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Size effects of ferroelectric particles described by the transverse Ising model
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The size effects of ferroelectric particles described by the transverse Ising model have been studied taking
into account the long-range interactions. The size dependence of the mean polarization, Curie temperature, and
the mean susceptibility, as well as the critical size of the particle, have been obtained. The profile of the
polarization is given. The size effects of the ferroelectric particle show a strong dependence on the interaction
range.
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I. INTRODUCTION

Size effects of ferroelectrics were first reported
1950s,1,2 and have become a subject of experimental a
theoretical studies in recent years. Ferroelectric thin fil
and particles are two main types of finite-size ferroelectr
that show size effects. Experimentally, Scottet al.3,4 discov-
ered that the ferroelectricity of KNO3 thin films exists in a
much wider temperature range than that of the bulk crys
Funakubaet al.5 measured thec/a ratio and the dielectric
constant of PbTiO3 films. Both thec/a ratio and the dielec-
tric constant decrease with decreasing film thickness.
yashiet al.6 observed the same feature in BaTiO3 films. The
thickness dependence of the Curie temperature of ferroe
tric films was also studied.7,8 Works on the size effects o
ferroelectric particles are mainly focused on BaTiO3 and
PbTiO3. Ishikawaet al.9 investigated the phase transition
PbTiO3 particles and obtained a critical size of around 12
nm. Zhonget al.10 measured the phase transition temperat
of PbTiO3 particles of various sizes by specific heat a
Raman scattering. They obtained a critical size of about
nm. Quet al.11 studied the size dependence of the dielec
constant of PbTiO3 particles at room temperature and o
served a dielectric peak at about 40 nm. Schlaget al.12,13

made an intensive study of the size dependence of the p
transition temperature of BaTiO3 particles and found a criti-
cal size of about 49 nm. Frey and Payne14 reported that there
is no electric hysteresis at room temperature and there i
Curie peak of the dielectric constant when the grain size
BaTiO3 is 25 nm. Zhonget al.15 obtained the dielectric con
stant of BaTiO3 particles and found no dielectric anoma
when the particle size is below 105 nm.

Theoretically, Landau-type phenomenological theory a
the transverse Ising model are frequently used in study
the size effects in ferroelectrics. Tilley and Zeˇkš16 first stud-
ied ferroelectric films with a second-order phase transit
using a Landau-type theory. Scottet al.3 extended the theory
to films of a first-order phase transition. This theory was th
applied to ferroelectric particles by Zhong an
co-workers.17,18They noted that the extrapolation length of
particle should be size dependent. Using the transverse I
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model, Wanget al.19 first studied the phase transition pro
erties of ferroelectric thin films by modifying the exchang
strength at the surface. Later this model was applied to fe
electric particles of a cubic shape.20,21 In this article, we
study the size effects of a spherical ferroelectric particle
ing this model with the long-range interactions between
pseudospins taken into account. The size dependence o
mean polarization, the Curie temperature, and the mean
ceptibility of the particle are presented. The radial profile
the polarization is given.

II. METHODOLOGY

The Hamiltonian of the transverse Ising model has
form22

H52V(
i

Si
x2

1

2 (
i j

Ji j Si
zSj

z22mE(
i

Si
z ~1!

whereV is the transverse field, andSi
x and Si

z are compo-
nents of a spin-12 operator at sitei. HereJi j is the exchange
strength between sitesi and j. Also, m is the effective dipole
moment of sitei and E is the external electric field. We
assume the exchange strength between thei th and j th sites
taking the form23,24

Ji j 5
J

r i j
s , ~2!

wheres is a measure of the interaction range.s5` corre-
sponds to the nearest-neighbor model, ands50 corresponds
to an infinite-range interaction. In ferroelectrics, the intera
tion consists of a long-range Coulomb interaction~a smalls!
and a short-range repulsion~a larger s!. If the former is
treated as a dipole-dipole interaction, the smallers should be
3. The s for the whole interaction in Eq.~2! is therefore
greater than 3.

We consider a spherical particle composed of spher
layers, as shown in Fig. 1 schematically. Without loss
generality, we assume that the pseudospins in the s
spherical layer have the same value, andN is the total num-
11 423 ©2000 The American Physical Society
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ber of spherical layers in the particle. Under a mean-fi
approximation, the single-particle Hamiltonian of the syst
can be expressed as

Hi52VSi
x2Si

z(
j

J^Sj
z&Y r i j

s 52VSi
x2Si

z(
l 50

N

Jil8 ^Sl
z&

~3!

where ^Sj
z& is the thermal average ofSj

z , Jil8 5( j P lJ/r i j
s , j

runs over all the sites in thel th layer of the particle, andJil8
represents the summation of the exchange strength betwe
pseudospin in thei th site and all the other pseudospins in t
l th layer of the sphere.i , j 50 represents the central site
the particle, andi , j 5N represents the surface sites of t
particle. Therefore the average value ofSi

z at thenth layer,
i.e., ^Si

z&5Rn , is

Rn5
^Hn

z&
2uHnu

tanhS uHnu
2kBTD , ~4!

where

^Hn
z&5( l 50

N Jnl8 Rl ,

uHnu5AV21^Hn
z&2, ~5!

kB is the Boltzman constant, andT is the absolute tempera
ture. Equation~4! can be rewritten as

(
l 50

N

anlRl50, ~6!

where anl5Jnl8 for (nÞ l ), and ann5Jnn8 2ln . Here ln

52uHnu/tanh(uHnu/2kBT), and Jnn8 is the summation of the
exchange strength between a pseudospin in thenth layer and
all the other pseudospins in the same layer of the particle
n ranges from 0 toN, Eq.~6! represents a set of simultaneo
equations andRn can be calculated numerically. The me
polarization of the particle is

P̄5
2m

Mv (
n50

N

mnRn , ~7!

FIG. 1. Model of the ferroelectric particle in our calculations
d

n a

s

whereM is the number of the total pseudospins in the p
ticle, m is the dipole moment of the pseudospin, andv is the
volume a dipole possessed.mn is the number of pseudospin
in the nth layer of the particle: in our calculations, we a
sume thatmn is proportional to the volume of thenth layer.

Near the Curie temperature,Rn is very small, thez com-
ponent ofHn is approximately zero, and Eq.~4! can be re-
duced to

Rn5
( lJnlRl

2V
tanhS V

2kBTD ~8!

and this equation can be rewritten as

(
l 50

N

cnlRl50, ~9!

where cnl5Jnl8 for (nÞ l ), cnn5Jnn8 2x, and x
52V/tanh(V/2kB T). Equation~9! represents a set of linear
ized equations from which the Curie temperature can be
termined by its coefficient determinant.

To obtain the dielectric susceptibilityx of the particle, we
assume that onlyRn is dependent on the electric field, an
define a reduced local susceptibility at thei th site:

ki5x i

v
2m

5
v

2m

]Pi

]E
5

]Ri

]E
, ~10!

which satisfies the equation

(
l 50

N

gnlkl50, ~11!

where gnl5Jnl8 for (nÞ l ), gnn5Jnn8 21/bn , and bn

5]Rn /]uHnu. Equation~11! stands for a set of simultaneou
equations, andkn can be obtained by numerical calculation
The mean susceptibility of the particle is defined as

xe5
1

M (
n50

N

mnxn5
2m

Mv (
n50

N

mnkn . ~12!

For a ferroelectric material, its bulk Curie temperature
already known; therefore,V/J0 can be obtained. HereJ0

5( i 51
` J0i8 is the summation of the exchange strength b

tween the central site and all the other pseudospins in a
ticle with infinite size. In our calculations, we will fixV/J0 ,
and take different values fors in order to analyze the influ-
ence of different interaction ranges.

III. RESULTS AND DISCUSSION

Figure 2 shows the size dependence of the Curie temp
ture of the particle with differents at fixedV/J050.35. The
Curie temperature is reduced byTc` , whereTc` is the Curie
temperature of the bulk material withs55. The Curie tem-
perature of the particle decreases with decreasing
sharply to zero at the critical size. The feature has been
served experimentally in PbTiO3 particles.10 It is obvious
that the critical size of the particle varies withs at the same
value of V/J0 . In the case ofs55, the Curie temperature
increases with increasing size slowly when the particle s
is larger than 20 layers and approaches the bulk value w



i
ze

t
th
p
e
,
u

ic

riz

se
. 2

w
r

sin
be

olar-

tate

at
ay

po-
size
he
asy
erac-
cial

th
of

ter,
za-
son
nd
sur-

th
e

th

n of

en
tted

at
e

es
a

. 4.

PRB 62 11 425SIZE EFFECTS OF FERROELECTRIC PARTICLES . . .
the size becomes infinite, while fors53.5 the Curie tem-
perature increases much faster than those ofs54 and s
55. This means that the interaction range has a notable
fluence on the Curie temperature of a particle with finite si
From Fig. 2 we can also see that the smaller thes, the larger
the critical size. This can be ascribed to the fact tha
smallers corresponds to a longer interaction range, with
decreasing of the particle size, the amount of the pseudos
contributing to the ferroelectricity of the particle decreas
quickly. While a largers implies a shorter interaction range
only a small amount of pseudospins dominates in contrib
ing to the ferroelectricity of the particle, so the ferroelectr
ity can persist down to a smaller size.

Figure 3 shows the size dependence of the mean pola
tion of the particle at a temperature of 0 K with different s at
V/J050.35. The mean polarization of the particle decrea
to zero at the critical size, which is in accordance with Fig
The mean polarization of the particle withs53.5 increases
with increasing size faster than those ofs54 ands55; this
is reasonable because the stronger the interactions bet
the pseudospins, the larger the polarization. As a smalles
corresponds to a longer interaction range, with the increa
of the particle size, the summation of the interactions

FIG. 2. The size dependence of the Curie temperature of
particle atV/J050.35. HereTc` is the Curie temperature of th
bulk material. The solid line is fors53.5, the dashed line fors
54, and the dotted line fors55.

FIG. 3. The size dependence of the mean polarization of
particle at ground state withV/J050.35. HereN is the total number
of spherical layers in the particle. The solid line is fors53.5, the
dashed line fors54, and the dotted line fors55.
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tween the pseudospins increases quickly, so the mean p
ization of the particle also increases quickly.

Figure 4 shows the size dependence of the ground-s
~at a temperature of 0 K! polarization in the particle withs
54 andV/J050.38. In the figure we present polarization
the central site, the surface layer, and the midlayer halfw
between the central site and the surface layer. All three
larizations decrease to zero simultaneously at the critical
of the particle. The polarization of the central site of t
particle is larger than those of the other two layers. It is e
to understand because the central site has stronger int
tions with the surrounding pseudospins due to its spe
position.

The radial profiles of the polarization in the particle, wi
total number of layer of 40, 60, and 80, at temperature
0.5Tc` are shown in Fig. 5, whereTc` is the Curie tempera-
ture of the bulk material. It can be seen that near the cen
the polarization reaches a maximum platform. The polari
tion of the surface layer is greatly depressed in compari
with those of the other layers. This is easy to understa
because the coordinate number for a pseudospin on the

e

e

FIG. 4. The size dependence of the ground-state polarizatio
the particle atV/J050.38 ands54. The dashed line is for the
central site of the particle, the solid line is for the midlayer betwe
the central site and the surface layer of the particle, and the do
line is for the surface layer.

FIG. 5. The radial profile of the polarization in the particle
0.5Tc` . HereTc` is the Curie temperature of the bulk material. Th
line with circles is for a particle with 80 layers, the line with squar
is for a particle with 60 layers, and the line with triangles is for
particle with 40 layers. The model parameters are same as Fig
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face is lower than that for the pseudospins in the inter
Figure 5 also shows that the polarization of each layer in
80-layer particle is larger than that of the corresponding la
in the 60-layer or 40-layer particle, which obviously resu
from the strengthening of the interactions in the larger p
ticles.

Figure 6 shows the size dependence of the mean sus
tibility of the particle at different temperatures belowTc` .
Each curve shows a peak implying a size-driven phase t
sition. This type of peak was observed in PbTiO3 particles.11

With the increasing of the temperature, the phase transi
size becomes larger. At a temperature of 0.5Tc` , the phase
transition size occurs atN515, and at a temperature o
0.8Tc` the phase transition happens at a size ofN525, while
at a temperature of 0.9Tc` , the phase transition size isN
546. This is understandable because at a lower tempera
the polarization is larger and it can persist down to a sma
size.

The temperature dependence of the dielectric suscep
ity of the particle with different sizes is shown in Fig. 7. Th
particle with 50 spherical layers shows a susceptibility pe
at a higher temperature than that with 30 layers. As for
particle with 10 layers, which is smaller than the critical siz
the mean susceptibility decreases with increasing temp
ture monotonically with no peak, which means that there
no phase transition. This kind of feature has been alre
observed experimentally in the study of PbTiO3 ~Ref. 11!
and BaTiO3 ~Ref. 14! particles.

Our calculations show thats, as a measure of the inte
action range, significantly influences the size effects. As
mentioned in a previous context, in real ferroelectrics,
cause of the long-range Coulomb interaction,s should be
greater than 3. For a fixedV/J0 , which means a fixed Curie
temperature of its corresponding bulk system, a smalles
corresponds to a larger critical size. In other words, in
system with long-range interactions, it needs a large siz
establish ferroelectricity; therefore, the critical size increa
with increasing interaction range. Because we cannot
two ferroelectrics with the same or close bulk Curie tempe
ture, we choose the experimental results of BaTiO3 and

FIG. 6. The size dependence of the mean susceptibility of
particle at different temperatures. The reduced susceptibility of
particle is in natural logarithm scale. The solid lines are forT
50.5Tc` , the dashed lines are forT50.8Tc` , and the dotted lines
are forT50.9Tc` . The model parameters are same as Fig. 4.
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PbTiO3 for a comparison since they are typical ferroelectr
and their bulk properties and size effects are well studied

The bulk Curie temperature of BaTiO3 (393 K) is above
half that of PbTiO3 (763 K), but the critical size of BaTiO3
~around 50 nm! ~Ref. 12! is an order of magnitude large
than that of PbTiO3 ~around 5 nm!.25 From this comparison,
we might say that long-range interactions play a more
portant role in BaTiO3 than that in PbTiO3. The relatively
large critical size of BaTiO3 could be mainly attributed to the
long-range interaction~or a smallers! if it is not the only
contribution. To estimate the value ofs, we may compare
the calculated size dependence of the Curie temperature~Fig.
2! or polarization~Fig. 3! with the experimental results. Fo
PbTiO3, the experimental size dependence of the Curie te
perature can be found in Ref. 9 or 10. For BaTiO3, similar
results can be found in Ref. 26. A comparison of them w
the curves in Fig. 2 may give an estimation ofs.

IV. SUMMARY

The size effects of ferroelectric particles described by
transverse Ising model are studied taking into account
long-range interactions. Our results reproduce many feat
of experimental observations. With a decreasing of the p
ticle size, the mean polarization and the Curie temperatur
the particle decrease to zero at the critical size of the parti
which implies a size-driven phase transition from t
paraelectric phase to the ferroelectric phase. This is ind
tive of the fact that long-range interactions are dominant
contributing to the ferroelectricity. A longer interactio
range may lead to a larger critical size. For a ferroelec
particle with a shorter interaction range, the size depende
of the ferroelectricity becomes weaker when the size of
particle is large. From our calculation, the loss of the fer
electricity of a particle below its critical size is mainl
caused by the weakening of long-range interactions am
the pseudospins in the particle.
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FIG. 7. The temperature dependence of the mean susceptib
of the particle with different sizes. The reduced mean susceptib
is in natural logarithm scale. The solid line is forN510, the dashed
line is for N530, and the dotted line is forN550. The model
parameters are same as Fig. 4.

e
e



r,

i,

n

g

o-

v.

un.

ns.

un.

-

M.

PRB 62 11 427SIZE EFFECTS OF FERROELECTRIC PARTICLES . . .
1A. Jaccard, W. Kanzig, and M. Peter, Helv. Phys. Acta26, 521
~1953!.

2K. Anlike, H. Brugger, and W. Kanzig, Helv. Phys. Acta27, 99
~1954!.

3J. F. Scott, H. M. Duiker, P. D. Beale, B. Pouligny, K. Dimmle
M. Paris, D. Butler, and S. Eaton, Physica B150, 160 ~1988!.

4J. F. Scott, Phase Transit.30, 107 ~1991!.
5H. Funakuba, T. Hioki, M. Otsu, K. Shinozaki, and N. Mizutan

Jpn. J. Appl. Phys., Part 132, 4157~1993!.
6T. Hayashi, N. Oji, and H. Maiwa, Jpn. J. Appl. Phys., Part 133,

5277 ~1994!.
7K. Kushida and H. Takeuchi, Appl. Phys. Lett.50, 1800~1987!.
8K. Kushida and H. Takeuchi, Ferroelectrics108, 3 ~1990!.
9K. Ishikawa, K. Yoshikawa, and N. Okada, Phys. Rev. B37,

5852 ~1988!.
10W. L. Zhong, B. Jiang, P. L. Zhang, J. Ma, H. Chen, Z. Yang, a

L. Li, J. Phys.: Condens. Matter5, 2619~1993!.
11B. D. Qu, B. Jiang, Y. G. Wang, P. L. Zhang, and W. L. Zhon

Chin. Phys. Lett.11, 514 ~1993!.
12S. Schlag and H. F. Eicke, Solid State Commun.91, 883 ~1994!.
13S. Schlag, H. F. Eicke, and W. B. Stern, Ferroelectrics173, 351

~1995!.
d

,

14M. H. Frey and D. A. Payne, Appl. Phys. Lett.63, 2753~1993!.
15W. L. Zhong, P. L. Zhang, Y. G. Wang, and T. L. Ren, Ferr

electrics160, 55 ~1994!.
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22R. Blinc and B. Zeˇkš, Soft Modes in Ferroelectrics and Antifer

roelectrics~North-Holland, Amsterdam, 1974!.
23M. E. Fisher, S. K. Ma, and B. G. Nickel, Phys. Rev. Lett.29,

917 ~1972!.
24S. A. Cannas, Phys. Rev. B52, 3034~1995!.
25M. de Keijser, G. J. M. Dormans, P. J. van Veldhoven, and D.

de Leeuw, Appl. Phys. Lett.59, 3556~1991!.
26K. Ucino, E. Sadanaga, and T. Hirose, J. Am. Ceram. Soc.72,

1555 ~1989!.


