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Three different and independent methods are used to find eigenfunctions and eigenvalues for a linear
Jahn-Teller Hamiltonian. They are the following: diagonalization on a Born-Oppenheimer basis developed in
the adiabatic limit, diagonalization on a Glauber states basis developed in the strong-coupling limit, and
construction of the eigenfunctions by means of the Lanczos method. We explore the space of interactions
aiming at the intermediate-coupling limit, finding the regions of best convergence for each method. Compari-
son among the three methods in terms of their numerical results for energy and expected optical transitions
leads to regions of total and partial agreement. Conditions for several zero-phonon lines are discussed. The
dominant line is not always the threshold line and it is determined by a nontrivial balance involving all
interactions. Conclusions are focused toward finding reliable methods for the different regions of the parameter
space. Preparation is done for applications of this approach to explaining optical spectra of magnetic impurities
in crystals under different coupling regimes.

[. INTRODUCTION the problem resides in the way vibronic functions are found,
leading to energy levels and transition probabilities. Occa-
In the adiabatic approximation, the interaction betweersionally, analytic solutions can be found for some particular
vibrations and electrons is usually ignored. However, sucktouplingst! However, most of the time numerical solutions
an approach does not always explain experiments. When vare the only way to approach real systems. Here we will
brations and electrons are allowed to couple, the Jahn-Tellgaresent and apply in general three different computational
(JT) effect manifests itself in several propertie§.In the  methods to accomplish this task. We want to analyze and
present paper we want to discuss three different ways ofompare these methods from several points of view: math-
performing numerical calculations based on independen¢matical procedure, operational algorithm, easiness of appli-
computational algorithms, to obtain energy levels and transieation, range of applicability, precision and stability of re-
tion probabilities for vibronic states. The presentation is kepsults, advantages and disadvantages of each method, and
as general as possible to allow extensions to other systemgeneral recommendations and precautions for their use. We
although manifestations of the JT effect in optical propertiedeave for the applications of this techniqupaper under
of substitutional impurities in solids are used as a genergbreparatioh to establish the strategy to cope with the char-
motivation. Thus, for instance, an irregular optical spectrumacteristics of each individual spectrum ofFen 11-VI com-
with unexpected lines is an indication for the presence opounds and IllI-V compounds.
such effect. We will bear in mind the case of’fan II-VI The three methods or techniques, which are briefly re-
and 1lI-V semiconductors of cubic symmetry, for which a viewed in Sec. Il are the followinda) diagonalization of the
substantial amount of experimental information is nowadaywibronic Hamiltonian in a Born-Oppenheimer basis
availabl€~® after pioneer absorption experiments performed(BO);'>~4(b) diagonalization of the vibronic Hamiltonian in
about three decades affbParticular applications to explain a Glauber basiéG);**~" (c) construction of a vibronic basis
zero-phonon lines in the absorption and luminescence speby means of a Lanczos algorithth).'®-23 The three proce-
tra of FE€" in some 1I-VI and 11l-V compounds are under- dures share the Hamiltonian, concept of vibronic functions
way and will be published separately, focusing on the pareoupled up to a certain numbbrof vibrational quanta, and
ticular properties of each family of compounds, and eachoutput (energy levels and wave functiondHowever, each
compound itself. method has its own characteristic starting point and a set of
Alternatively, the JT effect is also called vibronic cou- appropriate operations conducted by different computer
pling, since the states describing such systems extend oveodes. So we would like to stress that results yielded by
generalized coordinates combining vibrational and electronithese three methods are obtained by completely independent
spaces. The total Hamiltonian is composed of three contribuwvays. As we will see, some striking coincidences exist
tions: vibrational component, electronic component plus theamong the three of them or, as it is more often, betw@en
coupling between phonons and electrons that entangle vibrandL, providing great confidence in the results.
tional, and electronic degrees of freedom. Beyond this point Our work is numerical, so we are free to vary parameters.
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Actually, the only free parameter is the so-called Jahn-Teller Here, we will consider vibrational modes that couple
energy E;r, which will be varied to cover weak-, strongly to the electronic orbitals of a substitutional impurity
intermediate-, and strong-coupling ranges. Anyhow, thesitting at the center of a tetrahedron as often happens for
treatment is done in a general way so it can be adapted torystals where covalent bonding dominates. This is usually
different symmetries and coupling regimes. the case of semiconductors generically designated as Il1-V
In Sec. Il we define the Hamiltonian for a particular ge- (GaAs, GaSb, InP, InAs, ejcand II-VI (ZnS, ZnSe, ZnTe,
ometry and briefly review the three methods. In Sec. Ill weCdTe, eto.
present results for energy differences and oscillator strengths The energies of the coupling phonons must be consistent
as functions ofE;; for the most relevant low-temperature with the lattice dynamics of the host crystal. Small variations
infrared absorptions; agreements and disagreements amoagpund these values are usually allowed to compensate for
the three methods are brought out. Particular limitations fofocal symmetry breakings or frequency shifts due to the pres-
each of them are pointed out. In addition, we scan the energgnce of impurity atoms.
of the coupling phonon that is the most noticeable difference  We need now to be more specific with respect to the
when different compounds are considered. The strongelectronic orbitals to calculate measurable quantities. Let us
coupling limit is addressed by considering one particularlyconsider magnetic impurities with incompladeshells. Any
high value ofE;7. In Sec. IV we draw conclusions, making of them splits the atomic energy levels in the presence of a
recommendations for each method in different zones of therystalline field. However, all of them are still sensitive to
parameter space, namely for different kinds of real systemghe vibrations of the surrounding to exhibit vibronic cou-

Advantages of each method are brought out. pling. At this point we illustrate the procedures by consider-
ing the case ofi® shells, as in Fe" for instance, producing
Il. THEORY an ionic ground manifold of 25 states labeled°&s orbitals.
There are several different possibilities to continue be-
A. Vibronic Hamiltonian yond this point depending on the kind of coupling consid-
Generally speaking the total vibronic Hamiltonian can be€red. By making use of the local symmetigroup Tq) we
separated into three components, could speak of coupling te (double degenerat®r 7, (tri-

ply degeneratephonons in any kind of combinations. Dif-
ferent authors have followed a variety of approachéé-2°
In fact, one could think of any number of sets ©fmodes
plus any number of sets of, modes, which can lead to
several adjustable coupling constants. However, we want to
handle the minimum number of free parameters to concen-
trate on the merits and shortcomings of the methods. So we
consider here just one set ef modes, meaning only one
coupling constant. Such normal coordinates are usually de-
noted byQ, andQ., sharing a common frequency.
5 In terms of matrix representation, the five orbitals for
Y ZE M ; Q-2+E ip? @ =2 correspond to the basis functions of the irreducible rep-
v 2 S o resentation&€ + T, of groupT4. On the other hand, the vi-
brational functions can be represented by the occupation
or, in second quantized notation, numbers in second quantized notatienpn,). We can now
be more specific with respect to the scalars and matrices that
appear in the Hamiltonian. The only coupling constérdan
Hvzz fiwi(a;rapL ). 3 be expressed as the square root of the product of the vibra-
: tional quantumz w and the so-called Jahn-Teller energy for
that modeE ;. Namely,

H:He+Hv+HJT! (1)

whereH, is the electronic Hamiltonian, including spin-orbit
interaction A S-L) and crystalline fieldH,, is the vibrational
Hamiltonian associated with coupling mod@s, of gener-
alized momentaP;, frequenciesw;, and effective masses
Mi; Hjgis the coupling or JT Hamiltonian.

In an explicit way the vibrational component is given by

The coupling HamiltonianH ;1 is formed by a scalar
product of a wvector in the vibrational spac&)
=(Q41,Q,, ...,Qi, ...) and avector in the electronic co-
ordinatesD=(D,,D,, ...,D;,...). In terms of second K=VhoE,r.
guantization notation we can write

®

The strength of the coupling is characterized by means of
the Huang-Rhys factog, defined by

Hyr=2 Ki(a]+a)D;, )
whereK; represents the coupling constant for thie mode. Ejr
The vibrational coupling modes are the appropriate ones S= ho (6)

for each case and are decided by the local geometry. Namely,

not all of the vibrational modes couple to the electronic or-

bitals in the same way. Usually it is only a limited number of  For completeness we give next the matrix representations
modes that combine symmetry, abundance, and strength for the operators included in the Hamiltonian for basis func-
be responsible for the coupling in a specific system. tions of symmetryT,, as used below’
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M-V :Fe2+ TI-VI:Fe2*+ @y trative scheme showing electronic and vibronic levels for the
Zine-blende structure ?} (L) example under consideration.
’ S R The energy of the coupling phondinw is picked at fixed
s (5,0 values up to 100 cm that are consistent with the acousti-
o cal branches of these compounds. In particular, systematic
(1,1) L8 calculations have been done at phonon energies of 35, 50,
r, | i 65, and 80 cm?, aiming to characterize different zones of
T, - 0 the parameter space.
_6Y m So, the only true free parameter is the vibronic coupling
5Ty I, hw 50) = itself by means of th& ;1. In the variation of this parameter
— ' =<0 @9 we consider three overlapping regime$) E;r<Aw (S
<1) andE ;1< |\| corresponding to the weak-coupling limit;
(i) Ejy~%w and/orE;r=~|\| when there is competition of
5 Dy(dl) intera_ctions of__:_;imilar magnitude and it is called intermediate
[, coupling; and(iii) E;r>%w® (S>1) andE;t>|\| where the
10| Dg| vibronic coupling dominates eventually distorting the local
symmetry of the system in what is called the strong-coupling
limit. Here we will scarE ; between 0 and 500 cnt to run
over previously defined regimes. Later on the strong-
coupling limit will be studied aE;+=1000 cni?.
SE
Y2
iis C. The three methods
'Z We describe next the three methods used to calculate vi-
bronic coupling. However, since they have been already re-
A ported in the literature, we give just a general outline of each
FREEION  CRYSTAL SPIN-ORBIT JAHN-TELLER of them referring the interested reader to sources where a
FIELD 1st order 2nd Order Weak Strong

more detailed presentation is performed. Although these
methods have been around for some years, there has been no
attempt so far of critically comparing them under similar
conditions, which is a main goal of the present paper.

FIG. 1. Schematic of the energy levels for a magnetic impurity
(FE™) substituting for the cation in a host crysi@ll-V or 11-VI
compounds

D. BO method (Refs. 12-14)

The Jahn-Teller effect is assumed to be a perturbation to
electrons and vibrations. Then a vibronic basis is formed by
direct product of vibrational functions and electronic func-
tions defined for the adiabatic limfessentially aE;;—0).

In doing so we make use of group-theoretical properties to
classify vibronic functions according to the local symmetry.
There are two advantages for such an approach: vibronic
states are characterized by basis functions of the correspond-

N[ =

o
o

ing irreducible representations of the appropriate point group
and selection rules for optical transitions are easily observed.
Such basis growths are according to the laW-+1)(N
+2)/2, with the maximum number of vibrational quaria

The total Hamiltonian is now diagonalized in this basis for
0 particular values ofiw chosen in advance, varyirig; as
described above. A€;; grows, the diagonalization is
achieved under more difficult conditions sindg ceases to
be a perturbation to the adiabatic limit.

Some parameters are fixed from the knowledge of the
properties of the free ion followed by crystal-field theory.
We choose the data for £&in I1-VI and 1ll-V compounds
of the zinc-blende structure. Namely= — 100 cmi ! for the The method of Glauber or coherent states makes use of a
spin-orbit parameter and [q|~2400 cm?! for the basis constructed in the supposedly distorted system after a
zeroth-order crystalline splitting. Splittings of successivestrong Jahn-Teller energy has split the electronic multiplet
electronic states is primarily determined by This property leading to a less degenerate electronic ground state. Then a
is transferred to the energy differences among vibronic levelsliagonalization is performed for lower values of the vibronic
originating from an electronic multiplet, which are not sen-coupling. Full use of the point symmetry grolig is done to
sitive to the exact value dDq|. In Fig. 1 we give an illus- improve convergence and to label wave functions. Second

o Nk

B. Parameters

E. G method (Refs. 11,15-17)
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qguantized notation helps to speed up calculations by makingnetryI's should be equally spaced at energy intervals of

use of well-known properties of Glauber states. and successive degeneracies 2,4,6,AN+1),!® as is
shown on the extreme right of Fig. 1.
F. L recursion method (Refs. 18-23) Let us recall that procedures and starting points of each

The use of Lanczos algorithm for Jahn-Teller systems wagnethod are different. _BO an@ share_ the dlagonallz§t|on
initiated by Muramatsu and Sakamdfofollowed immedi- ~ @PProach on the basis that is previously symmetrized to
ately by applications by other authd®%33 This method is break the Hamiltonian matrix in blocks according to irreduc-
based on a progressive way of building orthonormal statetple representations of groufy . The orthonormal basis for
for a tridiagonal representation of a given operator, such aBO is formed in the no-coupling limit by considering
the Hamiltonian in the present case. The initial seed state gfymmetrized components of the direct products
the recursion scheme can be whatever normalized lineatT,® (€)°, °T,® (€)1, °TL®(€)?, ... *TL,2(€)N, with total
combination of basis statéfor JT calculations a direct prod- symmetryl's. (Notice that this basis is “static” in the sense
uct of electronic and vibrational functions is suitablén  that it does not depend dB;;.) The basis forG requires
particular, for describing optical properties of JT systems itsolving the static case first, assuming a virtual displacement
is convenient to take a dipole-carrying st4tas the initial  of the system{which depends of ;7); then a nonorthogonal
state of the recursion procedutie transition of interest can pasis of Glauber states of symmetty is formed. The Lanc-
further decide the particularly polarized stat8uch an initial 705 procedure constructs the vibronic eigenfunctions in a re-
state is the linear combination of dipole-allowed states, withyrsive way starting from a seed of symmeffy and the
coefficients proportional to the matrix elements of the dipolegcessive operations on it by the Hamiltoni@Fhis means

operator. The states generateq by the repursion proqedure HatL prepares a different set of recursive eigenfunctions for
dipole free, so the peak intensity of the lines upon dlagonal-each value of,r.)
JT-

ization of the tridiagonal matrix is simply given by the pro- For each method the functions are allowed to span a vi-

jection modulus squared of the eigenvector on the initialbronic space including ub t vibrational quanta. Stabilit
chain state. In its traditional form the numerical calculations fth ? i tg ¢ % ith N'q th ' th){[
suffer from the finite arithmetic precision of computers. In- ot the solutions was tested with respectin the sense tha

stabilities in the recursion coefficients can occur and converEnergy differences do not vary more than 0.5% when going

gence is more difficult to reach for higher excited stafes. rom N to N+ 1 vibrational quanta. All results reported be-
However, it is possible to take advantage of the loss ofow (except Fig. $ were found stable for the three methods

orthogonality of states along the Lanczos chain with thevhen N<30 through the entire window shown in Fig. 2.

overrecursion method to find a number of lower states. Thé\nyhow, we have chosen to report values with=35 to

first chain state not orthogonal to soifwe all) others can be ensure further saturation, thus allowing the comparison of

considered the initial state to start a new recursion proceduretabilized results. Both energies and relative intensities of

In this way, at each loss of orthogonality a new recursiorexpected absorption lines are reported.

chain starts. The final matrix is l@ock diagonal matrix and

each block is tridiagonal. A diagonalization of such a final

matrix gives us many multiple states. This is a very powerful A. Energy levels

method for telling the “true” (physica) eigenvalues from

the “spurious” (numerig eigenvalues: each true eigenvalue Rather than dealing with absolute energiEs) (we report

of the original problem is approximated often while a spuri-here energy difference\(;=E;—E;,i=1,2,...,7)which

ous one is not. Additionally, the spurious eigenfunction leadss what can be read from experimental spectra. In Fig. 2 we

to an extremely weak oscillator strength and a relatively higtplot six energy differences referred to as the lowest vibronic

component of the last state of the Lanczos chain. For veryevels E; through E;, using coupling modes offiw

high excited states the modified Lanczos procedure may be 50 cnil. The presentation in Fig. 2 is arranged in the

required?’ following way: (a) bottom, results for the Born-Oppenheimer

method;(b) center, results for the Glauber methddj top,
lll. RESULTS AND DISCUSSION results for the Lanczos method.

Now we apply the three methods varying parameters so to There is total agreeme_nt among the three mfathods from
include the intermediate-coupling conditions which can beh€ extremely weak-coupling limit to about 200 chn(cor-
characterized by the criterion 6=S<10.0 in an approxi- responding to approximately| | or 4% w). At this point BO
mate way. Some absorption spectra of Féave been ex- calculations begin to show differences with respect to results
p|ained by aJT Coup"ng close to the upper part ofa previou@btained by the other two methods that still coincide between
general range. So we choose th€, multiplet originated themselves(Agreement in terms of energy intervals can
from the °D ionic level as shown in Fig. 1. At very low reach four digits As E;r grows, results given by BO show
temperatures, only absorptions originating in stateof °E inconsistencies with expected tendencies toward the strong-
can be expected. Selection rules for electric-dipole absorpsoupling limit. At the far right of Fig. 1 we illustrated that as
tions connect final vibronic states of total symmelty as  E;r— it is expected that twd's levels with a zero-phonon
illustrated in Fig. 1. They can be formed from electronic component should degenerate into the ground manifold.
states of symmetry', or I'5, coupled to phonons of symme- However, BO shows these levels diverging after previously
try €, which is shown to the right of this figure. For the coming together and eventually crossing each othey; (
very-strong-coupling limit E ;71— ) vibronic levels of sym- =0) nearE;7=300 cm . Both G andL yield results that
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FIG. 2. Leading six energy differencesAq=E;—E,,i

=2,...,7) of the lowesvibronic levels as functions of the Jahn-
Teller energy. The energy of the coupling phonon is takeh @t
=50 cm 1. (8 The Born-Oppenheimer methoy) the Glauber

method;(c) the Lanczos method.
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general conditioniw<|\| (graphs not shown hereThe
general comments formulated fbrw=50 cm ! hold for all
of them. Additionally, we can report the following findings.

The crossingA,,=0 moves very slightly toward lower
values ofE ;7 asf w is diminished. So does the disagreement
between BO and the other two methods. The crossing does
not take place at a definite value & Moreover, ashw
grows the value fofS at the crossing decreases. We investi-
gated how sensitive this analysis is with respect\tdy
numerically varying this parameter. The results obtained by
means of BO show thak,; minimizes(not always there is
crossing at slightly lower values oE ;1 as the magnitude of
the spin-orbit coupling diminishes. Alwaya,; diverges
from there to higher values of the coupling energy in dis-
agreement with the expected doublet. The reason for this is
that eigenstates for such a strongly coupled system are far
from the region of convergence of the diagonalization pro-
cess based on product functiafisrmed atE;t=0), such as
those used by BO. In real casess known, at least approxi-
mately, establishing an energy unit for comparison. Then BO
can be better used for low values Bf; and large values of
hw, which corresponds to low values & However, the
agreement is good faB<4 in the case ofiw=35 cm 1,
while it is good forS<2 in the case ofw=80 cm . SoS
values cannot be used as a unique indicator for the strength
of the coupling as is usually done for systems where spin-
orbit coupling or other interactions do not play a significant
role. Specially for intermediate coupling a full analysis in-
volving A\, Aw, and E;r must be done to realize the real
strength of the vibronic coupling. X can be considered a
variational parametefwhich is not our casethen a full
variational analysis can be done in the planes forme®&hby
and the ration/(f w) for successive values of the coupling
vibrational quanta.

G andL agree almost exactly in the entire parameter win-
dow shown in Fig. 2. However, some slight differences be-
gin to show for larger coupling, continuing to the right of
this figure. Such disagreement is reinforced7as takes
lower values. This can be expressed as a disagreement for
high values ofS (certainly larger than 10 This point will be
investigated in Sec. Il C.

B. Absorption lines

Absolute absorption intensities are difficult to find both
experimentally and theoretically since local values of tem-
perature and shielding mask these values. So we prefer to
report relative intensitieg; corresponding to transitions be-
tween the actual ground stajg and the level of energf;
as reported abovei €1,2,...,7).Results for the leading
seven absorption intensities are shown in Fig. 3 fias
=50 cm !, using the same scheme as in a previous illustra-
tion (transition to the threshold line is arbitrarily normalized
to unity).

The triple agreement among the methods is noteworthy
under approximately 200 cnt, predicting the observation
of a single absorption, precisely for the threshold line. To-

are consistent with the expected behavior at the strongward the intermediate coupling, BO predicts less lines than

coupling limit.
We prepared similar graphs to the one shown in Figs260 cmi !, for instance, four lines should be clearly ob-

2(a)—2(c) considering different vibrational quanta with the served according to boi® andL, while it is only three lines

G and L, which still agree between themselves. Thus at
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Results obtained for other coupling frequencies were also
plotted as in Figs. @)—3(c), but they are not included here
due to space limitations. Previous comments hold asis
varied. However, as the phonon energy grows the point at
which disagreement arises moves to the right.#S®—0
marks a sector of the parameter space where BO gives en-
ergy values in disagreement with consistent and almost iden-
tical results given by andL. Alternatively, we can say that
BO is more appropriate for low values 8f From now on we
continue the analysis for intermediate- and strong-coupling
limits using G andL only.

As E;t gets largefright-hand side of Figs.(®) and 3c)]
slight disagreements betweé&andL are beginning to ap-
pear in a more visible way than was seen for energy differ-
ences. This is the onset of nonsaturated values farpoint
that will be further discussed when dealing with the strong-
coupling regime.

In spite of the small differences in the intensities arising
toward the right in Fig. 3, botks andL agree in the number
of observed lines. Let us increa&g; looking at the most
important relative intensities within one factor of going
from left to right in Fig. 3b) or 3(c)]. Up to 200 cm* only
one line should be observeé{). Then the absorption con-
necting to the third energy leveFg) becomes the second
observable line. At 220 cm', F, becomes the third observ-
able absorption line. Lets us denote such relative importance
by writing the lines in an ordered way of decreasing intensi-
ties asF,,F3,F,. At 250 cm ! we haveF,,F,F,,Fg. For
270 cm'! the order isF5,F,,Fg,F,,F,4. Notice thatF, is
never the dominant line for this phonon energy. We consider
now the caseE;t=300 cm ! where the leading six lines
would beF;,Fg,F,,F4,F5,F-. Finally, let us notice that at
410 cm ! we find F4,F4,F,,F,, an order that continues a
bit beyond the right frame of Fig. @his discussion applies
for Aiw=50 cm 1),

Previous analysis is enough to draw two important gen-
eral conclusions(a) The number of observed lines is given
by a fine tuning that relateg ;1 to other characteristic pa-
rameters of the systenib) The strongest absorption line
(which could be mistaken as the threshold Jirenot neces-
sarily F, as for the weak-coupling limit; the dominant line is
given by a delicate balance of parameters suclEgs \,
andzw.

With the data obtained for other coupling frequencies by
means ofG andL we can follow the strongest absorption line
in the plane E; 1,7 w). This is done in Table |, showing that
F, is the most intense line for weak coupling and lafge
values. For intermediate coupling a serious mistake can be
done if the threshold line is automatically assignedrto
Actually, the leading line could be extremely weak and not
show up at all as happens f&r over 350 cm?. An at-
tempt at constructing Table(also the discussion of the pre-

FIG. 3. Leading relative intensities for the seven energy levels/jous paragraphbased on values @ failed, which suggests

involved in Fig. 1 as functions of the Jahn-Teller enerdgyp
=50 cm !. (a) The Born-Oppenheimer methoth) the Glauber

method;(c) the Lanczos method.

of similar intensity for BO. Even wheh w is varied, BO

that sensitive transition probabilities for intermediate cou-
pling reflect a delicate balance involving the three param-
eters and not only the ratio of two of them.

Usually, energies of the lines are first adjusted assuming
an assignment for the threshold line based on the weak-

leads to fewer intense transitions than the other two methodsoupling limit. In absorption, where the final states of the

in the intermediate-coupling regime. Over 300 ¢mBO

completely

disagrees with the other two methods.

transition are more exposed to vibronic coupling, a different
strategy should be followed. The most important feature to
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TABLE I. The most intense line for different values bt» and
E,r (all energies in cm?'). F; is always the most intense line for
weak coupling. This property is transferredRg for values ofi w
larger than about 40 cnt and toF, under it. For larger values of
the coupling energy, the most intense line carFeor F; (500+
means that this line continues to dominate beyond 500 ‘ym

E,,= 1000 cm

220 — N =35

200
180 o Lanczos
....... o Glauber

160

140 -

120

fzw Fl FZ F3 FG F7
= 1004

b <

<500+
<500+
<500+
<500+

mom

<400
<370
<330
<280

80
65
50
35

0<E;7<300%
0<E,;<270
0<E,;<250
0<E,;<230

B
a
80
<410 g
<420
<480

50_-
oi g B
20
s a

<250

- - S = O ~ N ~ U - O - OO ~ B e |
8 anczos gives slightly lower values. —— T T T

1
30 40 50 60 70 80 90 100

b anczos gives, comparable td=5, while for GlauberFg is al-

ways weaker thaff ; for this range. her (cm™)

be established is the relative intensities of the most important FIG. 5. Lowest 12 energy levels in the strong-coupling limit
lines of the vibronic spectrum and then adjustments for théEar=1000 cn?) as functions of the vibrational quantum energy
energy differences can be performed aiming to explain a pat(-N:35)-

ticular spectrum. o _ o _

One interesting implication of this analysis is that upper. It iS important to realize how sensitive is the region of
lines become dominant for certain ranges of the couplingiNtérmediate coupling when three characteristic energies
This can be expected in a general sense since coupling meafdMPete(spin-orbit, vibrational quantum, and coupling en-
mixing of zero-phonon functions with multiphonon func- €rgY- Analyses based only on the usulvalues can be
tions. However, there is nat priori reasons forFg being misleading here. Special strategies must be defined for appli-
dominant at intermediate coupling whife, and F5 do not cations to particular spectra. Having more than one numeri-

become dominant at any instance for the coupling under corf£@ method is an advantage to do so. One main concern in
sideration. The particular behavior Bf, is shown in Fig. 4 numerical calculations is convergence to false attractors, then

using G and L at four different values ofiw. For coupling results are stable but wrong. The availability of independent
phonons of low energiedarge S values the third line be- methods can help to avoid and eventually reveal such behav-

comes very important at intermediate coupling already; in®"
this regime results using yield values somewhat larger
than those given biz. For coupling phonons of larger energy
(small values of5) F5 should lose importance since its zero- | Fig. 5 we present results for the 12 lowest-energy dif-
phonon component weakens; this aspect is followed3by  ferences as functions dfw usingG andL at the fixed value
andL in Fig. 4. However, forio=80 cm " resultsusind- £ —1000 cm'?, which is clearly in the strong-coupling
(N=35) begin to show oscillations and disagreements withjnjt (S>10 for all values offiw under consideration
the expected tendency due to lack of stability. This point Wi"Again N=35 but it will be a point of discussion below.

be discussed for stronger coupling below. Let us recall from Fig. 1 that the expected energy level
scheme is a doublgarbitrarily at zero energy followed by

C. Strong-coupling limit

16

e A o a quartet atiw, then a sextet at/2w. Such degeneracy is
1 LINE 3 strictly obeyed byG for vibrational quanta of low energies;
o = (35 - 50 - 65 - 80) o o at? as hw increases upper levels begin to split but the linear
129 IPCLLE. dependence on the phonon energy still prevails as shown in
° a" Laadt o0 208 Fig. 5. For low values ofiw, the present results far yield
:% o atBaspseat? " a spread for the levels forming each multiplet instead of the
é 8 it 2 gss””ff‘:‘:ﬁi expected degeneracy. Further investigation of this point
© o oncs . o K * showed that results given tyusingE;7=1000 cm !, with
& o s R N=35, are not saturated. Depending 8iit is necessary to
& & mso SR AP increase the number of vibrational quanta to(#ddescribe
1 | Lross "oa °:°°.' accurately the lower doublebr more if upper levels are to
o Lhos0 o 4 o e be reported. This observation also tells that the oscillations
o A“eg;s-' of results forF 5 given byL in Fig. 4 are also due to the lack
o mﬂnmenn?wao?ﬂ"“ of stability of the results foN=35.

100

200

T
300

-1
E, (cm™)

T 1
400 500

FIG. 4. Intensity of the sixth absorption linEg, for four values | ; Ol
of the energy of the coupling vibration using the Glauber methodview, askE;r decreases for a giveiw, L reaches stability for
and the Lanczos methodNE 35).

As hw increases, the strong-coupling condition weakens
which is realized by the splitting in the results obtaineddy
Under these conditions, merges withG as the phonon en-
ergy increasesand S decreases From a different point of

smallerN values, so botlG andL have similar stabilities in
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Figs. 2, 3, and 4. Moreover, ds;; takes lower values in outcome of this analysis is that for intermediate coupling
these figuresl reaches stability for lower values ®f as  (usually the harder region to tackle in this probjewe can
compared tds. On the other hand, BO tends to stable valuesuse now two independent methods to get reliable results to
but they could be wrong once the initially assumed perturbabe compared with experiments.
tion gets larger than the spin-orbit splitting. Under conditions of intermediate coupling, the ordering
Generally speakingG works well for extremely strong of the energy levels is very sensitive to variations in the
vibronic coupling since it is tailored to work under such coupling. So, it is better to focus the discussion on transition
conditions.L converges very slowly in this limit, so very probabilities to find the dominant lines first, while the assign-
large values o can be needed before reaching the desirednent of the energy levels to such transitions is done after-
convergence. As already discussed, BO fails completely invards. Under appropriate circumstances, the most intense
the description of the highly coupled systems, since it isabsorption lines can involve any of the vibronic states. This
designed to treat the vibronic coupling as a minor perturbavery important observation, and the possibility of performing
tion. calculations with the most appropriate method, yield a strat-
egy to tackle complicated manifestations of the Jahn-Teller
IV. CONCLUSIONS effect in the intermediate-coupling limit. Although any of the
o ) methods G or L) would be enough, the possibility of check-
The combination of the methods BG, andL provides a  jng numerical results with an independent procedure will
powerful tool to tackle virtually any Jahn-Teller problem to a |gad to reliable adjudications of the observed lines.
desired order of accuracy. Their coincidental results under | the strong-coupling limit BO is completely out of range
appropriate conditions serve as a test for the theoreticginq results are unphysical.finds progressive difficulties as
framework on which they are based, as well as the indepene coupling becomes stronger, with the need of high values
dent computer codes_ eat_:h _method uses to calculate resultgf N and large computer times to approach stable results
In the weak-coupling limit, any of the three methods cancgonsistent with this limit. Here is whe@ proves its advan-
be used to extract information about energy levels and wavgyges since stable physical results are readily attained with
functions. However, BO presents some advantages, whicpyterpretations closely connected to a JT displacement, as
we summarize here. Energy levels are obtained directly frO”FIappens fOlE ;7—0. In such a limit, the overlap of the co-
one diagonalization and are easy to characterize based on thgrent states diminishes allowing a fast convergence.
symmetry present under no-coupling conditions. Conver- one characteristic of the energy levels as functions gf
gence for energies and wave functions is attained at smafhnq by G is that they present wavelets at certain values of
values ofN. Computer calculations consume little time. The the variable. They have to do with the zero-phonon compo-
second alternative in this limit is, which might need nents originating at thé, electronic levels that should cas-
sllgh_tly more computer time than '.30 to se_tt_le the matter of ade all the way down to be present at the ground doublet for
spurious states. This is hot a serious deficiency since sugge strong-coupling limit. The range for which such wavelets
nonphysical states are easily recognized. Now we can alsgo hresent can be isolated for any particular case to be fur-
eliminate them for comparison with results by BO. Altema-yhor sy died by means of extended calculations with larger

tively, G can also be used in this limit as it follows from o165 ofN unfil wavelets are damped. Alternatively,can

previous figures, but the convergence of this method is POy iseq as a check in such ranges to ensure agreement and
compared with any of the other two, which requires larger

: reliable results.

values ofN and longer computer times.

In the intermediate-coupling limit, BO progressively finds
more difficulties for properly describing excited states and
even ground states. This method is definitely discouraged for This work has been partially funded by FONDECYT
E;t values close tdor larger thap the splitting given by (Chile) under Contract No. 1990875, the international col-
spin-orbit interaction. Here results given B/ andL coin-  laboration funded by CNR'{ltaly) and Conicyt(Chile). Par-
cide; for low-intermediate coupling, converges faster to tial support was also due to Direcoiale Investigacio y
stable results, while for high-intermediate coupling resultsDesarrollo Universidad de La Frontera and Diréocite In-
given byG get stability for lower values d. The important  vestigacim Universidad de Concepaio
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