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Bounds on the dynamic properties of magnetic materials
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We derive a sum rule on the dynamic magnetic dissipation in magnetic materials. We obtain a bound on the
weighted sum of the gyromagnetic losses over the whole spectral range. Bounds are established for a fairly
large class of bulk and composite magnetic materials, and shown to agree with experiment. It is also shown
that a close approach to this bound can be experimentally attained.

I. INTRODUCTION 1

?"‘]F
Years ago, Snoek established a relationship constraining Xxy= ¥Ms

the product of the initial permeability and resonance fre-

guency of ferrites to a quantity that varied only with their

saturation magnetizationwith a slight exceptiord,there has )

been no attempt to establish further bounds on the micro¥ith Fy=#(N;M¢+Hin), _Fy_: ’f’(NyMsJF_Hint)_’ Hint=H

wave properties of magnetic materials. The Kramers-Kronig~ N:Ms, andT a characteristic damping timg.is related to

relations are useful and have been recently extended to the gyromagnetic ratig by 4= y/2m and is approximately 3

finite-frequency rang@,but do not directly give bounds on MHz/Oe for most magnetic materials.

the variation of microwave properties with the static mag- Consider the functio®(F) =F4mx(F) of the complex

netic parameters. In contrast, in the framework of effectivefrequencyF. Here G(F) is analytical over the lower half

medium theorie$; ° efforts to bound the range of parameters complex plangno poles. Applying the Cauchy theorem to a

allowed for a composite material as a function of the propclosed contour consisting of the real ajise,+«[ and a

erties of its constituents have been particularly successful fogemicircleC_., in the lower half of the complex frequency
either the magnetic or dielectric susceptibility constanin plane yields

contrast, fundamental bounds on the properties of electronic
networks have been known for decad®s. to T o[ Ny int

This paper establishes a bound on the high-frequency lx= fo Fu(F)dF= 5 (447My) (EJFWMS)
magnetic losses for a magnetic material that can be stated in %)
terms of its static magnetic properties. The derivation is car-
ried on a saturated ellipsoid, extended in the general frameA similar relation holds for the permeability alorygand the
work of effective medium theory to demagnetized materialspermeability alongz is unity. Therefore, defining=1,+1,
and finally to composite materials. We show that this bound+1,= [ o “F Tr{4"(F)}dF,
can be attained for some particular magnetic composite to-
pologies. The validity of the relation was verified by experi-
ment on several materials. Various consequences and physi-
cal applications of this relation are then discussed.

] ’ (1)
2 .

Nz 2Hint) (3)

_T 2[4z
|= 5 ($AmM9?| 1- —+ prvy
This result can be extended to unsaturated materials, such as
Il. THEORETICAL RESULTS bulk ferrites, using either of the two approaches that have
, o _ .. been proposed to describe their permeabtfty}*In one ap-
Consider an ellipsoid with saturation magnetlzatlonproach with the magnetization alorgand a domain con-
4mM; and demagnetizing coefficientt, Ny, andN_inan  figyration isotropic in thexy plane, the permeability along
external fieldH, along thez direction large enough to satu- pe x andy axes has been shown to be givenbywith %2
rate the ellipsoid. The microwave properties of the magnetic:(1+4wxxx)z+(4m(x )2.1314 Unlike Refs. 13 and 14, a
material are obtained by the gyromagnetic equation of mop|sch-Bloembergen diésipation term is used here. Then it
tion in which magnetic relaxation is described by a Bloch-.54 pe shown that E@3) also holds, withN,=0, H,, being
Bloembergen(BB) damping term* All quantities are ex- e anisotropy field., ' o
pressed in the cgs system. The permeability tepstelating Consider now a composite material. Homogenization

the microwave induction to the microwave field applied 05y are widely used to describe the effective properties of

the ellipsoid at a frequendy is a=1+4my, wherey isthe  composite materials as a function of the properties of their

magnetic susceptibility tensor. With the ex@nFt) time  constituent$® The predicted properties are very dependent

convention, the nonzero components can be writtéh as  on the shape of the inclusions and on the particular formula-
tion used(such as Bruggeman or Maxwell-Garnettiow-

Yax(F) = #M Fy , ever, in the quasistatic limit, it has been established that the
_F240 E+F F_ = effective susceptibilityy of a two-component composite
I3y ™ 32 with a known volume fraction should lie within known
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bounds that are independent of the particular formulation and M Ll e
of the shape of the inclusio$. The bounds are given by the 100 - .
Maxwell-Garnett equation with either constituent as the 103
matrix®~° For a matrix of materiah with volume fractionf, 75 4
if the susceptibility of the constituents b is notedy,,xp —» lo>2
respectively it can be written 50 4 B
f(1—f)(Xa= Xb)° 25 | T 01
sa_
Y=t DX =9 g @ —ah) - xat
(4) o , povat et O
_ 0.1 1 10 100
where the shape faf:tmvanes from O to 1 Let us suppose Frequency (GHz)
that x5 and y,, are given by the BB equation, possibly with
47M¢=0 if one constituent is nonmagnetic, and that their @
eigenaxes are parallel. Then, applying the Cauchy theorem . 1P,

on the same contour as for E@) gives 4

+o0

Ix:fo F:&;xa(F)dF:ﬂx,a—i_(l_f)lx,by (5
with 1, , andl, , defined by Eq(2). This equation can be T 05
generalized to any number of constituents, provided the ma-
terial can be described as a mixture of composites. This im-
portant result(to our view states that the weighted suim :
for a composite is simply the volume average of this quantity 12 18
applied to each constituent. Another important result is ob- Frequency (GHz)
tained for the case of soft materials so thg{;<<47Mg. In ®)
the absence of a strong external field, most microwave ma-
terials, such as soft spinel ferrites and soft ferromagnetic
films, meet this condition. Takingma=(m/2){(#47M¢)?)
where the angular brackets indicate a volume averaging, then
from Egs.(3) and(5) we obtain

ol L (F) ax

L/ o<1 =<1 (6)

This inequality yields a bound on the frequency-dependent
properties of the materid) andl, as a function of a quantity

| max that is dependent on the saturation magnetization only.
This relation can be viewed as a generalization of Snoek’s
law, with a much broader range of validity since it also holds

for inhomogeneous materials. If the material is isotropic, Frequency (GHz)

=3l, and a more severe bound can be established by Eqg. (©

(6): 14/l 1hax<1/3. If the material is a composite with only

one magnetic Constitueritmax=f(7r/2)(7$/47rM5)2, wheref is FIG. 1. Spectra of imaginary permeability and normalized
the volume fraction of the magnetic constituent antM is ~ 'x(F)/Ima (@ (8, A) sintered Ni.sZno 57,0, ferrite and(b, B)

its saturation magnetization. dispersion of a NjsZnysFe,0, ferrite powder.(b) Composites

made of ferromagnetic laminatioiis, C) CoZrPt and(d, D) Fe.(c)
Dispersion of Permalloy powder with 30% and 50% volume frac-
tion.

The permeabilities of different magnetic materials have
been measured, using a conventional coaxial transmiSSiQﬂ)mposite material occurs at much higher frequency, but is
line  techniqué® The  partial integral 1,(F) 100 times smaller. For the sintered ferritg(F)/1 ., asymp-
=f(F)F',u§§X(F’)dF’ has been calculated using the experi-totically approaches a value of 1/3, which is the maximum
mental permeability spectra. The saturation magnetizationgalue allowed for an isotropic material. For the composite
of each magnetic constituent were measured using a vibratnaterial, this quantity approaches a smaller, but comparable
ing sample magnetometer and used to determjpe Figure  value of 0.2, which also agrees with E@). The results in
1 shows the spectra of the imaginary permeability and thé-ig. 1(b) were obtained for laminated insulator ferromag-
ratio | ,(F)/I s fOr several materials. The data in Figal netic on the edgéLIFE) composite¥ that consist of alter-
are for(a, A a bulk-sintered NjsZn, sFe,0, ferrite and(b,  nating ferromagnetic and insulating films. The LIFE com-
B) a dispersion of ferrite powder with the same compositionposites were measured with the microwave H field parallel to
in a binder. The imaginary permeabilities of the two materi-the hard axis. One LIFE composite was made of soft, amor-
als are seen to be very different. The sintered material exhitphous CoZrPt films that have gyromagnetic resonance loss
its a large response at low frequencies, while that of thepeaks at ~2 GHz. As expected, for this composite,

IIl. COMPARISON WITH EXPERIMENTAL RESULTS
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| ((F)/l max tends toward unity. Another LIFE composite films and small ferromagnetic particles to minimize the con-
was fabricated with iron thin films. The iron film laminates tribution of eddy currents to the permeability at frequencies
exhibited a much smaller permeability over a lower andbelow 20 GHz.

much wider frequency range. Because of the relatively high The model presented considers only the gyromagnetic
anisotropy of the iron films, the integril(F)/I n. does not ~ permeability. It is known that the domain wall _permeability
reach an asymptote fér=18 GHz, but it is lower than unity may also contribute to the overall permeability at lower
as predicted_ F|gure(¢) shows the spectra of two compos- frequencie? and is expected to yleld an add_ltllon.al Contrlbu—
ites made by dispersing different volume fractions of Pertion tol,. However, the imaginary permeability is weighted
malloy powder in an insulating matrix. Although the perme-by the frequency in the integra}. The impact of additional
abilities of these composites differ significantly, the ratio contributions to the permeability at frequencies much below
| (F)/1 max @approaches the same asymptotic value for bothl GHz is expected to be small compared to the gyromagnetic

composites and is lower than 1/3, in agreement with(By. ~ contribution that extends over a much higher-frequency
range. Bulk ferrites are known to exhibit a significant do-

main wall contribution at low frequencies, but the result in
IV. DISCUSSION Fig. 1(a) indicates that Eq(6) is valid for the ferrites inves-
tigated in this work.
A. Range of validity

The bound on the dynamic responses of magnetic materi- B. Consequences and applications

als we have derived is well supported by the experimental While the effective permeability of composite materials is
evidence presented. Nevertheless, it is of consequence to exghly dependent on the volume fraction of the inclusions
amine the basic assumptions that were made to obtain thignd on their distribution, by using E¢p) it has been shown
result. A Bloch-Bloembergen-type damping parameter wasor soft magnetic composites that the integral of the gyro-
used, rather than either a Landau-Lifscliltz ) or a Landau- magnetic loss response, weighted by the frequency, is simply
Gilbert (LG) type. A common objection to the BB term is the volume average of this quantity for each constituent. It is
that it does not conserve the magnetization when dealinghdependent of the topology of the composite, provided that
with large excitations. However, to first order, in the low- the demagnetizing coefficiends, of the domains in Eq(3)

field linear susceptibility regime considered here, the suscepare not much affected by the topology. Figuie)Iprovides
tibilities obtained from either a BB, LL, or LG parameter a good illustration of this sum rule. Bulk ferrite and ferrite
conserve the magnetization. If an LL or LG parameter wergpowders have a very different domain structure, and(Ey.
used, the damping far above spin resonance would causgelds a bound ,,, on the quantities, and| that is valid for
I(F) to diverge as Ifr. However, since the divergence is both bulk and unsaturated soft materidlg,, is simply re-
slow, the permeability of the soft material of Figblwas lated to the spatial average of the square of the saturation
fitted using a LG damping term, and the quantiffF) was  magnetization. Although it is intuitive that there is a relation-
computed from the integration of the LG permeability up toship between dynamic magnetic loss and saturation magne-
18 GHz. The result differs by less than 5% from the quantitytization, a quantitative relation that would generalize Snoek’s
I«(F) obtained by integrating the experimental spectrumlaw! had not been previously formulated. It was also well
This suggests that the choice of the damping term is not &nown that the dynamic permeability can be significantly
major issue for the evaluation df(F) up to ~18 GHz. altered by the magnetization distribution in bulk
Indeed, a common criticism to all these phenomenologicamaterial$?>~1*and also by the shape and the arrangement of
models is that while they are generally well suited to de-magnetic particles in a composf®as illustrated by the per-
scribe the permeability near spin resonance, they do not yieltheability curves in Fig. 1. This work has shown, however,
a very good estimate of it at much higher frequencies. It ighat despite the wide diversity of the dynamic magnetic re-
necessary then to introduce a dispersive damping paramet&ponses observed experimentally, there is a quantitative limit
as shown experimentalfy. The introduction of a frequency- on these responses that depends only on the saturation mag-
dependent LL or LG damping term can then lead to convernetization of the material.

gence of the integrdl,(F). Equations(2), (3), (5), and(6) allow a better understand-

It has been assumed that the bounds of value allowed fdng of the permeability spectra of magnetic materials. They
the effective properties of composite matefialshold at fi-  should be useful in frequency-response engineering of
nite frequencies, whereas they have been derived at zero freaterials® in the development of new permeability mea-
quency. In fact, it has been shown that these bounds do ngurement techniques, and in frequency-resolved ferromag-
hold when characteristic dimensions of inclusion are nohetic resonancé MR) experiment$! Equation(6) provides
negligible compared to the wavelendth'®In particular, itis  a convenient way to check the high-frequency accuracy of
known that composites that contain conducting nonmagnetipermeability measuremerfts.
inclusions can exhibit a nonzero imaginary permeablrﬁty, In addition, the quantityt, has a direct physical signifi-
clearly showing that the sum rules on the dynamic permeeance for reflection coefficients of waves incident on mag-
ability established here are not valid when there is skin efnetic media. Consider the reflection coeffici€bof a plane
fect. The bound for materials with conducting particles iswave of frequencyF normally incident on a magnetic layer
I (Fmad/Imax<1, wherel (F ) is the partial integral up to of thicknesse backed by a metallic plane. The incident mag-
the frequencyF . Where the skin effect becomes signifi- netic field is parallel to thex direction which coincides with
cant. The experimental results reported in Fids) &nd Xc)  one of the material eigenaxes. The permeabilityof the
were obtained on composites made with thin ferromagnetienaterial has the properties listed aboRds expressed by
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—R=[1-ZtanKX)][1+ZtanKX)] 3, (77  bound computed from the saturation magnetization of the
: 12 . 1 ferromagnetic film, in agreement with E(B).
with Z=[ w(F)/e]¥? andX=j2#[e u(F)]%eFlc.

Assume that the thickness of the material is much less
than the wavelength at least up to a frequehgy, so that
tanh(X)=X and tha{R|~1 for F=F,. A proper application In summary, general properties have been established for
of the Cauchy theorefiiin the complex plane can be used to the integral of the frequency-weighted gyromagnetic perme-
integrate the attenuatioii=—20lodR|, and Eq.(6) is then  ability spectrum of soft magnetic materials. The maximum
used to bound this sum: values of the integral depend only on the saturation magne-

tization and gyromagnetic constant. The convergence of the
) weighted sum is not critically dependent on the underlying

assumptions. The theoretical bounds on the weighted sum

agree with experiments on a large variety of magnetic and

whered=3 if the material is isotropicd=2 if uu=#yy,  composite materials, and appear to have a substantial range
andd=1 otherwise. The experimental results in Figo)ffor ¢ physical application.

a 1.4-mm-thick CoZrPt-based LIFE composite can be used
to verify Eq. (8). The left-hand side is found by calculating
the attenuation using the experimental value of the perme-
ability and permittivity over the available spectral range. Itis We are grateful to Professor R Walser and W. Win for
found to be 3% lower than the value of the right-hand sidefruitful comments on the manuscript.

V. CONCLUSION

2

Fm 1
fo I'(F)dF< - e((#4mMg)?),

d In(10)c
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