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Low-temperature thermodynamics of the asymmetric next-nearest-neighbor Ising model
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Low-temperature thermodynamics of the asymmetric next-nearest-neighbor Ising~ASYNNNI! model is
analyzed. It is demonstrated that this model at low temperatures is equivalent to one-dimensional~1D! NN
Ising model in zero external field with the NN interaction being a copper mediated NNN interaction of the
ASYNNNI model,V2,0. It is also shown that the spin correlation functionjV2

(r )5^s is i 1r& 2^s i&
2 along

Cu-O~1! chains decays exponentially with interspin distancer at T'0.
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Our results imply that at nonstoichiometric values of ox
gen atoms concentration the magnitude of the NNN inter
tion constantV3.0 has no effect on low-temperature the
modynamics and only repulsive nature of this const
determines the degeneracy of exited states of the ASYNN
model.

The two-dimensional asymmetric next-nearest-neigh
Ising ~ASYNNNI! model is one of the most interestin
‘‘classical’’ statistical models introduced1–10 in 1980’s. The
model was extensively studied during last decade, mo
because it was proposed to analyze oxygen ordering in
basal, CuO2c , planes of very popular high-temperature s
perconductor YBa2Cu3O612c . The ASYNNNI model was
used to describe not only structural, but also superconduc
properties of YBa2Cu3O612c , since superconducting trans
tion temperature of this compound depends as on oxy
contentc as well as on oxygen ordering to different phases
the basal planes. The Hamiltonian of the ASYNNNI mod
has the following form:

H5V1(
NN

s is j1V2 (
NNN

8 s is j1V3 (
NNN

s is j2
m

2 (
i

s i ,

~1!

wheres i511 ~21! means that the sitei of the basal plane
lattice is occupied~unoccupied! by an oxygen atom, summa
tion runs over the nearest-neighbor~NN! and next-nearest
neighbor~NNN! oxygen sites,(8 denotes that summation i
taken over all NNN oxygen sites with Cu ion in betwee
and m stands for oxygen chemical potential. The NN inte
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action constantV1 and NNN interaction constantV3 are re-
pulsive ~positive!, while the NNN copper-mediated O~1!-
O~1! interaction constantV2 is assumed to be atractiv
~negative!. Such choice of signs of interaction constants e
sures the only three oxygen phases which were unmistak
observed in experiments so far, i.e., tetragonal~tetra!,
orthorombic I~OI!, and orthorombic II~OII!, to be correctly
included in the ASYNNNI model as ground sta
phases.11–13 Thermodynamics of the ASYNNNI model ha
been studied by use of various numerical techniques, suc
cluster variation method~CVM!,3–5,9,10 transfer matrix-
renormalization group method,8,13,14and Monte Carlo~MC!
simulations.6–8,15–17General topology of the phase diagra
is well-known, but quite little has been done so far to det
mine low-temperature thermodynamics of the ASYNN
model.

Some efforts to calculate low-temperature statistics of
model have been made by use of the CVM approach4,10

low-temperature series expansion,9 and MC calculations.6,7,15

It was suggested in Refs. 6,7 that the ASYNNNI model
low T is equivalent to the one-dimensional~1D! Ising model,
with the NN interaction of the 1D Ising modelJ being
equivalent to interchain interaction constantV3.0. Here we
demonstrate that the ASYNNNI model at low temperatu
is thermodynamically equivalent to the 1D Ising ferromagn
in zero external field withJ[V2 , whereV2,0 is intrachain
interaction constant. Such a behavior of the ASYNN
model thermodynamics at lowT is closely related to expo
nential decay of pair correlation functionjV2

(r ) when the

distancer between spins is taken in the direction of theV2
107 ©2000 The American Physical Society
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bonds. A certain relation might be seen between the lo
temperature thermodynamics of the ASYNNNI model a
broad maximum of isothermal susceptibilityx5]c/]m
which has been experimentally observed at high tempera
~923 K! by McKinnon et al.18 This maximum is located
within the tetragonal phase and, therefore, it is not relate
the susceptibility peak of the tetra-OI phase transition.

First we briefly describe the structure of ground and
ited states for 0.25,c,0.50, though all conclusions migh
be straightforwardly extended for 0,c,0.25. At c50.25
andT50, all a1 sites are occupied with oxygen atoms wh
sitesa2 andb are empty~OII phase! producing perfect, in-
finite Cu~1!-O~1! chains ona1 columns~for denotations see
e.g., Ref. 10!. At off-stoichiometry cP(0.25,0.50), aside
from completely occupieda1 columns, there are as man
completely occupieda2 columns as the value of oxygen co
centration allows~b sites will be empty because of stron
repulsive NN interactionV1.0). It can be shown that the
ground state energy per spin is given by the following e
pression:

1

N
E0~c!522V1~4c21!1V27V3~4c21!, ~2!

where the upper sign corresponds tocP(0,0.25) and lower
to cP(0.25,0.50). For givencP(0.25,0.50) exited state
have the same number of alike and unlikeV1 andV3 bonds
as corresponding ground state, while only unlikeV2 bonds
on a columns characterize low-lying energy levels; no~–, –!
V3-bonds ona sublattice exist neither in the ground state n
in exited states of the system. At low temperature the ene
is given by10

1

N
E~c,T!5

1

N
E0~c!1uV2un~c,T!. ~3!

Heren(c,T) is the fraction of threefold coordinated Cu ion
located in the middle of unlikeV2 bonds. It should be noted
that at non-zero~low! temperature there are no complete
occupied or unoccupieda columns in an equilibrium state o
the ASYNNNI model. The Cu-O~1! chains and empty seg
ments alternate along each of thea columns instead. The
chains are allowed to glide almost freely along theb axis,
with no change of the total energy, giving decisive contrib
tion to the entropySat low T. The only limitation is that two
empty segments cannot even partially occur alongside e
other @because oxygen sites ofa sublattice have no~–, –!
V3-bonds in exited states#. From Eqs.~8! and~11! of Ref. 10
it follows that S/N'(1/T)(uV2u2akBT)n(c,T) at T'0,
wherea520.5 in the CVM. The equilibrium occupancy o
a columns and average lengthl 52c/n of Cu-O~1! chains
are determined by the free energy minimum condition.

Consider the system of chain segments in, e.g., OI ph
consisting ofL1 columns andL2 rows. ProbabilityP(n) that
our system hasn chain ends is proportional to the product
the Boltzmann factor exp@2E(n)/kBT#, whereE is given by
Eq. ~3!, and the number of microscopic states with givenn,
w(n)5exp@S(n)/kB#, whereS(n) is the entropy of the sys
tem. The expectation value forn, ^n&5(nnP(n)/(nP(n),
in the large system limit is equal to the value at whichP(n)
has its maximum. The maximum ofP(n) occurs, since the
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Boltzmann factor is a decreasing, while the entropy term
an increasing function ofE2E0 , and P(n) narrows with
system size. Thus we are looking fordP(n)/dnun5^n&50.
The average numberM of occupied chain segments~OS!,
which is equal to the average number of empty segme
~ES!, in a column isL1n/2. Thus, the average length of th
OS is l 5L1c/M52c/n and the average length of the ES
2(12c)/n. It is known4,10 that in the OI phase for 0.25,c
,0.5 only ~1, 1! and (1,2)V3 bonds are allowed at low
temperature. Thus, the distance, for which the ES is allow
to move along the column without the loss of energy av
ages to the difference in lengths of OS and ES:2(2c
21)/n. The number of the ES in our system isL1L2n/2.
Thus the number of states of our moving ES isw(n)
5@2(2c21)/n# (1/2)L1L2n and the entropy per site iss
5S/L1L25(kBn/2)ln@2(2c21)/n#. After insertion of w(n)
into dP(n)/dnun5^n&50 and calculation of derivative we ob
tain ^n&5@2(2c21)/e#exp(22V2 /kBT) with the factor 2 in
the exponent which actually comes from the simple ar
ment that the number of chain ends is twice the numbe
segments.

We also performed the CVM and MC calculations
show thatn(c,T) at very low temperatures has the followin
form:

n~c,T!5Q~c!expS uV2u
akBTD , ~4!

where a521/2. However, the exact form ofQ(c) would
clearly includeQ(c)50 for c50 ~tetra!, c50.25 ~OII!, and
c50.5 ~OI!. The MC simulations were based on a gra
canonical scheme~Glauber dynamics! for systems of size
varied from 83(60360) to 83(1503150) ~our system was
divided in eight sublattices!. At first we simulated the iso-
thermal processes at constant low values of temperature
several sets of interaction constantsV1 , V2 , andV3 to check
the validity of the relation for the entropy.10 The change of
entropy was determined from the changes of energy and
energy. The change of free energy was determined
*a

bm(c,T)dc. To determine this integral numerically for iso
thermal process we calculated, for example, 11 nearly e
distant points betweenca50.279 andcb50.293. All calcu-
lations ~for different low values of temperature, intervals
oxygen concentrations and sets of interaction consta!
demonstrated that the value ofa lies between20.49 and
20.50. Then, to verify the validity of expression~4!, we
calculated the fractionn at different low values of tempera
ture for fixed values of oxygen concentrationc. A typical
result, shown in Fig. 1, demonstrates that the exponen
dependence~4! is correct. From the slope of this straight-lin
plot we determine the constanta ~see inset to Fig. 1!. For all
other calculations of lnn vs inverse temperature, i.e., fo
different fixed concentrations of oxygen atoms and differ
sets of interaction constantsV1 , V2 , and V3 , we obtained
the same value ofa520.5. Thus, it follows from our MC
simulations as well as from calculations by the 514-point
CVM10 that at low temperature the fraction of threefold c
ordinated Cu ions, the energy and the entropy of
ASYNNNI model are proportional to exp(22uV2u/kBT). For
comparison, the energy and the entropy of an open NN Is
chain ofN spins in zero magnetic field with NN interactio
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J,0 at T'0 are proportional to exp(22uJu/kBT).19 It can be
easily checked that, atT'0 all basic thermodynamic func
tions of the ASYNNNI model are identical to those of the 1
Ising model with one-to-one correspondence between the
teraction constantsV2 andJ. This means that the ASYNNN
model and theV2-coupled Ising chain are thermodynam
cally equivalent at low temperatures.

An important property of the 1D Ising model in zero e
ternal field is that pair correlation functions at any tempe
ture decay exponentially with the distancer between
spins, i.e., j(r )5^s is i 1r&5(jNN) r , where jNN[j(1)
5tanh(J/kBT) denotes the NN pair correlation function. F
the ASYNNNI model atT'0, the average magnetizatio
^s i& on either of thea1 or a2 column is not equal to zero
On the other hand, assuming one-dimensionality of t
model at low temperatures, one obtains the following expr
sion:

jV2
~r ![^s is i 1r&2^s i&

25~12^s i&
2!F jV2

~1!

12^s i &2G r

, ~5!

where ^s i&54c21 and jV2
(1)5122n(c,T)2(4c21)2,

which is exact for 1d-dimensional Ising model with fixed
^s i&. To confirm this result, we studied the behavior of t
first 20 correlation functionsjV2

(r ) by use of the MC simu-

lations. For the OI phase (c.0.375) andtemperature range
0.20,t,0.30, weobtained absolute agreement, and t
similar behavior of the correlation functions can be found
the OII phase. It is clear then that one-dimensional fluct
tions along theV2 bonds contribute mainly to the singularit
of the susceptibility x, since from ]m(c,T)/]c5
2 1

2 kBT]2n(c,T)/]c2, it follows x5„2/U9(c)kBT…
3exp(2uV2u/kBT)10. Such a behavior is expected for the sy
tem which atT'0 is mapped onto a 1D Ising model wit
J[V2. Therefore the pair correlation functions along the

FIG. 1. The result of MC simulation confirming the correctne
of formula ~4!: ln(n) vs inverse temperature 1/t5V1 /kBT depen-
dence atc50.4 obtained using ‘‘new’’ set of the LMTO interactio
constants~Ref. 13!. Inset:a dependence on 1/t calculated from Fig.
1 using Eq.~3!.
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rection ofV2 bonds, when normalized to their maximal valu
12^s i&

2 ~for fixed magnetization̂ s i&), decay exponen-
tially with the interspin distance for all off-stoichiometri
values of oxygen concentration.

In some Ising-type model systems the exponential de
of pair correlation functions along certain crystalograph
axes is essentially connected with the concept of so-ca
disorder point,20 defined as]c/]m50. These points exis
well above critical temperature of the phase transition, ins
the disordered~tetra! phase. On the other hand, it was show
by Rikvold et al.14 that broad maximum of isothermal su
ceptibility ~BMS!, x5]c/]m, experimentally observed by
McKinnon et al.18 at T5923 K, is accompanied by nearl
exponential decay ofjV2

(r ) @i.e., the same as in Eq.~5!#.
Therefore we think that the existence of BMS at highT is a
manifestation of a retained low temperatureV2-coupled Ising
chain nature of the ASYNNNI model. In addition, analyzin
the m(c,T)5const curves in the~c, T! phase diagram we
found that maximal fluctuations of oxygen atoms in the te
phase should occur at all temperatures in the proximity of
ground state curvemg1528V124V3 . As is shown in Fig. 2
the line of disorder points calculated by the (415)-point
approximation of the CVM is close to the curvemg1 for all
temperatures including those lying well above the top of
OII phase. We also performed the same calculations for
13-point CVM and used various sets of interaction consta
but this result did not change. It should be also noted t
small values of oxygen concentration, at which the BMS w
observed,18 are quite advantageous for manifestation of t
chainlike nature of the ASYNNNI model, since at lowc
Cu-O~1! chains are quite isolated and there are no forbidd
V3 bonds.

Since the value of oxygen chemical potential in the g
phase, which corresponds to the top of the BMS, is nea

FIG. 2. The curve of disorder pointsD(]c/]m50) as compared
to mg15const curve in (c,t) ~a! and~m, t! ~b! coordinates. Calcu-
lations were performed by the (415)-point CVM using the ‘‘new’’
set of LMTO interaction constants~Ref. 13!.
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equal tomg1 , we can evaluate the on-site energye of a basal
plane oxygen atoms. The evaluation of this parameter m
be important for the studies of oxygen diffusion or deso
tion. It follows from the experiment18 that the chemical po-
tential of oxygen atoms in YBa2Cu3O612c at T5923 K is
equal tom/kBT5211.7, i.e.,m5e1mg1520.93 eV at the
peak of the BMS. To expressmg1 , instead of Eq.~1!, we use
the lattice-gas formalism, since it directly gives us the r
chemical potential. Thenmg15V2

lg54V2 . Consequently,e
520.9324V2 in eV. That givese520.8 eV for an ‘‘old’’
set of LMTO interaction constants12 and e520.6 eV for a
new, ‘‘realistic,’’ set.13

Thermodynamics of the ASYNNNI model at low tem
perature was also numerically studied by de Fontaine, Ce
et al.6,7 Analyzing the behavior of the NN pair correlatio
function along Cu-O~1! chain, it was obtained thatjV2

(1)

→11 at T→0 independently of oxygen concentrationc.
ht
-

al

er

Thus, a columns atT'0 were considered as either com
pletely occupied or completely empty, and the ASYNNN
model was claimed to be thermodynamically equivalent
the V3-coupled Ising chain.7 We argue here that, althoug
such one-to-one mapping might be established at abso
zero temperature, it cannot be extended toTÞ0. Our results
show ~see also Ref. 4! that the low-energy excitations d
display themselves via breaking the chains into shorter s
ments, but not via creation or destruction of full and emp
chains. As a consequence, the ASYNNNI model atT'0 is
thermodynamically equivalent to theV2-coupled Ising chain.
The magnitude of the interaction constantV3 makes no in-
fluence on low temperature thermodynamics of the mod
Only the repulsive nature ofV3(.0) determines the degen
eracy of the exited states leading to a distribution when t
empty segments on adjacenta columns cannot be alongsid
each other, because for 0.25,c,0.5 no~–, –! V3 bonds on
a sublattice are allowed for exited states. The magnitude
V3 affects only the temperature range at which t
ASYNNNI model turns to 1dV2-coupled Ising model.
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