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Magnetotransport in nearly superconducting Fermi liquids
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The quasiparticle contribution to the conductivity of a nearly superconducting two-dimensional Fermi liquid
in a perpendicular magnetic fieBlis studied. The Boltzmann equation for the case of scattering on the pair
fluctuations is shown to be the same as for forward scattering on a particle-hole collective mode. It is shown
that in both cases, the Jones-Zener expansion of the conductivity tensor in povieis sgverely modified.
Implications for some theories of the normal state in the cuprates and also for nearly ferromagnetic systems are
discussed.

The nature of the electron dynamics in the normal state ofvard scatteringland, hence, also superconducting fluctua-
the cuprates remains an open subfeéinderson has pro- tions) do not lead to the two-lifetime phenomenology of the
posed that on the phenomenological level the in-plane magsuprates.
netotransport data can be analyzed in terms of two lifetimes, Boltzmann equatiorLet us start by reviewing the case of
one of which determines the response to the electric field anélectrons scattering on a bosonic mode which can be a pho-
the other one to the magnetic fiél&oon after this proposal Nnon or a particle-hole collective mode of the electron system.
it has been suggested that these two different lifetimes can bEhroughout this paper we assume that the bosons relax suf-
realized in a quite conventional way: different parts of theficiently fast so that they can be assumed to be in equilibrium
Fermi surface can support different lifetimeSuch aniso- even in an applied electric fiel and magnetic field. Let
tropic situations appear quite naturally in models with large-us write the electron distribution functidiy of the electron
momentum scatterin® However, it has been pointed out gas in the formf,=f2—®,af)/de,, wheref? is the equi-
that even the description of the simplest quantity of interestlibrium distribution function.®, is a function to be deter-
pxx, is Not free of problems in such theories, since suctmined from the Boltzmann equatidryhich to linear order
scattering can affect only a smdlot) part of the Fermi in E reads
surface. The remainingold) Fermi-surface electrons do not
experience singular scattering and short circuit the contribu-
tion of the hot electrons at low temperatufes.

Some of the problems of the hot-spot models have been
overcome in a phenomenological model due to loffe andrhe functionWEfL, describes the scattering of electrons on
Millis, in which the whole Fermi surface of the cuprates is the bosonic modeandv, is the electron group velocity.
supposed to be hot, except for a small number of electrons in From now on, let us specialize to a two-dimensional sys-
the vicinity of the (=1,=1) directions, which are supposed tem with square symmetry and lattice constarniVe assume
to be cold’ loffe and Millis argue that this so-called cold- that the electric fieldE (magnetic fieldB) is parallel (per-
spot model may result from the scattering of electrons on th@endiculay to the electron system.
pair fluctuations of al-wave superconductor. The sum ovek’ in the collision term of the Boltzmann

Anderson has proposed different microscogide ori-  equation can be writteB .= (a/2)2¢(dk' /v ) fde,. . Let
gin of his holon-spinon picture lies in a singular forward us take the integraJde, of both sides of the Boltzmann
scattering of the electrons. Unfortunately, Anderson’s sugequation and define a dimensionless scattering function
gestion has not been st_ud|ed in much detail so far. We arﬁﬁ?kr:(aZIZWUkUk’)fdskfdsk’wﬁ?kr- Making use of the
aware only of R.ef. 8 which shows that strpng forward.sc_:qt-we”_known result for the functiorWEhk, (see, e.g., Ref.)6
tering can lead in a layered system to a divergent reS|st|V|t)6ve have :
anisotropyp,,/ pxx @s the temperature is lowered, in agree-
ment with experiment. ph 2.2

In this paper we elaborate on the following observation: APD :lgk,k’| a f
an electron with momenturk scatters on a superconducting K dmowe = TsintR(w/2T)
fluctuation in that it annihilates another electron with mo- _ )
mentumk’~ —k. Since the total momentum of the annihi- Where Imy,(q, ) is the spectral function of the boson mode
lated pair of electrons is close to zero, the electric curreng@ndgy,, describes the coupling of electrons and bosons. We
changes only little due to such scattering. We show that th@ave assumed that the scattering is quasielastic and therefore
Boltzmann equation for scattering on superconducting flucwe can neglect the dependence of yl(k'—k,w) on
tuations is equivalent to the forward scattering case. We find ey, . All momenta are taken at the Fermi surface.
the expansion of the conductivity tensor in powers of the Let us consider an electron-like Fermi line and define a
magnetic field for a general forward-scattering mechanism'Fermi wave vector” ke =¢dk/27r, where the integration is
We argue that, on the level of the Boltzmann equation, fortaken along the Fermi line. The Fermi points shall be labeled

E+&(I) B
e WX

Vi d(er) = 2 WE (D — D).
k!

= dowlmy(k'—K,o)
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by a new angular variable defined bydk=krd¢, and we Here we have relaxed our requirement of sharply defined
seto=0 along one of the crystal axes. We assume furtherenergies of the pair fluctuations which are now described by
more thatE is parallel to thee=0 direction. Since®, is  the spectral function In,(d, ).

proportional toE=|E|, we can replace it by a new dimen-  Assuming quasielastic scattering, the Boltzmann equation
sionless functiong, by setting®,=(eE/kg)g,. With the can be cast in the form

above definitions, the Boltzmann equation can be written

d de’
Cosp )+ B~ b o At 0,6 )a(6) +9(¢")]

dg_ [d¢’ , ,
COS¢(¢)+B@= jggAph(WP )ale)—g(e)], )
(1) where
where cos)=E- v, /(Ev,) andB=e|B|/%kZ is a dimension- r_
less magnetic field. |gpp( )|2a2 B ,
Scattering on superconducting fluctuationSollowing APP = 2 f dooimypk k')
Ref. 7, we consider the case when the quasiparticle contri- Kk A7V —»  Tsint(w/2T)

bution to the conductivity dominates over the paraconductiv-
ity. We assume that the interaction of the electrons with th
superconducting fluctuations can be described by the Hamil-

nd the notation is the same as for scattering on a particle-
ole-like collective mode.
Let us comment on the symmetries &f,(¢,¢") (a

tonian _ ; f )
=pp.ph). We require A,(¢.¢")=A.(¢".¢), Aule.¢')
1 =A (o+ 720" +7/2), andA (¢,¢" ) =A(—¢,—¢'). In
H= — 2 M(c_ /21 Ckr q/21 — C s /21 Chs q2)) addition to the functlons\aﬁp,q; ) it is convenient to con-

&‘

kg sider also the functiongl ,(¢,0)=A, (¢,¢"), where =o'

><( b_g+H.cl, —¢ and¢=(¢'+¢)/2. The above symmetries allow us to
write A,(¢,0)=2, ,_oCmCcosdmpcosnd. As regards

wheregf? is a form factor which depends on the symmetry (o), we requirey(¢)=— (— ¢) and ¢(o+ 7/2)= ()

of the pairing state anaT and b’r create particlelike and + @/2. Therefore the deviation from a circular Fermi surface,

holelike pair fluctuations, respectwely a(e)=y(e)—¢, can be expanded as a(¢)

In order to stress the similarity to the case of scattering or==;_,a, sin4ne.

phonons, for the moment being, let us assume that the Making use of the symmetries af(¢) and A, (¢,¢'),

particle- and hole-like pair fluctuations have sharply definedbne can show readily that Eq4) and(2) are consistent with

spectraw, . Then the collision terms for scattering of the g(¢)=—0g(¢+ 7). That is why, in the general case when

electrons on the andb bosons are, respectively, both thepp and theph scattering is present, the Boltzmann

equation can be written as

('”k) =273 [0 g 11 (L=
T k—aq/2 kK —l—k+g/llaq , ’
at ‘ COS¢(¢)+Bd 3€ > Ale.e)lale)—a(e)],
_fkf7k+q(na,q+ 1)]5(8k+87k+q_wa,q)v )
y where A(¢,¢")=As(¢,¢")+Ap(@,¢'+m). Note that
k| _ 2 q _ both for dominant forward scattering and for scattering on
( o'?t) 27’2 |OK” g2l T(1 = F (1= f 1 ) (N gt 1) the superconducting fluctuationg\(¢,¢’) is substantial
only for o'~ ¢.
—fif ki gNb,gl Ok e kgt @b g), Once we have solved fag(¢), the conductivity tensor

. . o _ ) can be calculated from
wheren, , is the Bose-Einstein distribution function, since

we assume again that the collective modes are in equilib- 2e? r2rde ( cosy( ), siny(e)
(e

rium. o=— . .
If we write f,=f2—®,af%de,, then to linear order in —sinyg(e),  cosy(e)

h Jo 2
the deviation from equilibrium, , the Boltzmann equation Equations(3) and (4) solve (in principle) the magnetotrans-
can be written port problem.

Let us return to the symmetry analysis. It is easy to see
thatA(¢,¢') has the same symmetriesAs(¢,¢’). More-
over, if we explicitly take into account the dependence of
d(¢) on the parameteB, we find thatg(e,8)=g(— ¢,
where —B). In weak applied magnetic fields it is convenient to

expand the functiorg(¢) in powers of 8, g=go+g:+9>
op 22040 + ..., whereg,xB". This is the so-called Jones-Zener ex-
W= Ig(k, il T [n(ext+ ) +1] pansion. From Eq(4) it follows thatg, with even(odd) n
determine the diagonaloff-diagona) components of the
XImyps(K+K' e+ &ir). conductivity tensor.

(4)

Id
E+—X

ik <B| Vede1) = 2 W (Pict i),

e
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Approximate solution for dominant forward scattering. Eq. (9) it follows that(within the relaxation-time approxima-
Let us introducef= ¢’ — ¢ so that we can writeA(¢,¢") tion) the conductivity can be written, to ordg#, in the form
=A(¢+ 60/2,0). For dominant forward scattering, the scat-

e 2
tering functionA( e, 8) is non-negligible only fol 4| smaller UXX:e_ § d_<PG{1_32[(G¢')2+(G’)2]+ NS
than a characteristic anglgy<<1. We shall assume further- h J 2w

more thatA( ¢, #) is a weak function ofp on the scald,. In e

this case we can expand in powerséothe functions enter- Ty="— § —"DG{—ﬁGw’ +.- 1 (10)
ing the collision integral on the right-hand side of E8§), hJ2m

namelyA( ¢+ 6/2,0) (as a function of its first argumerand
g(¢+ 6). Keeping only termsr 6, the Boltzmann equation
simplifies to

In calculatingG(¢), loffe and Millis take into account the
d-wave symmetry of the superconducting fluctuations,
9pp(®) =9 cos 2p, and for the spectral function of the su-

—(Gy Y)g")' = cosy+ Bg’, (5) perconducting  fluctuations they take g)(q,w)
. _ _ =F[w?/Uu?(q®+ £ 2)]/(g?+ £ 2), whereu<ug is the ve-
whereGy(¢) is a dimensionless “transport mean free path,” |ocity and é~u/T>k:* is the correlation length of the pair
—1 . F
Gy “(¢)=$(d0/2m) A(¢, 0)(1— cosd). The solution of Ed.  fyctuationsF(x) is a fairly general scaling function.

(5) can be expanded in powers gfas follows: A straightforward calculation leads then to the inverse
o , mean free path G Y(¢)~\co$2p, where N\ is a

Jo(@)= _j d@'Gtr(¢')J¢ de” cosy( "), T-independent constant. Taking into account the finite angu-
/2 0 lar resolution, 8y~ 1/kg¢, loffe and Millis obtain G~ 1(¢)

~X\(T/ukg)? in the cold spotdi.e., for ¢ such that cos@
P , ) , _ =0). As the temperature is lowered, the mean free path be-
On-ra(e) 'Bfnw/zd"o Cule")Gn(e"), n=01,.... comes progressively more and more anisotropic and, as loffe
(6) and Millis have shown, the angular integrations in EL)

lead to transport coefficients in agreement with experimental
Using the above solution for the electron distribution data(except for the magnetoresistance

function in Eq.(4) we find that the conductivity in the ab-  Unfortunately, for scattering on superconducting fluctua-
sence of the magnetic field is tions, the criterion Eq.(7) for the applicability of the

262 [2md relaxation-time approximation is not satisfied. Instead, one

o _c& —(PG (0)SX() should use the scheme for dominant forward scattering. A

*“h Jo 27 " ’ straightforward calculation shows that, due to the factor (1

- cosa)~6%~(T/ukF)2, the inverse transport mean free path
for the model spectral function of loffe and Millis is
G, (@) ~N(T/ukg)? cog 2¢, i.e., Fermi-liquid like even in
the “hot” region!

where S(¢)= [fdtcosy(t). For a circular Fermi surface,
e.g.,S(¢)= sing and oy, is given by the standard formula
o= (€%/h) [2"d G (¢)/27. Contributions too which are

of a higher order ing are given by multiple angular integra- e apove discussion shows clearly that the microscopic
tlonCs.ld delloff d Millis” h d | picture proposed in Ref. 7 does not lead to agreement with
old-spot modeliotfe and Millis™ have proposed recently ¢ cuprate in-plane transport data. In what follows we shall

that the anomalous in-plane magnetotransport properties %{rgue that, quite generally, neither the scattering on super-

the cuprates can be “’?ders_to"d in the framework OT a n_earlé(onducting fluctuations, nor the dominant forward scattering,
superconducting Fermi liquid. In Ref. 7 the relaxatlon—nmeI

oo . o ead to the two-lifetime phenomenology observed in the cu-
approximation is adopted, i.e., it is implicitly assumed that

ol prates.
orall ¢, Let us discuss the transport properties for the case of

dominant forward scattering assuming a temperature-
fﬁ do'A(e,¢")g(e')~0. (7)  dependent anisotropy of the transport mean free Ga(p).
In order to present a closed-form analytic solution, we re-
In this case Eq(3) simplifies to strict ourselves to the case of a circular Fermi surface, which
is however not such a bad approximation to the actual Fermi
G '(¢)g= cosy+Bg’, (8)  surface observed experimentally in the cupraiea simple

where the prime denotes a derivative with respecpta’ pfarticle—hole transformation is perforn?ed\/loreover, we
=dg/de, and G(¢) is a dimensionless *single-particle 9"30“5? only two extreme cases Bf(¢): () a completely
mean free path,”G 1(¢)=$(de'/2m)A(¢,¢’). Equation ISOtropic mean free pathay_,(go) =_Gtr, corresponding to a
(8) can be solved by variation of constants, but here we shalfigh-temperature state ard) a simple soluble example of

discuss only the Jones-Zener expansion which reads an extremely_anisotropic low-temperature mean free path
Gu(¢) = (7/2)Gy2 6] ¢ — (2n+ 1) /4], which corresponds
go=G cosy, to a Fermi line with cold spots ap=(2n+1)#w/4 and an
_ , _ average transport mean free pditho G (¢)/27=G;, .
9n+1=BGGy, n=01,.... ©) Making use of Eqs(6) we find that both the higf- and

Note the difference of this standard result with respect to théhe low-T mean free paths lead to the same resistivity tensor
Zener-Jones expansion for forward scattering, @Y. From pXX:pyy:poG;1 » Pxy= — Pyx=PoC(T) B, wherepy= h/e?.



11 368 BRIEF REPORTS PRB 62

The only difference between the two cases is that at higlrermi surface, including thet(1,+1) directions. Our analy-
temperaturegfor an isotropic lifetime c(T)=1, whereas at sis shows that sinc&(¢) # G(¢) for superconducting fluc-
low temperaturegin the anisotropic cagec(T)==/4. Thus tuations, the results of Ref. 10 by themselves do not exclude
the Hall numbeRy = p,, /B increases slightly with tempera- the cold-spot picture.
ture (if we assume that the electron concentration does not Nevertheless, within standard transport theory we have
change withT). This suggests that the strange magnetotransshown that the in-plane magnetotransport in two-
port behavior of the cupraten which R,=T™* has been  dimensional systems with dominant forward scattering
observed) is inconsistent with forward scattering. and/or scattering on superconducting fluctuations, is different
We believe that the nedr independence oRy, is @ 9e-  from the phenomenology observed in the cuprates. Although
neric property of systems with dominant forward scattering., may deviate from the canonical Landau Fermi-liquid re-
To |Ilustr_ate this point, consider an exa_mple of a hot-spo@u“ ., T2, the Hall number depends only weakly on tem-
model with a temperature-dependent anisotropy of the meag, ..+ ,re.
free .path and a circular Eerml surface. For a system wit Thus it appears that none of the proposed theories of the
dominant forward scattering an@(¢)=Go+G1C0S4,  normal state of the cuprates which invoke singular scattering
we find of the electrons on a collective mode is free of problems
when applied to the in-plane magnetotransport. In fact, this
seems to7be the case ifrflthe exchanged b%son is a pair
_ 2 fluctuation; spin fluctuation; charge fluctuatior,a mode
Pry=PoBL1=(1130(G1/Go)"]. leading to sin%ular forward scatte?ﬁ;g)r a collective exci-
Note that sincéG, /Gy|<1 [in order thatG,(¢)>0], Ry is tation leading to the marginal Fermi-liquid phenomenology
nearly independent of temperature. Within the relaxation{for a recent formulation, see Ref.)11
time approximation, the same anisotropy of the mean free Finally, let us point out that the results obtained in this
pathG(¢)=Gy+ G, cos 4p leads to a much larger deviation paper should directly apply to nearly ferromagnetic two-

Pex=poGo 1+ (BG1/30)%(34— G3/G)],

of pj; from the isotropic case: dimensional systems. In that case one expects in the critical
_1 5 S fluctuation-dominated region an anomalous resistiyity
pxx=PoGo [1+(BG1/2)%(34-G1/Gp) ], «T*3 (see Ref. 12 whereas wepredict that in the same
— region there is no temperature dependence to the Hall effect
Pxy=poBL1+(1/2)G1/Gp]. which would be caused by the orbital effects of the magnetic
10 field.

Conclusions.The recent ARPES data of Vallat a
suggest that the single-particle scattering rate in the cuprates This work was supported by the Slovak Grant Agency
exhibits a linear temperature dependence over most of théEGA under Grant. No. 1/6178/99.
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