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In-plane resistivity and an explanation for the characteristic T* in high-Tc cuprates

George A. Levin and Khandker F. Quader
Department of Physics, Kent State University, Kent, Ohio 44242

~Received 9 August 2000!

We offer an explanation for the observed crossover temperatureT* in in-plane resistivityrab of biplanar
high-Tc cuprates. The key to our picture is the existence of nondegenerate and degenerate carriers possessing
different quasiparticle relaxation rates. In the underdoped regime the change of slopedrab /dT at T* results
from the thermal activation of nondegenerate carriers. In the overdoped regime, the nondegenerate carriers tend
to become degenerate and a second small Fermi energy emerges, resulting in a change toT2 behavior inrab

at low T. We compare our results with data on several compounds. We also find an approximate scaling in
conductivity.
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I. INTRODUCTION

The unusual normal-state properties of the high-Tc cu-
prate superconductors are yet to be well understood.
evolution of the normal state with doping is marked by so
extraordinary universal features. It is recognized that an
derstanding of these unusual features is important to the
derstanding of superconductivity at high temperatures.
temperature~T! dependence of properties, such as in-pla
resistivity rab(T), Hall coefficient RH(T), electronic spin
susceptibilityxs(T), entropy S(T,x), optical conductivity,
etc. in theunderdopedcuprates reveal acharacteristictem-
peratureT* , that demarcates high-T and low-T behavior. In
this region,T* decreases with increased doping~in anticor-
relation with the critical temperatureTc!, and almost van-
ishes at or near optimal doping defined by maximum ofTc .
In theoverdopedregion, theT dependence ofrab approaches
the usual Fermi-liquid~FL! behavior with some subtle dif
ferences. Examples of materials which show these type
behavior are Bi2Sr2CaCu2O81d ,1 Bi2Sr2Ca12xYxCu2O2,

2

Y12xPrxBa2Cu3O72d ,3 Tl2Ba2CuO61d ,4 etc.
Here we focus on the temperature and doping dep

dences of in-plane resistivityrab(T,x). At a given tempera-
ture,rab decreases monotonically with an increasing num
of holes. In theunderdopedcuprates,1–3,5 the slopedrab /dT
changes appreciably within a narrow range of tempera
aroundT* (x). At T.T* , rab changes approximately lin
early with temperature, but not as rapidly as it does forT
,T* . The crossover temperatureT* (x) decreases with in-
creasing number of holes, and atoptimaldopingrab exhibits
a linear-T behavior down toTc , with no apparent change o
slope (drab /dT5const). In overdoped samples, rab
exhibits4,6 a T2 behavior at low temperatures, and possib
some power higher than linearT at higher temperatures.

The evolution ofrab(T,x) correlates with that ofxs(T,x)
and the electronic entropyS(T,x).7,8 With decreasing tem-
peraturexs(T,x) decreases in the underdoped and increa
in the overdoped samples. The crossover temperature m
ing the transition between high and low-T behavior exhibits
the same anticorrelation withTc as it does in resistivity. A
detailed discussion of experimental results on susceptib
and electronic entropy within the context of the same mo
PRB 620163-1829/2000/62~17!/11879~9!/$15.00
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that is presented here is given in Ref. 9.
Over the past years, several theoretical approaches

been taken to address these issues and the nature o
crossover of the physical properties of the cuprates atT* . In
attempts to explain transport properties, and in particular,
linear-T in-plane resistivity ~at optimal doping!, theories
based on extensions of Fermi-liquid theory~FLT!,10,11 as
well as, on non-FL concepts12 have been proposed. The co
cepts of ‘‘spin gap’’13 or ‘‘pseudogap’’14 have been pro-
posed to explain observed features inrab(T,x) andxs(T,x)
in the underdoped regime. A central aspect of many of
more FL-like theories is the existence of anomalous elect
relaxation rates in the cuprates. Some of these theories
at their core the concepts of ‘‘hot spot’’11,15 or ‘‘cold
spots’’.16 While these theories have had varying degrees
success, it has proved to be difficult to explain the evolut
of the properties across the full range of doping~underdoped
to optimal to overdoped!.

In this paper, we present an alternate, and rather diffe
approach to understanding the origin of the crossover t
peratureT* in the cuprates. We argue that calculations ba
upon the basic features of our model proposed earlier,17 sup-
port the point of view that the crossover temperatureT* is a
signature of an underlyingsmall energy scale in the under
doped regime. This decreases with increased carrier den
Beyond optimal doping, our model, in a natural fashion, su
gests that the system evolves into a Fermi liquid. The sm
energy scale in the underdoped regime goes over to one
is then related to the small Fermi energy of the seco
emerging Fermi surface in the overdoped regime. Here
concentrate on in-plane resistivity, and compare our res
with data on a number of materials in the underdoped, o
mal, and overdoped regimes.

The key aspects of our model are~a! the presence of
nondegenerate~and hence really non-FL like!, as well as
degenerate~FL like! carriers ~denoted ash and j compo-
nents, respectively!; ~b! the nondegenerate and degener
carriers possess different relaxation rates; viz.th

21}T2, and
tj

21}T.17 Thus the model is quite different from the mode
based on two degenerate bands,18 which we believe canno
reproduce the properties of cuprates being considered h
The idea that two relaxation rates affect transport proper
of the cuprates was proposed earlier on by Anderson.19 A
11 879 ©2000 The American Physical Society
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11 880 PRB 62GEORGE A. LEVIN AND KHANDKER F. QUADER
point to note in our model is that the quasiparticles with
longer lifetimeth}T22 are substantially less numerous th
those with the shorter lifetimetj}T21. Then at optimal dop-
ing, the density of carriersnh}T, while nj5const@nh . As a
result, the contributions of both components to in-plane c
ductivity is of the same order of magnitude and have sim
T dependence:sxx}njtj1nhth}1/T. However, the off-
diagonal component of the conductivity, is dominated by
component with higher mobility:sxy}nhth

2}1/T3, and this
leads to theT-dependent Hall coefficientRH;sxy /sxx

2

}1/T and cotuH 5sxx/sxy}T2.17

At this time we do not have a microscopic calculati
which would explicitly give rise to degenerate and nond
generate carriers. There are, however, several justificati
Experiments do not rule out more than one type of carr
that are characterized by different relaxation rates. Som
the other theories11,15,16have in a way more than one ‘‘en
tity’’ in that they possess different relaxation rates, and he
contribute in a different manner to transport. In the mo
recently proposed ‘‘cold spots’’ model,16 a small number of
carriers have a substantially longer lifetime than the majo
of quasiparticles. The main difference between this work a
ours is the placement of the high mobility component. W
attribute the minority component to a band almost co
pletely submerged below the Fermi level, so that these q
siparticles are nondegenerate and, correspondingly,
number density is small andT dependent,nh}T. In Ref. 16,
the longer lived carriers are assumed to exist on narrow
ments of the Fermi surface with the same result that th
number density is small and}T. However, we believe tha
our model, schematic as it is in nature, contains or mim
the essential features requisite for successfully accoun
for the variation of the transport properties across the wh
range of doping levels, and providing an explanation for
characteristic underlying energy scale, manifested as
characteristic temperatureT* , in the biplanar cuprates. W
are also motivated by our previous results based on
model on the evolution ofx(T,x), entropyS(T,x), and Hall
coefficientRH(T,x).9,20

The paper is organized as follows: In Sec. II we pres
the basic features of our model proposed sometime back
Sec. III we outline our calculation of in-plane resistivity fo
the degenerate and nondegenerate carriers, and show ho
quintessential energy scaleW(x) emerges within the model
In Sec. IV we discuss our results for under-, optimally, a
over-doped regimes. A detailed comparison with data
several cuprates is presented in Sec. V. Also in this sect
we show that the data support an approximate scaling
conductivity predicted by theory. We end with concludin
remarks in Sec. VI.

II. MODEL

The main idea behind our approach is that the trans
properties of the cuprates may be described in terms ofnon-
degenerateanddegeneratecarriers, that also possess diffe
ent relaxation rates. Then in the range of superconduc
stoichiometry the anomalies of the normal state result fr
the presence of a nondegenerate component of ch
carriers.9,17,20This appears when the chemical potentialm is
tuned by doping in the vicinity of the top of the lower quas
e
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two-dimensional~2D! band eh(0); Fig. 1~b!. The energy
spectrumhk5ueh(k)2mu of these carriers varies strongl
with doping x and temperatureT as m moves relative to
eh(0). Theupper band with a large Fermi surface gives r
to a degenerate component~j! with a regular Fermi-liquid-
type spectrumjk'vFuk2kFu. According to Fig. 1~b!, the
underdoped regime corresponds tom.eh(0), sothat excita-
tion of holes in theh band requires a finite activation energ
;m2eh(0); this acts like a ‘‘gap.’’ As a result, this com
ponent freezes out atT!m2eh(0). Thestrongly overdoped
regime corresponds tom going well beloweh(0) due to the
increasing number of holes on the CuO2 planes. At suffi-
ciently low temperatures,T!eh(0)2m, the nondegenerate
component tends to become degenerate, and there emer
second small Fermi surface with Fermi energy;eh(0)
2m. Thus, in this scenario there is a relatively small,posi-
tive or negative, doping-dependent energy parameterW(x)
;m2eh(0) that governs the temperature dependences of
properties. We try to show that the experimentally observ

FIG. 1. ~a! Schematic temperature-doping phase diagram sh
ing underdoped~1!, optimally doped~2!, and overdoped~3! re-
gimes.~b! The degeneratej and the nondegenerateh bands;~1,2, 3!
indicate the locations of the chemical potentialm that correspond to
the three regimes in~a!. ~c! The resistivity of Y12xPrxBa2Cu3O72d

single crystals. The palm signs indicate the change of slope aT
5T* (x). The solid lines are calculated on the basis of Eq.~13! with
W(x) shown in Fig. 3~a!.
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PRB 62 11 881IN-PLANE RESISTIVITY AND AN EXPLANATION FOR . . .
curvatures ofrab(T) in underdoped and overdoped regim
are governed by the differenceW(x) between the chemica
potential and the top of the lower band.

Regarding the relaxation rates of the carriers, it is kno
that experiments point to the existence of two different
laxation rates in the cuprates. The difference in the temp
ture dependence of resistivityrab;T and the Hall angle21

cotuH;T2 has been interpreted in terms of normal (t tr;T)
and parallel to the Fermi surface (tH;T2) relaxation rates.19

However, the second relaxation rate appears not only
magnetotransport, but also in transient thermoelec
effect.22 Elsewhere we have presented arguments for att
uting different rates to our degenerate~j! and nondegenerat
~h! components, and showed17,20how they explain the coex
istence of linear resistivity and theT2-Hall angle. Based on
these considerations, we take

\tj
21;kBT; \th

21;~kBT!2/Ẽ, ~1!

whereẼ is a characteristic energy;0.1 eV.

III. CALCULATION OF IN-PLANE RESISTIVITY

We obtain the normal-state conductivity of both comp
nents from the Boltzmann equation in the relaxation ti
approximation:

sxx
i 52

2e2

\2 (
k

t ivx,i
2 ~k!

] f

]ek
i , ~2!

wherei 5j,h,t i
21 are the corresponding transport relaxati

rates,vx,i(k)5]ek
i /]kx , and f i(e)5@eb(e i2m)11#21 is the

Fermi distribution (b51/kBT).
First, we consider the contribution of the nondegener

~h! component. Sincem is close toeh(0), we mayapproxi-
mate eh(k) by a parabolic dependence, which leads
Drude-type conductivity. The number of holes in theh band9

nh52nhkBT ln~11Z!, ~3!

where Z5exp(2bm) is the fugacity, andnh5const is the
two-dimensional~2D! density of states~DOS! in theh band.
Hereafter, energy andm are measured relative toeh(0).
Then, using Eq.~1! we obtain

sxx
h 5

e2nhth

m
5

2e2nh\Ẽ

mkB

1

T
ln~11Z!. ~4!

The temperature dependence of the fugacity is determ
by the mechanism of doping. In our view~Ref. 9!, the least
ambiguous class of bilayer cuprates are the ones in which
number of holes is controlled by heterovalent substitutio
inside the bilayer, such as Bi2Sr2~Ca12xYx!Cu2O81d ,
TlSr2~LuxCa12x)Cu2Oy , etc.

Thus we consider that in these cuprates the total num
of holes per bilayernh5nj1nh is temperature independen
and decreases withx at a constant ratednh /dx52kNs ,
where k is the difference between the valences of Y-C
Lu-Ca, etc. andNs is the areal density of these sites~nj and
nh are the number of holes in the respective bands!. Then,
we obtain for the fugacity:9
n
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Z~11Z!l5e2W~x!/T, ~5!

where l[nh /nj is the ratio of the DOS for the two sub
bands, and

W~x!5G~x2x0!; G5kNs/2nj . ~6!

W(x) is the energy scale that determines the temperature
doping dependence of the chemical potentialm(T,x) and
other properties. Its linear dependence onx follows from that
of the total number of holesnh . The parameterx0 is the
doping level at which the chemical potential is close enou
to the top of the submerged band and changes with temp
ture such that the fugacity isT independent@Eq. ~5!#.

In the underdoped regime, which corresponds toW(x)
.0, and at sufficiently low temperature such thatZ!1, the
chemical potential becomesT independent,m(x)5W(x)
.0. Thus, the positiveW(x) for T!W equals the activation
energy or the ‘‘energy gap’’ for the holes in the nondege
erateh band. The overdoped regime (x,x0) is defined as
the doping level at whichW(x),0. Correspondingly, at suf
ficiently low temperatureZ@1 and m(x)5W(x)/(11l)
,0. The negativeW(x) for T!uWu determines the secon
small Fermi energy'uWu/(11l) for the emerging second
Fermi surface.

It should be noted that in literature the underdoped a
overdoped regimes are usually defined with respect to
values of the critical temperature. Our definition of the
regimes is based on the normal-state properties. These
definitions are closely correlated, as discussed below, but
necessarily identical. In other words, the doping level
which W(x)50, results in most cases in a high transitio
temperature, but not necessarily the maximal possible fo
given compound.

The conductivity due to thedegeneratej carriers should
be of a regular Fermi-liquid-typesxx

j }tj . We note however
that strongly underdoped systems undergo a metal-insu
transition ~MIT !. As the level of the chemical potential in
creases with a decreasing number of holes, it crosses
mobility threshold. To include this process in our model w
take in Eq.~1! the transport relaxation rate of thej compo-
nent to be a function of energy and temperature,23 tj(T,e)
5t tr(T)u(Ec2e), with t tr(T);\/kBT, andu(y) being the
step function.Ec is the mobility threshold: only the hole
with energy less thanEc contribute to transport. This crud
approximation does not take into account hopping of loc
ized carriers, but it is sufficient for our purposes here. Th
we obtain,

sxx
j 5

2e2u2~m!nj\

kB

1

T

1

eb~m2Ec!11
. ~7!

To arrive at Eq. ~7!, it was assumed thatu2(e)nj

[Skvx,j
2 (k)d„e2ej(k)… is a slowly varying function of en-

ergy.

IV. DOPING AND TEMPERATURE DEPENDENCE
OF IN-PLANE RESISTIVITY

To illustrate the details of temperature and doping var
tions of rab(T,x)5(sxx

j 1sxx
h )21 given by Eqs.~4! and~7!,

we discuss below semiquantitatively the following cases:
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11 882 PRB 62GEORGE A. LEVIN AND KHANDKER F. QUADER
~a!‘‘optimally doped’’ regime: the range of doping wher
uW(x)u/T;1;
~b! Strongly ‘‘underdoped’’ regime:W.0; W(x)/T.1, and
~c! Strongly ‘‘overdoped’’ regime:W,0; uW(x)u/T.1.

A. Optimally doped regime

When the chemical potential is sufficiently below the m
bility threshold exp$b(m2Ec)%!1, rab(T) is given by

rab'
AT

a1F~W/T!
, ~8!

where A5mkB /(2e2\nhẼ), a5mu2(m)nj /(Ẽnh), and
F(W/T)5 ln(11Z), with Z given by Eq.~5!. For W50 the
fugacity is T independent with the valueZ0,1 determined
by the ratio of DOSl in two subbands:Z0(11Z0)l51.
Correspondingly, the chemical potential is positive~at all
temperatures above the top of the lower band! and changes
with temperature:m5T ln Z0

21. Resistivity is linear in tem-
perature with zero intercept. Both components of conduc
ity are of the same order of magnitude and have 1/T depen-
dence. The smaller number of nondegenerate quasiparti
Eq. ~3!, nh}T ln(11Z0) is compensated by their higher mo
bility ;1/T2.

Near threshold doping,x'x0 , so thatuW(x)u!T, and

rab'A1~T1T0!; T05gW~x!, ~9!

whereA15A/@a1F(0)#, and g5uF8(0)u/@a1F(0)#. In
this limit rab is linear inT, with a smallpositiveor negative
intercept. The sign of the intercept of the linear extrapolat
indicates whether the system is slightly underdoped or o
doped. As we will see below, at temperaturesT,uWu the
resistivity deviates from Eq.~9!. Positive intercept atW.0
is a precursor of the freezing out of theh component~open-
ing of the pseudogap!, while the negative intercept atW
,0 is a precursor of the crossover from linear to quadratiT
dependence atT,uWu. If the critical temperature is high
enough,Tc.uWu, these crossovers are hidden by the onse
superconductivity and the normal-state resistivity is d
scribed by Eq.~9! at all temperatures aboveTc .

Bilayer cuprates with maximal critical temperature typ
cally have linearT dependence with zero or very small in
tercepts. For example, in YBa2Cu3O72d crystals with zero-
resistance temperature near 92 K, the resistivity is descr
by rab5aT1b ~Ref. 24! with small negativeinterceptsb.
The corresponding values ofuT0u;10225 K ~see details in
Ref. 25!. It is important to point out that in our model spi
susceptibilityxs and the linear term in electronic entrop
S/T are also functions ofW(x)/T.9 Thus, in the regime
where the model gives linear resistivity,xs andS/T are tem-
perature independent. These are the features of optim
doped ~in conventional sense! cuprates with maximal or
nearly maximalTc . It may be noted that in this model, op
timal doping corresponds to the situation when the chem
potential is very near the top the submerged band, so tha
holes in this band remain nondegenerate at all temperat
down toTc ; Figs. 1~a! and 1~b!.
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B. Moderately and strongly underdoped regime

Reduction of the number of holesnh by doping raisesm
appreciably above the top of the lower subband. IfW(x) is
such that at room temperatureW(x)/T;1, but Tc is low
enough, so that exp$2W(x)/Tc%!1, freezing out of theh
component of the charge carriers will have a notable eff
on theT dependence of resistivity in the temperature ran
Tc,T<300 K. This corresponds to the underdoped regi
in which rab(T) exhibits acrossoverbetween two tempera
ture ranges. ForT@W, rab(T) is still approximately linear
(rab5A1T1B) with a large positiveapparent interceptB
5A1T0}W, Eq. ~9!. At lower temperatures (T
!W)F(W/T)'exp(2W/T) and the nondegenerate comp
nent freezes out. Thus, theT dependence ofrab can be ap-
proximately expressed as

rab' HA1~T1T0!; T.T*
A2T; T,T* ~10!

with A25A/a.A1 andT0 the same as in Eq.~9!. Note that
below T* , rab is still linear in T, but with agreater slope
than at higher temperature andzero intercept. The curve
rab(T) acquires a characteristic downward curvature and
change of slope drab /dT occurs around a T* (x)
}W(x)/u ln(a)u. Since the change of slope results from free
ing out of one of the components of charge carriers, it c
relates with the decrease inxs(T) and entropy.9

As the number of holes decreases, the chemical pote
monotonically rises above the top of the submerged subb
and the change of slope ofrab(T) takes place at progres
sively higher temperatures. Whenm goes above the mobility
thresholdEc , the in-plane resistivity also shows a minimu
and an upturn at sufficiently low temperaturesT,m2Ec :26

rab' HA1~T1T0!; T.T*
A2T~eb~m2Ec!11!; T,T* . ~11!

C. Overdoped regime

The overdoped regime in our model corresponds to
situation when the total number of holes increases above
level at which resistivity is linear with zero intercept, Eq.~9!,
and therefore the chemical potential goes below the top
the lower band, Figs. 1~a! and 1~b!. This corresponds tox
,x0 and W(x),0. At sufficiently low temperaturesT
!uW(x)u/(11l) theh component also becomes degenera
For x,x0 and uW(x)u@T the fugacityZ@1; Eq. ~5! yields
m'W/(l11), andF(W/T)'umu/T. Thusrab(T) acquires
the characteristicupwardcurvature:

rab'
AT2

aT1umu
. ~12!

Notice that a characteristic energyumu, which determines the
curvature ofrab(T) reappears in the overdoped regime a
increases with overdoping. The manifestation of this n
energy scale in the overdoped crystals and its physical m
ing are clearly different from those in the underdoped s
tems. If we defineT* 'umu/a5uW(x)u/a(l11), the new
crossover temperature corresponds to transition from
proximately linear withnegativeinterceptT dependence a
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T.T* to quadratic atT,T* . This characteristic tempera
ture increases with overdoping.

V. COMPARISON TO DATA

A. Under and optimally doped cuprates

The in-plane resistivity for Pr-doped single crystals
Y12xPrxBa2Cu3O72d ~Ref. 3! is shown in Fig. 1 ~main
panel!. In Fig. 2 we show the same for single crysta
of Bi2Sr2Ca12xYxCu2Oy ~Ref. 2! ~upper panel!, and
Bi2Sr2CaCu2Oy1d ~Ref. 1! ~lower panel!. These are bilayer
crystals exhibiting evolution with doping from the optimal
doped~in terms of critical temperature! to the underdoped
regime. The overallT dependence of all of these systems a
their evolution with doping are similar. Samples with max
mal Tc show linearrab(T) with zero or very small positive
or negativeintercepts~see also Ref. 24!. The characteristic
change of slope atT* is obvious in strongly underdope
samples with theT dependence in accordance with Eq.~10!,
shown by the straight lines. Note that Bi2Sr2Ca12xYxCu2Oy

FIG. 2. Resistivity of Bi2Sr2Ca12xYxCu2O2 ~upper panel! and
Bi2Sr2CaCu2O81d ~lower panel! crystals. The temperatureT* is
indicated by the change of slope of the linear asymptotes. Note
the lower temperature asymptotes converge at the small res
resistivity r res'0.03 mV cm. This is characteristic of only thes
crystals. Otherwise, the data in Fig. 1~c! and Figs. 2 are very simila
in T dependence and the values of the resistivity.
f

d

and Bi2Sr2CaCu2Oy1d crystals exhibit smallgenuineresidual
resistivity r res'0.03 mV cm in contrast withapparentinter-
cepts of the high-temperature~aboveT* ! asymptotes, which
are much greater and increase with underdoping. The
residual resistivity such as that in Fig. 2 can be incorpora
into our model by taking the relaxation ratetj

21, which de-
termines the resistivity belowT* in the form \tj

21;kBT
1\t0

21, instead of Eq.~1! ~t0
215const and reflects the

scattering rate from defects or impurities!. In
Y12xPrxBa2Cu3O72d samples there is no indication of th
true residual resistivity and the underdoped sample suc
x50.29 has linearT dependence belowT* in accordance
with Eq. ~10!.

In Bi2Sr2Ca12xYxCu2Oy the transformation from opti-
mally doped to underdoped regime is the result of hole filli
due to Y31 substitution for Ca21. The Ca-Y atoms are sand
wiched inside the bilayer between the two CuO2 sheets. In
Bi2Sr2CaCu2Oy1d the effect of changing oxygen content
similar to that in YBa2Cu3O72d , namely the decreasing con
centration of oxygen in the blocking layers located outside
the bilayers also reduces the number of holes on the bilay

The mechanism by which Pr substitution driv
Y12xPrxBa2Cu3O72d into the underdoped regime has been
subject of intensive debate, which is not yet resolved~see
Ref. 27 and references therein!. While high-energy spectros
copy and some band-structure calculations indicate a P31

state, transport, neutron diffraction, optical, and Mossba
spectroscopies indicate a Pr valence greater than 31.28 But
when we compare the resistivities in Fig. 2 with those in F
1, we see that the temperature dependence and even the
ues of the resistivities in these crystals are very similar. Si
the evolution of resistivity of Y12xPrxBa2Cu3O72d is
very similar to that of Bi2Sr2Ca12xYxCu2Oy and
Bi2Sr2CaCu2Oy1d ~in which the hole filling mechanism is
not in doubt!, we have chosen to use the data in Fig. 1
compare with our model results.

Figure 1~c! shows the data3 along with theoretical curves
for rab5sab

21, wheresab is given by Eqs.~4!, ~5!, and~7!:

sab5
a~x!

T

1

eb~m2Ec!11
1

b~x!

T
FS W

T D . ~13!

The fitting shows that the parametera(x)5a/A @see Eq.~8!
for definition# decreases with increasing Pr concentration
dicating that the average velocityu2(m) on the Fermi surface
decreases monotonically. On the contrary,b(x)51/A in-
creases withx.29 For all doping levels, the ratio of DOS in
two subbandsl is taken equal to 2.3, the same value that w
found from fitting the susceptibility in a bilayer cupra
TlSr2Lu12xCaxCu2Ox .9 The fitting also determines the mo
bility threshold Ec'744 K, so that the sample withx
50.42 (m'W5800 K) is on the insulating side very nea
the metal-insulator transition. The sample withx50.51 is
well into the insulating regime. We have not taken variab
range hopping into account, which is why the resistiv
given by Eq.~13! diverges more strongly at low temperatu
than the data forx50.51.

The parameterW(x) which determines the fugacity@Eq.
~5!# is shown in Fig. 3~a! along with the empirical crossove
temperatureT* determined by the change of slope of th
resistivity. The doping dependence ofW(x) is indeed linear,
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in accordance with Eq.~6!. The same linear dependence
W(x) was found in a different bilayer cuprate from th
analysis of the spin susceptibility.9

It should be noted that in thestrongly underdopedregime
@Z!1, Eq.~5!# the gap in the spectrum of theh excitations is
given by W(x), since Z5exp$2m/kB T%'exp$2W/kB T%.
This gap manifests itself in theT dependence of the resistiv
ity as the change of slope resulted from the freezing ou
the h component. The crossover temperature is determi
approximately by the condition following from Eq.~8!:

a'exp$2W/T* %. ~14!

If a5a(x)/b(x) was constant, the crossover temperat
would scale proportionately to the gap. However, as d
cussed above,a(x) decreases andb(x) increases withx, so
that

FIG. 3. ~a! Doping dependence ofW(x) ~diamonds!. The solid
line is a linear fitW(x)5G(x2x0). The value of the threshold
doping x0'20.05. The arrow indicates the mobility thresholdEc

'744 K. Also shown are the empirical crossover temperatu
T* (x) ~squares!, indicated in Fig. 1~c!. ~b! The data of Fig. 1~c!
plotted asTsab vs 1/T. The palm signs correspond to the sam
temperatureT* as in Fig. 1~c!. The solid lines represent the sam
theory as in Fig. 1~c!, Eq. ~13!.
f
d

e
-

a5
mu2~m!nj

Ẽnh

~15!

strongly decreases with underdoping due to decreasing F
energy (mu2) in the degenerate band and the increasing l
time of theh particles manifested in increasingẼ,29 Eq. ~1!.
The fitting shows that the value ofa decreases from 2.2 a
x50 to 0.4 forx50.29. Therefore,T* (x)'W(x)/u ln a(x)u is
appreciably smaller thanW, increases withx not at the same
rate and, as Fig. 3~a! demonstrates, does not have the line
dependence. Moreover, sinceT* is defined as a temperatur
at which the slope ofrab(T) changes, it cannot be identifie
in the samples close to optimal doping. In these samples
existence of the small energy scale manifests itself thro
the intercept of the linear dependence@positive or negative
dependening on the sign ofW(x)#. Below, in Sec. VI we
discuss a different way to determine empirically the und
lying energy scale from experimental data.

The idea that the change of slopedrab /dT at T* , as
indicated in Figs. 1 and 2, results from the freezing out
one component of charge carriers can be illustrated e
more convincingly by plottingTsab versus 1/T; see Eq.
~13!. With the overall 1/T dependence ofsab(T) removed,
the data in Fig. 3~b! for samples withx5020.29 clearly
demonstrate the Arrhenius-type dependenceTsab'a
1bF(W/T) with F(W/T)'exp(2W/T). The empirical
crossover temperatureT* is the same as in Fig. 1~c!, and it
roughly corresponds to the transition from the two carr
regime ~j and h! at higher temperatures to a single carr
regime~j! at T,T* . The upturns at low temperatures are t
result of the onset of superconductivity. In the samples w
x50.42 and 0.51, which are on the insulating side of MI
Tsab(T) does not saturate at low temperatures. Here too,T*
is the same temperature as in Fig. 1~c!. The solid curves are
calculated using Eq.~13! with the same parameters,a(x),
b(x), andW(x), as in Figs. 1~c! and 3~a!.

B. Overdoped cuprates

We present in Figs. 4 the calculated resistivity in ove
doped regime. In our model, the overdoped regime co
sponds to the chemical potential going below the top of
lower band, Figs. 1~a! and 1~b!. This corresponds to negativ
values ofW(x) and of the chemical potentialm, which is
measured with respect to the top of the lower subband.
excitations in the lower band are no longer gapped an
second Fermi surface would form at temperaturesT!umu
5uWu/(l11), see Eq.~5!. However, if umu is small enough
~the crystal is not too overdoped!, the h excitations will re-
main nondegenerate in the normal state~aboveTc!. There-
fore, the small energy parameterW(x),0, which determines
the temperature dependence of resistivity and susceptib
in the overdoped regime has different meaning and differ
manifestations compared to that in the underdoped regim

Figure 4 ~upper panel! shows the calculated@using Eq.
~13!# resistivity for three values ofW52220, 2320, and
2800 K that correspond to progressively greater overdop
For comparison, the data from Fig. 1 are also included~op-
timally doped and slightly underdoped samples withx50
and 0.08!. For calculations of the overdoped resistivities t
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values of parametersa andb in Eq. ~13! were taken the sam
as for the samplex50. Note that the energy scale, whic
governs the deviation of resistivity from linearT dependence
in the overdoped regime, isumu5uWu/(l11), so that forl
52.3 evenW52800 K still corresponds to relatively sma
umu'242 K. We see that the high-temperature depende
of rab is approximately linear, with an apparent negati
intercept. As discussed in Sec. IV C, this negative intercep
a precursor to the crossover to superlinear~quadratic! T de-
pendence at temperaturesT!umu. The small negative inter
cepts characterize theT dependence of the optimally dope
clean crystals of YBa2Cu3O72d .24,25 When Tc;umu, the
crossover to quadraticT dependence of resistivity at low
temperatures is obscured by the onset of superconducti
Overall, theT dependence of resistivity shown in Fig. 4
similar to that of strongly overdoped crystals
Tl2Ba2CuO61d .4,6

FIG. 4. Upper panel: Resistivity in the overdoped regime cal
lated using Eq.~13! ~W52220,2320, and2800 K!. For compari-
son, the data for optimally and slightly under-doped samples~x
50 and 0.08! from Fig. 1~c! are also shown~W570 and 220 K,
respectively!. Lower panel: Same data and calculations presente
Tsab vs 1/T. The low-temperature asymptotes are described
Tsab'a1bumu/T in agreement with Eq.~12!. High-temperature
slopes] ln(Tsab)/](1/T) correlate in sign and value with2W(x).
ce

is

ty.

On the lower panel of Fig. 4 the same calculations a
data are presented asT/rab , similar to Fig. 3~b!. This shows
the correlation in sign between the slope](Ts)/](1/T) and
the sign ofW. The low-temperature behavior of overdope
Tsab can be roughly approximated asa1b8/T with increas-
ing with overdoping coefficientb8'bumu, see Eqs.~13! and
~5!.

C. Scaling

Sufficiently far from the mobility thresholdEc ~on the
metallic side of MIT!, W(x) is the sole parameter governin
the temperature dependence ofsab , Eq. ~8!. In this regime
the model predicts a three-parameter scaling of the form

A~x!Tsab5a~x!1F„W~x!/T…. ~16!

This approximate scaling is illustrated in Fig. 5. The low
panel shows the same data as in Fig. 3~b!, only multiplied by
parameterA(x)5b21, determined by fitting the data with
Eq. ~13!, and plotted vsW(x)/T. The solid curves are the
right-hand sides of Eq.~16!: a1F(y), whereF(y)5 ln(1
1Z) with Z(11Z)l5e2y. These curves are defined fo
positive ~underdoped! and negative~overdoped! values ofy
5W/T. In Fig. 5 only the positive branch is shown. The
identical curves are shifted due to the different values ofa,

-

as
s

FIG. 5. ~a! To demonstrate scaling,A(x)Tsab is plotted vs
W/T. The solid lines are identical curvesa(x)1F(y) shifted with
respect to each other due to differenta(x); the symbols are the
same as in Fig. 1~c!. ~b! When the points are shifted upward b
a(0)2a(x) they form a single continuous curve.
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and in the upper panel they are collapsed on one curve by
upward shift bya(0)2a(x). A similar scaling, which in-
cludes the data for underdoped and overdoped crystals
found for the spin susceptibility in another bilayer cuprat9

VI. CONCLUDING REMARKS

We have presented what we believe to be a plausible
planation for the observed characteristic crossover temp
ture T* in in-plane resistivity in biplanar high-Tc cuprates.
We have also shown that the same framework can, in a n
ral fashion, account for the Fermi-liquid-like behavior in th
overdoped regime as well. One of the key points of t
paper is to show that these features in the under, optimal,
overdoped bilayer cuprates are governed by an underl
relatively small energy scale. In the underdoped regime,
believe this energy scale to be related to what is referre
as the ‘‘pseudogap’’ in literature. This can be large in t
strongly underdoped crystals and vanish at optimal dop
In the overdoped regime the characteristic energy scale
pears in the form of a Fermi energy of the second emerg
Fermi surface that increases with overdoping. In addition
in-plane resistivity, this type of evolution is also evident
the data on the spin susceptibilityxs ~Refs. 7,9! and elec-
tronic entropy. To demonstrate this explicitly, and for t
sake of completeness, we reproduce in Fig. 6 the electr
susceptibility data,7 that were analyzed in Ref. 9. The su
ceptibility of the TlSr2Lu12xCaxCu2Oy crystals that evolve
from underdoped (x50.1) to overdoped (x50.5) regime

FIG. 6. Susceptibility of TlSr2Lu12xCaxCu2Oy ~x50.1 is
strongly underdoped andx50.5 strongly overdoped crystals!. The
solid curves are calculated within our model. High-temperat
slopes, Eq.~17! correlate with the values of2W(x). The inset
shows the same data and theory plotted vs temperature.
he
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changes in a predictable manner consistent with the beha
of the susceptibility in other cuprates, such
La22xSrxCuO4.

5,30 The optimal doping corresponds to
practicallyT independentxs . Outside of optimal doping the
susceptibility becomes noticeablyT dependent within the
range of temperatureTc,T<300 K. This requires a certain
energy parameter to be present to scale the temperaturxs
5xs(T/E* ), with the absolute values ofE* roughly within
the same interval as the temperature. An empirical charac
ization of the doping-dependent energy scaleE* is the high-
temperature slope ofxs as seen in Fig. 6:

Ex* ~x!5
] ln xs

]~1/T!
U

T5300 K

. ~17!

The subscriptEx* indicatesE* obtained from the suscepti
bility data. The overdoped and underdoped regimes are c
acterized by the opposite sign ofE* , which reflects the op-
posite curvatures ofxs(T/E* ).

The resistivity data presented in Figs. 1~c!, 2, and 4~up-
per panel! demonstrate the same phenomenon as in Fig
The optimal doping is characterized by a zero energy par
eter and a strictly linear resistivity with zero intercepts. T
small apparent intercepts~positive or negative!, which ap-
pear in the extrapolations of the high-temperatureT depen-
dence ofrab in underdoped and overdoped samples, resp
tively, increase in absolute values, and at greater unde
overdoping evolve into a noticeable curvature of resistivi
Since the strictly linear dependence ofrab corresponds to
zero pseudogap, these intercepts and curvatures requir
underlying energy scale, which increases on both sides
optimal doping. This becomes especially obvious when
remove the overall 1/T dependence of conductivity as show
in Figs. 3~b! and 4 ~lower panel!. We can also define the
characteristic energy from the resistivity data as the hi
temperature slope ofTsab :

Er* ~x!5
] ln~Tsab!

]~1/T!
U

T5300 K

. ~18!

Comparing our results for spin susceptibility,9 ~Fig. 6! with
Figs. 3~b! and 4 ~lower panel! we find that the empirical
energy scales from susceptibility and resistivity correl
with each other at all doping levels.

In our model, the underlying energy scale, related to
crossover temperatureT* , is the energy difference betwee
the top of the lower band and the level of the chemical p
tential, which changes with doping, Figs. 1~a! and 1~b!. In
the underdoped regime the chemical potential is above
top of the submerged subband and the excitations in
band are gapped. The activation energym'W(x) determines
the temperature at which one component of the charge
riers freezes out. This leads to the decrease at low temp
ture of the spin susceptibility,5,9 the linear term in electronic
entropy,9 andTsab , Fig. 3~b!.

The overdoped regime corresponds to the chemical po
tial going below the top of the submerged subband@m
'W/(l11),0#, so that h excitations are no longe
gapped. Instead, the energy scale here,umu, is the small Fermi
energy of the emerging second Fermi surface. Correspo
ingly, the manifestations of this emerging second Fermi s
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face are very different from those of the gap in the und
doped phase. As temperature decreases well belowumu the
carriers in the second subband go from being nondegene
to degenerate. As a result, the susceptibility,5,9 the linear
term in electronic entropy,9 andTsab , Fig. 4 increase with
decreasing temperature. A consequence of this model is
the maximal critical temperature is reached in the crystal
which the chemical potential is very close to the top of t
lower band. Therefore, one component of charge carriers
dergoes pairing while remainingnondegenerateat Tc .

Finally, while we do not yet have a good microscop
calculation that explicitly gives rise to the degenerate a
nondegenerate carriers, we speculate on a possible origi
the two 2D subbands. This may result from the coupl
between two CuO2 layers within a bilayer.9,20 The quasipar-
ticles in the lower subband are even combinations of
atomic orbitals,uh&}u1&1u2&, while the upper, degenerate
band is comprised of odd combinations,uj&}u1&2u2&. Ei-
genstatesu1& and u2& are centered on the respective laye
o

ra
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Recently, it has become possible to separate the effect
even and odd excitations on the spin susceptibility in und
doped YBa2Cu3O72d .31 A brief summary of these results i
that in the normal state of the underdoped system th
‘‘even’’ spectrum is truly gapped, while the ‘‘odd’’ spectrum
is not. This is expected from our scenario depicted in F
1~b!. Experiments such as Ref. 31 merit separate analy
and we only point out here that the different behavior of t
even and odd contributions to susceptibility give addition
support to our model and are consistent with the previ
results for susceptibility.9
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