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Charge and spin ordering process in the mixed-valence system LuFe2O4: Charge ordering

Y. Yamada, K. Kitsuda, S. Nohdo, and N. Ikeda
Advance Research Center for Science and Engineering, Waseda University, Okubo, Tokyo 169-0072, Japan

~Received 3 April 2000!

The charge ordering process in a mixed valence system LuFe2O4 is investigated both experimentally and
theoretically. The experimental results using various types of diffraction techniques reveal the following
unique features. ~i! The system undergoes sequential transitions: disorder→2D-CDW→3D-CDW. ~ii ! The
structure stabilized in the lowest temperature is characterized by an incommensurate charge-density-wave
~CDW! state.~iii ! In the intermediate temperature range, there appear strong diffuse streaks running along the
rhombohedral unique axis which show subtle zig-zag modulation. These experimental results are analyzed
based on the assumption that the ordering charges are essentially localized on Fe sites. The energy between the
electron pairs up to the nearest-neighbor hexagonal double layers are taken into account to discuss the stable
charge configuration and the properties of charge fluctuations. It has been shown that the experimentally
observed unique features of the charge ordering process are satisfactorily explained only when the intercharge
interaction between the neighboring layers is taken to be attractive.
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I. INTRODUCTION

LuFe2O4 belongs a class of materials generally expres
by RFe2O4 ~R indicates rare-earth metals!.1 The crystals of
these materials belong to the rhombohedral system~space

group R3̄m! ~Ref. 2! and have the following characterist
properties: ~i! In these crystals, Fe ions are arranged
form the hexagonal double layers and stack in the seque
of (AB),(CA),(BC),... along the rhombohedral unique ax
@See Fig. 1~a!#. ~ii ! The average valence of Fe ions
Fe2.51, which implies that Fe21 and Fe31 ions occupy the
equivalent Fe sites on the hexagonal net plane with eq
probability when averaged out.

These features lead to an interesting characterizatio
these materials to be a charge-spin frustrated system.
aspect of spin frustration has been noticed earlier3–6 and
various experimental studies have been carried out. The
pect of charge frustration was later pointed out by Ikeda
co-workers in connection with the anomalous dielectric
havior in this class of materials.7–9

The formal similarity of spin frustration and charge fru
tration is explained in Fig. 1~b!. Suppose one tries to arrang
an equal number of the excess charge of Fe21 ~represented
by the black site! and the excess hole~represented by the
white site! on the hexagonal lattice. The common neare
neighbor site adjacent to a black and white pair is frustra
as symbolically represented by the gray site in the figu
which means that the ground state of the system tends t
degenerated.

The frustration or the degeneracy of the ground st
would affect the charge-spin ordering process in these m
rials to exhibit somewhat unique features, in particular in
properties of fluctuations of the order parameters.

The purpose of the present study is to carry out exp
mental investigations on the ordering process in LuFe2O4 in
both the charge system as well as in spin system with
phasis on the properties of the charge-spin fluctuation
order to elucidate the microscopic interactions acting
PRB 620163-1829/2000/62~18!/12167~8!/$15.00
d

o
ce

al

of
he

s-
d
-

t-
d
,

be

e
e-
e

i-

-
in
-

tween charges and spins. In this paper~Part I!, we focus our
attention on the charge ordering process. In Sec. II, the
perimental results are presented. Based on the theore
treatment developed in Sec. III, the experimental results
analyzed in Sec. IV. Section V is devoted to the summ
and discussions. A preliminary report of the present wo
has been published elsewhere.10

II. EXPERIMENTAL

Various types of diffraction techniques have been utiliz
in the present experiment. Single-crystal samples were
vided by S. Kito of the Electrochnical Laboratory using th
FZM method. Details of growing single crystals were r
ported elsewhere. The 200 keV electron microscope JE
200CX installed at theY amamoto Laboratory, Tokyo Insti
tute of Technology, was utilized to obtain the overa
features of the diffraction characteristics of this material.
the other hand, x-ray-diffraction experiments were carr
out at Noda Laboratory, Chiba University, with a four-circl
type diffractometer and MoKa radiation. Neutron-
diffraction studies were performed at the JRR-3 reactor,
pan Atomic Energy Research Institute. The triple-axis-ty
spectrometers were mainly utilized. In contrast to t
electron-diffraction measurements, the x-ray and neutr
diffraction results provided more detailed informations
the diffraction characteristics throughout a wide temperat
range of 4 K,T,550 K.

~i! 320 K,T&500 K. In this temperature region, th
electron-diffraction pattern in~h h l! reciprocal plane~in this
paper, we use the hexagonal index instead of the rhomb
dral index corresponding to the space groupR3̄m! exhibits
the following characteristic features: As is shown in Fig. 2
Ref. 10, in addition to the fundamental Bragg reflectio
indexed by (h h 3l ), there appear strong diffuse streaks ru
ning along thec* axis on (h61/3k61/3 l ). However, with
a more detailed observation of the electron-diffraction p
tern, one notices that the diffuse lines show systematic su
zig-zag behavior.
12 167 ©2000 The American Physical Society
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12 168 PRB 62Y. YAMADA, K. KITSUDA, S. NOHDO, AND N. IKEDA
~ii ! T,320 K. As the temperature is lowered below 3
K, the diffuse streaks start to condense to give discrete
ellite reflections. The x-ray-diffraction pattern aroun
(1/3 1/3l ) observed atT5270 K is given in Fig. 2~a!. It is
noticed that the satellites are not on the exact (1/3 1/3l ) line,
but show small shifts along the@h h 0# direction, resulting in
similar zig-zag behavior to the diffuse streak observed aT
.320 K. In the figure, we have expanded the horizontal a
~@110# axis! by a factor of 10 compared with the actu
c* /a* ratio in order to demonstrate the shifts clearly. Figu
2~b! gives the detailed diffraction pattern in the actual rec
rocal space. There are diffuse streaks still remaining wh
seem to connect the satellite reflections. Detailed analys
the satellite positions shows that series of satellite reflect
are consistently indexed by considering small incommen
rability d from (1/3 1/3l ) as follows:

~h h l!1~1/3~11d!,1/3~11d!,3/2!: l 53n,

~h h l!1~22/3~11d!,1/3~11d!,3/2!: l 53n11,

FIG. 1. ~a! Schematic description of the crystal structure

RFe2O4 belonging to space groupR3̄m. Fe ions form the hexago
nal double layer such as~A,B! which are sandwiched by~Lu, O!
blocks and stacked along the rhombohedral unique axis in the
quence of~AB!, ~CA!, ~BC!. ~b! Spin frustration vs charge frustra
tion on a 2D hexagonal lattice. The common nearest-neighbor
for the (↑2↓) pair ~black and white pair! has no preference of↑ or
↓ ~black or white! since the energy is completely degenerated. T
situation is expressed by the gray site in the case of charge fru
tion.
t-

is

-
h
of
s

u-

~h h l!1~1/3~11d!,22/3~11d!,3/2!: l 53n21,

d50.0081. ~1!

Notice the satellites forl 53n61 are slightly off from the
exact~h h l! reciprocal plane. This feature is manifested
the fact that the intensities of these satellites are system
cally weaker than those forl 53n @See Fig. 2~a!#.

In addition, another type of satellite pair appears in t
same temperature range having the indices

~h h l!6~d8,d8,1/2! ~ l 53n!.

d850.030. ~2!

The profile of the satellite pairs around~0 0 22.5! observed
by x-ray scanning through the@h h 0# line is given in Fig. 3.

The overall diffraction characteristic atT,320 K is given
schematically in Fig. 6~b! of Ref. 10. The pattern clearly
demonstrates that belowTc5320 K, three-dimensional 3D
ordering has been developed where the order paramete
hibits incommensurate modulation in the space.

SinceTc just corresponds to the critical point where th
dielectric constant shows anomalous behavior, we infer
the transition is associated with the charge ordering proc

e-

ite

s
ra-

FIG. 2. ~a! Observed x-ray-diffraction pattern around~1/3 1/3 l!
at T5270 K. The satellite reflections are indexed by the incomm
surate values. In order to demonstrate the incommensurab
clearly, the horizontal@1 1 0# axis is expanded by a factor of 1
compared with the actualc* /a* ratio. ~b! Detailed x-ray-
diffraction pattern withinl 523– 30 in the actualc* /a* ratio. There
are still some diffuse streaks remaining connecting between
neighboring satellite reflections.
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PRB 62 12 169CHARGE AND SPIN ORDERING PROCESS IN THE . . .
of Fe ions, and identify the order parameter to be the lo
charge density on the Fe site. Although x-ray diffraction
not an effective probe to observe the valence electron d
sity, a change in valence electron configuration at the Fe
inevitably introduces displacements of the neighboring o
gens to form small polarons. In this context, x-ray as well
neutron diffraction is effectively detecting the charge ord
ing through small lattice distortions associated with the
laron ordering.

Temperature variations of the integrated intensities of
satellites observed by neutron diffraction are shown in Fig
The satellite reflection@1/3(11d), 1/3(11d), 13.5# shows
only a slight change atTc(5320 K). The remanent intensit
aboveTc is due to the strong diffuse streak intensity, whi
gradually decreases to disappear aroundT;500 K. We in-
terprete that in the temperature range of 320 K,T,500 K,
only the short-range order of the charge density develo
However, since the intralayer correlation length is so large
compared with the interlayer correlation length, the state
this temperature range may be characterized by a 2D ord
state in hexagonal basal plane. On the other hand, the
grated intensity at (d8,d8,13.5) starts to appear atTc
5320 K showing characteristics of ordinary 3D cooperat
ordering. Summarizing, the phase transition scheme
LuFe3O4 is viewed as shown in the following diagram.

In the 2-D ordered state, the wave vector,k~2D!, of the
charge density wave is given byk~2D!5(1/3 1/3) if we as-
sume that the streak is running exactly parallel to thec* axis.
In this approximation, we may visualize the system to b
random stacking of charge ordered hexagonal layer wh

FIG. 3. Observed x-ray intensity profile around~0 0 13.5!
scanned along@1 1 0# direction atT5300 K. The satellite pair is
indexed by (0 0 13)6(d8d81/2), d850.030.
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the in-plane charge-density wave~CDW! is characterized by
the wave vectork~2D!5(1/3 1/3). In the 3D ordered state, th
charge-density wave is characterized by the wave vectok
5@1/3(11d),1/3(11d),3/2# with d50.081. The other
types of satellite reflections at (h h l)6(d8,d8,1/2) are con-
sidered to be a higher-order effect corresponding to the th
order harmonic which has the wave vectork853k.

III. THEORY

As is described in the preceding section, LuFe2O4 exhibits
the phase-transition scheme associated with the charge o
ing which shows the following rather unique features.

~i! It undergoes sequential transitions: disorder→2D-
CDW→3D-CDW.

~ii ! The ground state stabilized in low temperatures
characterized by incommensurate CDW state.

~iii ! In the intermediate temperatures, the diffraction p
tern exhibits peculiar zig-zag diffuse streaks.

In order to elucidate the physical origin of these featur
we investigate theoretically the thermodynamical proper
of the mixed-valence system based on the assumption
the valence electrons are essentially localized on Fe site

We start with setting up the Hamiltonian given by th
potential energy between the excess electrons and holes
tive to the average valence of12.5 on the Fe sites as fol
lows:

H5( Ji j
vv8

•Si
vSj

v8 , v51,2. ~3!

Here the variableSi
v takes on

FIG. 4. Temperature dependences of the integrated intensitie
the satellite reflections. In the figure the magnetic reflect
~1/3 1/3 0! is also included which will be discussed in the seco
part of the paper.
Si
v5 H 1 :when then site in the i ’s unit cell is occupied by the Fe21 ion,

21 :when then site in the i ’s unit cell is occupied by the Fe31 ion,
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12 170 PRB 62Y. YAMADA, K. KITSUDA, S. NOHDO, AND N. IKEDA
andJi j
vv8 is the interaction between the pair of electrons/ho

on ~i, v! and (j ,n8) site. Notice there are two Fe sites in th
primitive rhombohedral unit cell: Fe~I! at ~0 0 0! and Fe~II !
at ~1/2 1/2 1/2!, so thatn takes on 1 or 2.

By defining the Fourier transforms

Sv~k!51/AN (
i

Si
veik•r i,

Jvv8~k!51/AN (
j

Ji j
vv8eik•r i j , ~4!

the Hamiltonian is rewritten as

H5(
k

S1~k!•J~k!•S~k!. ~5!

Here,S(k) is the column vector,

S~k!5S S~1!~k!

S~2!~k! D , ~6!

andJ(k) is the (232) matrix given by

J~k!5S J11~k! J12~k!

J21~k! J22~k!
D , ~7!

Following the conventional diagonalization procedure,
have

H5(
k

(
s

Js~k!uSs~k!u2, ~8!

Ss~k!5(
v

Cv
s~k!•Sv~k! ~s51,2!. ~9!

Here,Js(k) is the energy eigenvalue andSs(k) is the cor-
responding normal mode of the charge distribution speci
by the branch indexs and the wave vectork.

Following the well-known thermodynamical treatme
within the random-phase approximation~RPA!, we expect
the cooperative ordering in$Si

v% system to take place at th
transition temperatureTc given by

Tc5Jl~k0!/kB , ~10!

whereJl(k0) is the lowest energy eigenvalue. The order
configuration stabilized belowTc is given by the normal
modesSl(k0) corresponding to the eigenvalueJl(k0).
s

e

d

d

Thus, given the set of the interaction parameters$Ji j
mv%,

we can infer the stable charge pattern as follows:

Si
v5ŜCv

leik0•r i, ~11!

whereŜ is the amplitude of the order parameter andCv
l(k0)

is thenth component of the normal coordinate specified
(k0 ,l).

In the following, we take into account the interactions
to the fourth neighbor as illustrated in Fig. 5. As is seen
the figure,J1 andJ2 are interactions within the double laye
while J3 andJ4 give the interactions between the neighbo
ing double layers. Obviously, the existence of the int
double-layer interactions such asJ3 andJ4 are necessary to
achieve a 3D ordered state.

~i! J450. To proceed stepwise, we first consider t
case whenJ450. The matrix elements of theJ(k) matrix are
given explicitly by

FIG. 5. Effective interactions between charges taken into
count in the present treatment. Further interactions are negle
because the dielectric medium should effectively screen the
Coulombic interaction.
J11~k!5J22~k!5J1$cos 2p~h1k!1cos 2ph1cos 2pk%,

J12~k!5J21* ~k!5J2$exp 2p i ~1/3h12/3k21/3l !1exp 2p i ~22/3h21/3k21/3l !1exp 2p i ~1/3h21/3k21/3l !%

1J3$exp 2p i ~2/3h11/3k22/3l !1exp 2p i ~21/3h11/3k22/3l !1exp 2p i ~21/3h22/3k22/3l !%. ~12!
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By solving the eigenvalue equations, we have the anal
expression of the energy eigenvalues of the lower bran
Jl(k), as a function ofk. Figure 6 shows the mapping of th
energy contours ofJl(k) in the reciprocal planes:~a! ~h k 0!
plane and~b! ~h h l! plane.

From Fig. 6~a!, we see that in the~h k 0! plane the energy
minima are at~1/3 1/3 0! and the equivalent points~23/2,
1/3, 0! and ~1/3, 22/3, 0! produced by the symmetry opera
tions of point group 3̄m. Moreover, from Fig. 6~b!, we no-
tice that the contours are running straight along the~0 0 l!
line around~1/3 1/3 l!, which shows that the stable state
degenerated, being given by the CDW with^1/3 1/3 l& irre-
spective of the value ofl. Physically, this implies that while
the in-plane order within the hexagonal double layer
uniquely determined, the stacking sequence remains c
pletely disordered even though the interlayer interactionJ3 is
taken into account.

~ii ! J4Þ0. We proceed to include the interactionJ4 . It
is seen that the complete degeneracy along the (1/3 1/3l ) is
now lifted. The energy minimum point is given either
@1/3(11d),1/3(11d),3/2# or @1/3(12d8),1/3(12d8),2/3#
depending onJ,0 ~attractive! or J.0 ~repulsive!, respec-

FIG. 6. ~a! Contours of the energy eigenvaluesJl(k) belonging
to the lowest energy branch in the (h k 0) reciprocal plane in the
case ofJ450. It is seen that the minima are located at~1/3 1/3 0!
and its equivalent points~1 marks!. The thick lines correspond to
the Brillouin-zone boundaries of the rhombohedral lattice.~b!
Contour map ofJl(k) in the~h h l! plane. It is seen that the contou
line around (1/3 1/3l ) is running straight along the@0 0 1# direc-
tion. The energy is completely degenerated onk5(1/3 1/3l ) @See
Fig. 7~e!#.
ic
h,

s
m-

tively, @Fig. 7~e!#. The value ofd(d8) is dependent on the
choice of the parameter valueuJ4u/J1 .

It is remarkable that the observed satellite positions giv
in Eq. ~1! definitely indicate that the attractive interactio
(J4,0) should be adopted. Figure 7 shows the contras
energy contours for bothJ4<0 cases. It is interesting tha
the ditch of the energy contours around the~1/3 1/3 l! line
now starts to show zig-zag behavior. This point will be d
cussed later in more detail.

Making use of the lowest energy eigenvalue, it is easy
find the most stable charge density pattern as follows:

r~1!~r !5 r̄eik0•r i1f,
r~2!~r !52 r̄eik0•r i1f,

k05@1/3~11d!,1/3~11d!,3/2#, ~13!

wheref is the phase factor of the wave at the Fe site wh
is left undetermined in the present treatment. The local p
tern of the charge distribution in the real space correspond
to the CDW given in Eq.~13! is depicted in Fig. 8. It is
characterized by the arrangement of Fe chains running a
the @1 1̄ 0# direction in the successive order of Fe21, Fe31,
Fe2.51,... in the@1 1 0# direction. Notice in more extende
regions, the discommensurations~phase solitons! are intro-
duced regularly with the interval of (3/d)
3~spacing between the neighboring chains! due to the incom-
mensurabilityd.

IV. ANALYSIS OF THE EXPERIMENTAL RESULTS

In this section, we analyze the experimental results ba
on the theoretical treatments developed in the preceding
tion.

A. Long-range polaron order

As is stated in Sec. II, the satellite reflections observed
x rays as well as neutrons are due to the small displacem
of the constituent ions from the high-symmetry position
which are inevitably introduced upon ordering of charges.
this context, the phase transition is more precisely charac
ized by the polaron ordering rather than the ordering of b
charges. The pattern of the displacement field should
compatible with the charge pattern of the charge-den
wave. Hence, the displacement,ui

m of the mth ion in thei th
unit cell accompanying the CDW with the wave vectork0
should be expressed in terms of the LDW~lattice distortion
wave! with the same wave vector of the CDW, as follows

ui
m5(

k
Qkem

k eik0•r i, ~14!

whereem
k is the normal coordinate of thekth local vibrational

mode to construct the polaron, such as the breathing m
Jahn-Teller mode, etc., andQk is the amplitude of the mode

The scattering intensityI (K ) due to the displacement fiel
$ui

m% is given by

I ~K !5uF~K !u2d~k2Kh6k0!, ~15!
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FIG. 7. ~a! Contours of the energy eigenva
ues Jl(k) in the ~h k 3/2! plane in the case of
J4,0. It is seen that the minima are located
(1/31d,1/31d,3/2) and its equivalence.~b! In
contrast to~a! Jl(k) in the ~h k 3/2! plane is
plotted in the case ofJ4.0. The minima are lo-
cated at (1/32d8,1/32d8,3/2). ~c! Contours of
Jl(k) in the ~h h l! plane in the case ofJ4,0. It
is seen that the contours are modulated along
@1 1 0# direction thus exhibiting zig-zag behavio
along the@0 0 1# direction. ~d! In contrast to~c!,
Jl(k) is plotted in the case ofJ4.0. The zig-zag
pattern is just out of phase to the case
J4,0. ~e! The minimum energy values o
Jl(k) around~1/3 1/3l! are projected on the@0 0
1# line. The dashed and solid lines correspond
the case ofJ450 and J4"0 respectively. The
experimental results are definitely consistent w
the case ofJ4,0.
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F~K !5(
k

(
m

em
k
•Qkeik•rm, ~16!

Kh5Ha* 1Kb* 1Lc* , ~17!

whereKh is the fundamental Bragg positions andF(K ) is
the polaron structure factor.

In principle, we could determine the structure of the p
laron ordered phase by comparing the observed satellite
tensities withI (K ) given by Eq.~15!, whereem

k andQk are
considered as the disposable parameters to be fixed
least-square fitting procedure. However, since there are
many disposable parameters included, we satisfy ourse
by examining the satellite positions in the reciprocal spa

It is easily seen that the intensity given by Eq.~15! pro-
duces satellite reflections exactly at the observed posit
shown in Fig. 2~b! by taking k05@1/3(11d),1/3(1
1d),3/2#. It is found that in order to give the quantitativ
agreement of the incommensurability, thed value, the inter-
action parameter should be taken as2J4 /J150.1. Notice
-
n-

a
oo
es
.

ns
FIG. 8. The local charge-density wave pattern within a dou

layer where the arbitrary phase factorf is chosen asf50. In the
more extended region, this pattern is slowly modulated with
period of (3/d8)d.
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PRB 62 12 173CHARGE AND SPIN ORDERING PROCESS IN THE . . .
the negative sign means that the fourth-neighbor interac
between the charges is attractive as is pointed out in
preceding section.

B. Polaron fluctuations

Above the transition temperature, the strong diffuse sc
tering is observed. Definitely, the origin of the diffuse sc
tering is the correlated fluctuations of polarons. Within t
RPA the diffuse scattering due to the critical fluctuation
the order parameter near the phase transition is given b

Id~K !}
1

kBT2Jl~k!
, ~18!

K5Kh1k,
whereJl(k) is the Fourier transform of the interaction e
ergy given in Eq.~8!. Making use of the definition of the
transition temperature given in Eq.~10!, we rewrite Eq.~18!
in the form

Id~K !}
1

kB~T2Tc!2$Jl~k!2Jl~k0!%
, ~19!

Equation~19! implies that the diffuse scattering pattern e
fectively maps out the low-energy contours ofJl(k) in the
energy range ofJl(k)2Jl(k0)<kB(T2Tc) in the reciprocal
space around each Bragg position.

We calculate the diffuse scattering pattern in the~h h l!
plane by Eq.~19!, whereJl(k) given in Fig. 7~c! is utilized.
The result is shown in Fig. 9, in comparison with the expe
mental results. Clearly, the calculated pattern consiste
reproduces the observed results including the zig-
feature.11

V. SUMMARY AND DISCUSSIONS

The charge ordering process in a mixed valence sys
LuFe2O4 is investigated both experimentally and theore
cally. The experimental results using various types of d
fraction techniques reveal the following unique features c
cerning the ordering process.~i! The system undergoe
sequential transitions: disorder→2D-CDW→3D-CDW. ~ii !
The stable structure realized in the lowest temperatur

FIG. 9. Comparison of the calculated x-ray diffuse scatter
@Eq. ~19!# in the ~h h l! plane and the observed results. The calc
lation seems to reproduce the detailed characteristics of the
served zig-zag intensity distribution.
n
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f
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characterized by an incommensurate charge-density w
state having the wave vectork05@1/3(11d),1/3(1
1d),3/2#. ~iii ! In the intermediate temperature range, the
appear strong diffuse streaks running along the rhombo
dral unique axis which show subtle zig-zag modulation.

In order to elucidate these unique features a theoret
analysis is carried out based on the assumption that the
ergy associated with the ordering is given solely by the
tential energy between the excess charges. The energy
tween the electron pairs up to the first-neighbor double lay
are taken into account to discuss the ordered configuratio
the charges as well as the properties of charge fluctuat
aboveTc . It has been shown that the experimentally o
served unique features of the charge ordering process
satisfactorily explained only when a part of the interchar
interaction between the neighboring double layers is take
be attractive.

The origin of the attractive interaction would be envi
aged as follows. From a macroscopic view point, a charg
the Fe site would induce polarization in the surrounding
electric medium which may overscreen the core charge
some distance. The charge placed at this distance feels
attractive interaction. Alternatively, from a microscop
viewpoint, we may interpret that since the excess charge
the Fe site tends to induce the displacements of the surro
ing oxygen ions to form small polarons, the operatorSi

v in
the present treatment is considered to specify the stat
polarons, rather than the state of the bare charge and/or

itself. Accordingly the parametersJi j
vv8 also defines the inter

action between the polarons rather than the bare charge
would not be unphysical to consider attractive interactio
between small polarons.

It should be remarked that the postulated 3D-CDW st
is not the fully ordered ground state but still contains cons
erable randomness. This is due to that we have assume
ordered state in terms of the CDW with a single wave vec
which is valid when the Hamiltonian is strictly defined b
the quadratic form Eq.~3!. If higher-order energies with re
spect to theSi

v’s are taken into account, the ordered sta
should be expressed generally including the higher harm
ics as

r~r !5 (
n51

`

r̂ exp@ ink0•r1fn#. ~20!

One of the experimental evidences of such higher-or
effect is seen in the appearance of the higher-order sate
reflections at (h13d,k13d,l 11/2) upon transition. The
problem of determining the true ground state is left to futu
work.
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