapolation length defined at theF/S inter-
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face. Thus, for a system withjGL'10 Å and b'60 Å,
superconductivity is expected to survive all the way down
spacer thicknessds510 Å. The need for a short coherenc
length superconductor and a weak ferromagnetic metal
crucial for the survival of superconductivity down to sma
thickness.

The answer to the second question is that nothing d
matic happens to the magnetic coupling atTc . NearTc (D
!Tc) spin polarization is easily accessible at nearly ze
energy cost~almost zero gap!, thus the magnetic coupling i
essentially controlled by the normal-state properties of
superconductor. The intermediate quasiparticle states
semble the normal-state eigenfunctions, except for the p
ence of small superfluid density controlled byD. This leads
to a small reduction of the amplitude of the coupling co
trolled by D/EF'0.26(12T/Tc)

1/2/(kFs
jGL). Therefore, the

magnetic coupling just crosses over from the RKKY-lik
oscillatory coupling in the normal state to a similar behav
just belowTc , with a slight reduction in the amplitude, bu
with an additional temperature dependence. Such an a
tional temperature dependence is absent when the supe
ducting spacer is in its normal state, sinceD vanishes. The
only temperature dependence left in the normal state is
to the thermal lengthkFs

lT5EF /pT. Furthermore, the ap
pearance of superconductivity does not introduce any n
periods, since no new momentum modulation in the s
degrees of freedom occurs at length scales comparable
kFs

21.

The answer to the third question is that at low tempe
tures (D/T@1) there is an energy cost to be paid, sin
almost all electrons that were easily polarized in the norm
state of the superconductor are now paired into singlets. A
result the spin polarization of the superconductor is cos
i.e., when summing over all intermediate states~virtual qua-
siparticle states! there is a minimum energy required: th
superconducting gap. The gap introduces a new length s
jGL which controls the decay of the coupling amplitud
However, this length scale (jGL) is responsible for a large
magnetic coupling at low temperature in comparison w
the same coupling close toTc ~which is controlled bylT).

The answer to the fourth question is that the effects
roughness on the critical temperature of the supercondu
are not so important provided that the length scale for rou
ness fluctuationsl r!jGL . But the effects of roughness o
the magnetic coupling are very important, sincel r can be
easily of the order of the magnetic oscillation periodl p
5p/kF and average out the oscillatory behavior. Thus, p
vided that the variance of thickness fluctuationss is much
smaller than the mean value thicknessd̄s , and thats is small
in comparison with the periodl p , magnetic coupling should
still be observed, both in the normal state and in the sup
conducting state of the spacer.

VII. FINAL COMMENTS

Here, only isotropics-wave supercondutors with short co
herence lengths have been discussed. But, allowing for
isotropy in the superconductor, and allowing for the ex
tence of nodes in the gap function~say d-wave order
parameter! seems to be the next natural~experimental and
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theoretical! steps to investigate magnetic coupling across
perconductors. Specially because the conditions for the
servation of magnetic coupling~which includehigh tempera-
ture andshort coherence length superconductors! are easily
met by high-Tc copper-oxide superconductors. In particul
multilayers of weak ferromagnets separated by hi
Tc-short-coherence length copper-oxide superconductors
very natural candidates. After the discovery of colossal m
netoresistance materials which have a similar perovs
structure to the copper oxide superconductors, it may be
sible to grow high Tc /CMR multilayers, such as
Nd22xCexCuO4 /La12ySryMnO3 or Nd22xCexCuO4 /
La32ySryMn2O7 ~for the s-wave case! and
YBa2Cu3O72d /La12ySryMnO3 or YBa2Cu3O72d /
La32ySryMn2O7 ~for thed-wave case!. The advantage of us
ing these multilayers over more conventional materials
clear.~a! The critical temperatures of these superconduc
is one order of magnitude higher than conventional sup
conductors, the coherence lengths are extremely short,
superconductivity survives down to a single monolayer.~b!
High-Tc and CMR materials are perovskites with nea
matched lattices, which should reduce roughness and st
at their interfaces.~c! CMR materials have highTF ~between
120 and 300 K! and may be weak ferromagnets, i.e.,aPB
!1. Additional complications do occur, however: high-Tc
superconductors are layered, their gap function~in the hole
doped superconductors! is anisotropic and has nodes at t
Fermi surface, i.e.,d wave.37 The gap anisotropy makes th
problem of magnetic coupling through these systems m
complex, but also more interesting, since nodes may lea
quite nontrivial spatial, directional, and temperature dep
dences ofHeff . Lastly the newly discovered rutheno cuprat
~Ru1212! are also good candidates of magnetic coupl
across the superconducting layers, since the supercondu
state is not destroyed by the proximity to the FM layers a
the ferromagnet/superconductor interface is atomically fla43

If the number of cuprate planes can be systematic
changed then magnetic coupling between ruthenate pl
and its consequences can be systematically studied as a
tion of the number of cuprate layers.

Note added in proof.Nikolaev et al.46 have observed os
cillatory exchange coupling in epitaxial oxide heterostru
tures consisting of layers of the CMR materi
La2/3Ba1/3MnO3 separated by the paramagnetic metal ni
elate LaNiO3. Although LaNiO3 is not superconducting a
low temperatures, the observed magnetic oscillatory c
pling was damped and resembled the normal-state mag
coupling plotted in Fig. 4 of this paper. Their damping co
ficient may be due to thermal and/or interfacial roughn
effects, as discussed here in Sec. V. The experimental re
of Ref. 46 indicate that the possibility of making oxide he
erostructures consisting of CMR materials and cuprate
ides is very real and that the possible observation of m
netic coupling through superconductors is very near.
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APPENDIX A

This appendix is dedicated to the derivation of Eq.~18!,
starting from equation~17! and from the saddle point ga
equation

D~r !/g5Tr@Gs2#/b. ~A1!

The effective Hamiltonian to second order, that involv
coupling across the superconductor, is

Heff'2
1

2b(
iv

E dr1

V E dr2

V
G@LA1LB#, ~A2!

where

G5J1J2^Sz&1^Sz&2@Q~x12ds/2!Q~2x22ds/2!

1Q~x22ds/2!Q~2x12ds/2!#

represents thecouplingof the exchange fields from the tw
ferromagnets and

LA5G↑↑~r1 ,r2 ; iv!G↑↑~r2 ,r1 ; iv!

1G↑↓~r1 ,r2 ; iv!G↓↑~r2 ,r1 ; iv!, ~A3!

LB5G↓↓~r1 ,r2 ; iv!G↓↓~r2 ,r1 ; iv!

1G↓↑~r1 ,r2 ; iv!G↑↓~r2 ,r1 ; iv!, ~A4!

represent the propagators~Green’s functions! that carry the
spin information across the superconductor. The Gree
function matrixG has elements

G↑↑~r1 ,r2 ; iv!5(
n

H un* ~r2!un~r1!

iv1en
1

vn~r2!vn* ~r1!

iv2en
J ,

~A5!

G↓↑~r1 ,r2 ; iv!5(
n

H vn* ~r2!un~r1!

iv1en
2

un~r2!vn* ~r1!

iv2en
J ,

~A6!

G↑↓~r1 ,r2 ; iv!5(
n

H un* ~r2!vn~r1!

iv1en
2

vn~r2!un* ~r1!

iv2en
J ,

~A7!

G↓↓~r1 ,r2 ; iv!5(
n

H vn* ~r2!vn~r1!

iv1en
1

un~r2!un* ~r1!

iv2en
J ,

~A8!

whereen are the eigenvalues of the Bogoliubov–de Genn
equations

enun~r !5Heun~r !1D~r !vn~r !, ~A9!

envn~r !5D* ~r !un~r !2He* vn~r !. ~A10!
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Notice that these Bogoliubov–de Gennes equations do
carry spin indices since the ferromagnetic layers are tre
as a perturbation. This fact simplifies the problem dram
caly in comparison to thenumericalcalculations of Sipr and
Gyorffy,24 where the spin dependent Bogoliubov–de Gen
equations have been used.44,45

These Bogoliubov–de Gennes equation has to be so
together with the gap equation~A1!, which can be expresse
as

D~r !5
1

b (
iv

G↓↑~r ,r ; iv!, ~A11!

leading finally to

D~r !

g
5(

n
un~r !vn* ~r !@122 f ~en!#. ~A12!

The expressions for Eqs.~A3! and ~A4! can be rewritten
after summation over frequency as

LA5(
nm

$lAT
(nm)Tnm1lAP

(nm)Pnm%, ~A13!

LB5(
nm

$lBT
(nm)Tnm1lBP

(nm)Pnm%, ~A14!

where Tnm and Pnm are just thermal factors for th
quasiparticle-quasihole and quasiparticle-quasiparticle ch
nels given by

Tnm5
1

b (
iv

1

~ iv6en!~ iv6em!
5

f ~em!2 f ~en!

em2en
,

~A15!

Pnm5
1

b (
iv

1

~ iv6en!~ iv7em!
5

f ~em!1 f ~en!21

em1en
.

~A16!

The l coefficients are products of coherence factorsA, B,
andC defined below, i.e.,

lAT
(nm)5@An~1,2!Am~2,1!1Bn~1,2!Bm~2,1!

1Cn~1,2!Cm* ~1,2!1Cn~2,1!Cm* ~2,1!#,

~A17!

lAP
(nm)5@An~1,2!Bm~2,1!1Bn~1,2!Am~2,1!

2Cn~1,2!Cm* ~2,1!2Cn~2,1!Cm* ~1,2!#,

~A18!

lBT
(nm)5@Bn~2,1!Bm~1,2!1An~2,1!Am~1,2!

1Cn* ~2,1!Cm~2,1!1Cn* ~1,2!Cm~1,2!#,

~A19!

lBP
(nm)5@Bn~2,1!Am~1,2!1An~2,1!Bm~1,2!

2Cn* ~2,1!Cm~1,2!2Cn* ~1,2!Cm~2,1!#,

~A20!
ot
ed
i-

s

ed

n-

where the coherence factors, expressed in terms of the ei
functionsun(r ) andvn(r ), are

An~1,2!5un* ~r2!un~r1!, ~A21!

Bn~1,2!5vn~r2!vn* ~r1!, ~A22!

Cn~1,2!5un* ~r2!vn~r1!. ~A23!

The calculation of the exchange coupling defined in E
~A2! is very difficult, because it involves the knowledge
the eigenvalues and eingenvectors of the Bogoliubov
Gennes~BdG! equations~A9! and ~A10!, a sum over all
these intermediate states at finite temperatures and a do
integration in real space. Thus, the general results can
be obtained through heavy numerical computations. H
though, this path is not chosen. First, an understanding
simplified version of the problem is attempted.

The solutions of the BdG equations are quite genera
written as

un~r !5hun
~x!exp@ i ~kyy1kzz!#, ~A24!

vn~r !5hvn
~x!exp@ i ~kyy1kzz!#, ~A25!

where the translational invariance of the system along theyz
was taken into account. The BdG equation reduces to
form

enh~x!5He~x!szh~x!1D~x!sxh~x!5V̂h~x!,
~A26!

where the eigenvector h(x) has components
@hun

(x),hvn
(x)#. Here the single particle Hamiltonian is

He~x!52
1

2m

]2

]x22meff1U~x!, ~A27!

with an effectivechemical potential

meff5m2
k'

2

2m
, ~A28!

wherek'
2 5ky

21kz
2 . It is important to notice that the operato

V̂ is not positive definite, i.e.,en and2en are simultaneous

eigenvalues ofV̂. To circumvent this difficulty, it is useful to
square the operatorV̂ to obtain

V̂2~x!5He
2~x!1D2~x!1 i @He~x!,D~x!#sy , ~A29!

and it is also useful to write the corresponding eigenvec
h(x) as

h~x!5wn~x!pn~x! ~A30!

where pn(x) is a spinor state with componen
@pun

(x),pvn
(x)# andwn(x) is a scalar function satisfying th

eigenvalue equation

He~x,k'!wn~x!5jn~k'!wn~x!, ~A31!

in the normal state of the superconductor. In addition, no
that the eigenfunctionsh(x) can be classified in terms o
even and odd solutions about the pointx50, given that the



an

-

n

.,

e

iv
q.

o
d

ho

-

PRB 62 12 313MAGNETIC EXCHANGE COUPLING THROUGH . . .
single particle potentialU(x) and the pair potentialD(x) are
even functions ofx. In addition, the squared eigenergies c
be written as

en
25^He

2~x!&1^D2~x!&1 i ^@He~x!,D~x!#sy&, ~A32!

and since the operatorV̂ is Hermitian and havereal eigen-
valuesen , the squared eigenergiesen

2 must be real and posi
tive definite.

With these simplifications it is easy to obtain the eige
functions wn(x), but it is still very difficult to obtain the
spinor p(x). If we assume thatp(x) is a spinor with real
elements, then the last term in~A32! vanishes. This can be
assumed without loss of generality. If, in addition,p(x) is
nearly independent ofx a dramatic simplification occurs, i.e

upun
u25

1

2
@11jn /en#, ~A33!

upvn
u25

1

2
@12jn /en#, ~A34!

where the eigenvalues are

en
25jn

21D2, ~A35!

with D5^D(x)&. This simplification is justified only when
D(x) can be approximated by its spatially averaged valu

^D~x!&5g(
n,k'

^wn
2~x!&

D

2en~k'!
$122 f @en~k'!#%.

~A36!

The analysis described in this appendix applied to Eq.~A2!
leads to effective magnetic coupling indicated in Eq.~18! of
Sec. IV.

APPENDIX B

In this appendix, the procedure to calculate the effect
Hamiltonian is outlined. The effective Hamiltonian of E
~18! can be written as

Heff52
EJ

N3D
E E

]Vj,j8

djdj8N~j,j8!Q~j,j8,D!,

~B1!

where

N~j,j8!52 (
n,m,k'

E E
]Vx1 ,x2

dx1dx2Dnmk'
~x1 ,x2!

3d@j2jn~k'!#d@j82jm~k'!# ~B2!

plays the role of a spatially averaged two-particle density
states, withDnmk'

(x1 ,x2) being the weighting factor define
in Eq. ~20!. The function

Q~j,j8,D!5CT~j,j8,D!T~j,j8,D!

1CP~j,j8,D!P~j,j8,D! ~B3!

contains the coherence factors in the quasiparticle-quasi
sector
-

e

f

le

CT~j,j8,D!5@pu~j,D!pu~j8,D!1pv~j,D!pv~j8,D!#2

~B4!

and quasiparticle-quasiparticle sector

CP~j,j8,D!5@pu~j,D!pv~j8,D!2pv~j,D!pu~j8,D!#2.

~B5!

The quasiparticle-quasihole thermal factor

T~j,j8,D!5
f ~e8!2 f ~e!

e82e
, ~B6!

and the quasiparticle-quasiparticle thermal factor is

P~j,j8,D!5
f ~e8!1 f ~e!21

e81e
, ~B7!

wheree5Aj21D2. Using the definitions

pu~j!5
1

A2
A~11j/e!, ~B8!

pv~j!5
1

A2
A~12j/e!, ~B9!

the coherence factors can be rewritten as

CT~j,j8,D!5
1

2F11
jj8

ee8
1

D2

ee8G , ~B10!

CP~j,j8,D!5
1

2F12
jj8

ee8
2

D2

ee8G . ~B11!

Using the fact thate822e25j822j2 (s-wave case, whereD
is independent ofj), the effective Hamiltonian can be writ
ten as a sum of two contributions:

Heff
(1)52

EJ

N3D
E

2m

`

djG~e!jI 1~j!, ~B12!

Heff
(2)52

EJ

N3D
@2D2#E

2m

`

djG~e!I 2~j!, ~B13!

where the auxiliary function is given by

G~e!5tanh~e/2T!/e ~B14!

and the auxiliary integrals are of the form

I 1~j!5E
2m

`

dj8
N~j,j8!

j82j
, ~B15!

I 2~j!5E
2m

`

dj8
N~j,j8!

j822j2
. ~B16!

The dominant contribution toHeff in the asymptotic limit
kFsds@1 comes fromHeff

(1) , where

I 1~j!5
FN3D

4p2~2kFsds!
2

dsA 2m

Aj1m
sin@2dsA2m~j1m!#.

~B17!
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The evaluation ofHeff'Heff
(1) proceeds as follows. Defining

z5e/2T, integrating by parts over the variablej in Heff
(2) , and

making the variable substitutionj5h2/2m2m leads to

Heff'2
EJF

4p2~2kFsds!
2
G~ds!, ~B18!

with

G~ds!5
1

2mT
ReE

0

`

dhh exp~2ihds!

3F tanh~z!

z
1j

d

dj S tanh~z!

z D G , ~B19!

where Re indicates real part. Using the series representa

tanh~z!

z
58(

n

1

p2~2n11!214z2 , ~B20!

where n is a positive integer, settingb51/T and m5EF ,
one can write

G~ds!5
4b

m

]

]a
@aL~a,ds!#ua51 , ~B21!

where the auxiliary functionL(a,ds) can be represented b
the integral

l~a,ds!5Re(
n
E

0

`

dh
h exp~2ihds!

p2~2n11!21b2D21a2b2j2 .

~B22!

The poles of the integrand occur ath56hnexp(6iun)
where abhn

2/2m5Ab2EF
21yn

2, yn
45p2(2n11)21b2D2

and tan(2un)5yn
2/(bEF). Integration over the first quadran

of the complex plane leads to

L~a,ds!5
pm

ab (
n

S 1

yn
2 exp@22hndssin~un!#

3cos@2hndscos~un!# D . ~B23!

This expression can be estimated in the limitD@T leading
to

G~ds!52 cos~2kFs
ds!exp~2kFs

dsD/EF!, ~B24!

and in the limitD!T leading to

G~ds!52 cos~2kFs
ds!F12

2

3p2 S D

EF
D 2Gexp~2pkFs

dsT/EF!.

~B25!

Combining Eqs.~B24!, ~B25!, and~B18! leads to Eqs.~24!
and ~25! of Sec. V.

APPENDIX C

The averaged gap equation indicated in Eq. A36 can
recast in the form
ion

e

^D~x!&5gE
2m

`

dj^N1~j,x!&
D

2
G~e!, ~C1!

whereG(e) is the same function as in Eq.~B14!, and

^N1~j,x!&5 (
n,k'

^wn
2~x!&d@j2jn~k'!# ~C2!

is the spatially averaged normal density of states. In
asymptotic limitkFs

ds@1, and forU0 /EF!1,

^N1~j,x!&5
am

2p2F12
Si~ads!

ads
G , ~C3!

where a5A2m(j1m) and Si(ads) is the complementary
sine integral defined by

Si~ads!5E
0

ads
dy

sin~y!

y
. ~C4!

Since the main contribution to the integral in Eq.~C1! comes
from contributions close to the Fermi energy, one can
proximate^D(x)& by

^D~x!&'
^N1~0,x!&
N3D~0!

D`~T!. ~C5!

Using the asymptotic forms of Si(z) one obtains

^D~x!&'D`~T!F 12
p

4kFs
ds

1
cos~2kFs

ds!

~2kFs
ds!

2
1

sin~2kFs
ds!

~2kFs
ds!

3 G .

~C6!

This result relies heavily on the assumption that the
ergy spectrum can be approximated by Eq.~A35!, it is in-
trinsically perturbative in nature, and represents an aver
over the spacer thicknessds . This result should be con
trasted with more realistic calculations of Valls an
collaborators,26,27where changes in the order parameter n
a superconductor-insulator interface and in superconduc
films were calculated self-consistently for both short a
long coherence length superconductors. Since the estima
Eq. ~C6! is perturbative and involves the assumption of we
metallic ferromagnets, it is not clear how to compare t
present results with those of Valls and collaborators,26,27

where superconductor-insulator interfaces are conside
The same method employed in their nice work should
applied here for a more realistic estimate, however, this
culation is beyond the scope of the present manuscript.

The results of this appendix differ subtantially from th
GL results with boundary conditions presented in Sec.
where the intrinsic assumption that the only length scale
evant to the spatial variation of the order parameterD(x)
was the coherence lengthjGL . In the present appendix, thi
assumption is relaxed by considering that the spatial va
tions of the order parameter are controlled by the avera
changes normal state density of states^N1(j,x)&, thus by
changes of the order of the Fermi wavelengthlF52p/kF .
This approximation seems to be consistent with the lim
wherekFjGL'O(1), andindicates that the averaged ord
parameter̂ D(x)& approaches the bulk value from below
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Within the same aproximation to obtain Eq.~C1!, the critical
temperature can be calculated to be

Tc~ds!5Tc~`!exp~2h/gN3D!, ~C7!

where the parameter

h5
p

4kFs
ds

1
cos~2kFs

ds!

~2kFs
ds!

2
1

sin~2kFs
ds!

~2kFs
ds!

3
. ~C8!

Sinceh!1, the critical temperature takes the form

Tc~ds!5Tc~`!@12h/gN3D#, ~C9!

which varies very little as a function ofds for largekFs
ds ,

and thus superconductivity is not strongly suppressed. T
seems also to be the case for short coherence length s
w

.
tt.
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D
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.D
is
er-

conductors in a slab geometry with insulatin
boundaries.26,27Thus, all this suggests that the approximati
used in this appendix is valid forkFs

jGL'O(1).
The reason for the difference between the Ginzbu

Landau results of Sec. III and the approximation discusse
this appendix is the following. In the derivation of th
Ginzburg-Landau theory it was implicitily assumed that t
variation of the order parameter is very small over a ran
much larger than the interatomic distance, which means
the first derivative terms of the order parameter do not c
tribute to the free energy functional even near the surfa
This seems to be microscopically correct for the case of lo
coherence length superconductors, but for short cohere
length superconductors a significant variation of the or
parameter near the boundaries is expected, as it is also
case near superconductor/insulator interfaces.26,27
nd
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