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Dipolar interaction and long-range order in the square planar rotator model

A. Carbognani, E. Rastelli, S. Regina, and A. Tassi
Dipartimento di Fisica dell’ Universitaand Istituto Nazionale per la Fisica della Materia Via delle Scienze, 43100 Parma, Italy
(Received 11 March 1999; revised manuscript received 7 Octoben 1999

A continuous manifold of inequivalent spin configuration minimize the energy of the square planar rotator
model when the spins are coupled by dipolar interactions. This continuous degeneracy is accidental in nature
and causes a soft modecgt (277/a)(1/2,1/2) in the simple spin-wave spectrum. Consequently no long-range
order is obtained in simple spin-wave approximation in contrast with the expectation based on Monte Carlo
simulation. The solution of the puzzle is found going beyond the harmonic approximation. Indeed a careful
treatment of the magnon-magnon interaction replaces the accidental soft mode by a temperature-dependent gap
so that long-range order is restored. Satisfactory agreement between renormalized spin-wave theory and Monte
Carlo simulation is obtained in the low-temperature regime. Critical properties investigated by finite size
scaling of Monte Carlo data differ from both mean-field and two-dimensional Ising model critical behavior.

I. INTRODUCTION known that the mean-field approximation provides LRO
even in 2D planar and Heisenberg models with NN exchange
Two-dimensional (2D) spin systems with continuous interaction, where the absence of LRO is rigorously proved.
symmetry and short-range interaction do not support long- At finite temperature both square and honeycomb planar
range ordeLRO).! However, different scenarios are found rotator models were investigated by Prakash and Héhley
whether the spins are two-dimensiofialanar rotator mod¢l  who restricted the dipole interactions to nearest neighbors
or three-dimensional vectotbieisenberg modelindeed the  only, keeping the anisotropic nature of the true interaction.
Heisenberg model with nearest neighfhiN) exchange in-  The free energy of both models was evaluated within the
teraction is paramagnetic at any finite temperature, whereasmple spin-wave approximation and symmetry-breaking
the planar rotator model with NN exchange interaction terms were found at finite temperature so thater by ther-
shows a Kosterlitz-Thouless phase transition Bty  mal disorderwas claimed. Other examples of order from
=(0.8950.005) (Ref. 3 with the low-temperature phase thermal or quantum fluctuations, and from dilution are
characterized by divergent susceptibility and algebraic dequoted in literaturé! However, the simple spin-wave ap-
caying of the spin-spin correlation function. proximation, which is usually a reliable approach at low tem-
When the spin-spin interaction is an isotropic long rangeperature, in this case leads to a divergent mean-square angu-
interaction, a variety of different behaviors are expected. Fofar displacement because the ground state is affected by a
instance, a ferromagnetic exchange coupling decaying asontinuous degeneracy. The breaking of the continuous de-
1/r3 wherer is the spin-spin distance, supports LRO asgeneracy at finite temperature is a strong support to the ex-
shown by renormalization-groufRG) analysié and con- istence of LRO whereas a divergent mean-square angular
firmed by Monte CarlaMC) simulation> On the contrary, displacement implies the vanishing of the order parameter at
an antiferromagnetic exchange coupling decaying with theny finite temperature.
same power law tf is expected to have no LRO on the  The square planar rotator model with the full dipole inter-
basis of both MC simulation and simple spin-wave action was studied by MC simulation in Ref. 12 and inves-
approximatiorf tigated by both simple spin-wave approximation and MC
An interesting phenomenology characterizes the planasimulation in Refs. 13 and 14. MC simulation seems to sup-
rotator model with pure dipole interaction, which is a long- port LRO as well as the degeneracy-breaking temperature-
range and anisotropic interaction. The ground state of a systependent terms of the free energy evaluated within the
tem of magnetic moments located at the sites of a simplgimple spin-wave approximation. Indeed thermal fluctuations
cubic and of a square lattice was investigated by Belobrogelectcolumnarspin configuration corresponding to alternate
et al’ using the Luttinger and Tisza methBd continuous  rows (columng of parallel spins directed along the rows
degeneracy of the ground state was found in both models. I(columnsg in agreement with MC results. However, the order
particular, the ground state of the square planar rotator modglarameter evaluated within the simple spin wave approxima-
was shown to consist of four sublattices where the magnetition is zero at any finite temperatut&'* Higher order ap-
moments of each sublattice make an angle-«, m+«,  proximation is thought to overcome this apparent
m— a, with thex axis, a being arbitrary. The existence of a contradiction>1°
continuous degeneracy was pointed out also in the planar In this paper we perform a careful analysis of the spin-
rotator model with pure dipole interaction on a honeycombwave spectrum going beyond the simple spin-wave approxi-
lattice® This model was investigated by the mean-field ap-mation. We introduce a renormalized spin-wave approxima-
proximation and the continuous degeneracy was found ttion which consists on accounting for cubic and quartic
persist at finite temperature in zero external magnetic fieldcontributions of the Hamiltonian expanded in spin deviations
An ordered phase was found for< T, however, it is well and we find that thaccidentalsoft mode in the simple spin-
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wave spectrunfreminiscent of the continuous degeneracy ofplacement from the ground state configuration at isité/e
the ground stabeis replaced by a temperature-dependentexpand Hamiltonian(2.1) in powers of angular displace-
gap. Such a gap removes the divergence in the mean-squarents retaining contributions up to fourth order. We intro-
angular displacement and recovers LRO, even though théuce the Fourier transforms of angular displacements
order parameter versus temperature has a singular behavior

at very low temperature. We have checked this low- 1 g

temperature singular behavior by MC simulation at variance d/iZ\/—N% P& (2.4
with the linear behavior suggested in previous MC

simulationst® and we obtain the Hamiltonian

In order to test the renormalized spin-wave approximation
we have performed the same calculation on a system with H=EBotHo+t Hat+Hat--, 29
isotropic antiferromagnetic exchange coupling decaying ag/here
1/r3. In this case no gap appears at finite temperature since
the soft mode in the simple spin-wave spectrum is related to NITES
a true symmetry property of the Hamiltonian. This gapless Eo=-— 2 a8 D™(Q), (2.6
mode leads to a divergent mean-square angular displacement
in agreement with MC calculatich. 1 u?s?

On the contrary, in the system with isotropic ferromag- Ho=5 3 > [D*(Q)—DY(Q—a)]¢g¥—q.
netic exchange coupling decaying as®lLRO is assured by q 2.7)
the linear dependence of the spectrum on the wave vector '
which implies a linear dependence of the mean-square angu- 1,25 1
lar displacement on the temperature in agreement with MC Ha=— _'“_3 i 2 S+ ot an0
simulation. 2 @ Najguy %%

We have evaluated the critical exponents for correlation Xy
length, staggered susceptibility and staggered magnetization xD (Q_ql)‘/’ql’/’qz'/’qs’ (2.8

by finite-size scaling of MC data. Assuming=1 (Ref. 149

we obtainy=1.37=0.07 andB=0.19+0.04. These critical
exponents do not belong to any known universality class.
This result could support the conjecttfteconcerning the
mapping of the present model into the two-dimensional pla-
nar model with symmetry-breaking perturbatitfi®r which

1 p?s?1
4= T 54 g3 N = 105050 O + 0, + ag+0.0

X[D*(Q)+3D™(Q+0q3+0ds) —4D¥(Q—qy)]

) . . X , 2.9
a nonuniversal set of critical exponents is expected. Vo, Y, Va5, 2.9
In Sec. Il we apply the renormalized spin-wave approxi-with
mation to the planar rotator model with dipolar interaction.
In Sec. Il we present the results obtained by MC simulation.
. . _ af — af .
Section IV contains summary and conclusions. D (Q)_H&O fe"(rycosq-r). (2.10
Il. RENORMALIZED SPIN-WAVE THEORY The simple spin-wave (SSW spectrum is wssw(d)
=(u?s*2a%)e,, where
The Hamiltonian of the planar rotator model with pure
dipolar interaction reads €q=D"(Q)—-D*Y(Q—q). (2.1

1 2 Note that the SSW spectrum vanishes @§=(2m/
H=—§§§ aEﬁ fA(rS'sh,, 2.0 a)(%,}). Indeed
r£0
h mj
where 5 _
i S
a®( rorf
feB(r)= —3(3—2— 5,1,,3). (2.2) ms

r r Xcogm,m)— 3m—1 cogm;m)|=0,
In Eq. (2.1 w is the magnetic momenty, 3=x,y label the r
two spin components;labels theN sites of a square lattice; (2.12

r=mjal,+mpaty, with m;,m, integers, is the generic lat- \yhere the prime in the sum means that the temrm,
tice vector;a is the lattice constant. The ground-state spin_ g pas to be excluded. The soft mode excitatioggamodi-

configuration selected by thermal fluctuations is a columnafies the columnar ground state into the configuration given
configuration->'*The two-component spins of planar rotator by

model are
Sh,.m,~Scogmym)cosa, Sy, =Scogmm)sina,
(2.13

whereQ=(2/a)(0,3) is the order wave vector characteriz- with « arbitrary’* This configuration, shown in Fig. 2 of
ing the columnar configuration ang; is the angular dis- Ref. 15, corresponds to one of the continuous degenerate

S{=ScogQ-ri+¢i), S=SsiNQ-ri+¢), (2.3
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ground states. The order parameter in SSW approximation is  1.51

zero for any finite temperature. This fact claims for new <P/t

: o X ; 1.4} i N=32x32
investigations with respect to the selection of a columnar

ground-state configuration out of the manifold of continuous 1.3}

degeneracy due to thermal fluctuatidis?To go beyond the

SSW approximation we consider the cumulant expansion 1.2

<¢q’pfq>:§:§=0(_1)n%<’pq¢7q(H3+H4+'”)n>g
=(qih—qyo— B(Wq¥h—qHa)s

1 2 2\¢C
+§,3 (qh—qH3)o+ """, (2.14

where

t
<¢q¢7q>0:€_q (2.19

is the SSW propagator of the noninteracting system tand

=kgTa®/ u2S? is a reduced temperature.

The last two terms of Eq2.14 can be evaluated using

Egs.(2.8 and(2.9. One obtains

2g? 1
(- a)=— o5~ (-3 > [D¥(Q)

+D*(Q+q-k)~D*(Q-q)
—DY(Q-K) K¢tr—k)o (2.16
and

2c2
uoS
(Yqr—qH3)6= -

2

1
(Yatr-a)lig 2 [D(Q-a)?

+4D*(Q—q)D*(Q—k)+2D™(Q—k)?
+2D¥(Q—-k)D¥(Q—k+0q)]

X -1 of k- gt~k + )0 (2.17
The propagator of the interacting system reads
(hqth—q)= - - (2.18
TV (Yg¥-glo g €q 12 '

where the proper self-energy, is easily obtained from Egs.
(2.16 and(2.17

1
Sq=§ 2 [DX(Q)+D*(Q+d-k) ~D"(Q-a)~D*Q

1 1
—Wl o+ 552 [DYQ-a)?

+4DYY(Q—q)DYY(Q—k)+ 2D

1
X (Q—k)?+2D™(Q-k)D*¥(Q—k+0q)] «

Ek_q '
(2.19

The renormalized spin-wavéRSW) spectrum iswgrsw(q)
= (u?S2a%,, where

1.1r

0.9r

0.8}

0'70 0.62 0.64 0.66 0.68 0:1 0.12
t

FIG. 1. Mean square angular displacement versus temperature.
The continuous curve is the analytic res(@t23. Full circles are
MC data for a 3% 32 lattice.

€=€q— 12 (2.20
The value of the self-energy gt=qq is
Sop= ;S [D¥(Q+ap—k)~DM(Q-K)) -
R N k 0 €K
1
+ 52 DYQ-KI[DY(Q—k)
K
JrDX"(Q—l<+qO)]i
€y Gk,qo
=—-0.575, (2.20)

so thafeq =0.573. The gap afj=qp is originated by ther-

mal fluctuations and increases as temperature increases. This
behavior is very peculiar. As far as we know, this is the first
example of a gap in the elementary excitation spectrum
originated by thermal fluctuations. Usually the energy gap is
reduced rather than increased by thermal fluctuations. A cal-
culation of the renormalized spectrum in the neighborhood
of qo gives

€qq,~0.578+0.15Q 7—aq,)?+1.786 —ad,)?
(2.22

and the mean-square angular displacement becomes

, a1
(yf)=—> —=—0.158Int+ct, (2.23
N &

wherec is a constant coming from the regular contribution to
the sum. As one can see from EQg.23 at low temperature
(w?)/t diverges logarithmically as shown by the continuous
curve in Fig. 1. Note that the same quantity evaluated in
systems with conventional LRO is a constant since in that
case only the regular contribution in the suf®.23 is
present. The order parameter is
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(cosyy)=cog Q- )e” 12

=cogm,m)exd 0.0882 Int—ct/2]. (2.24)

Note the infinite slope of the order parameter fer0. In

this limit the energy cost to create a spin wave of wave
vector g~(y is vanishing so that a large number of spin
waves can be excited. However interaction between spin
waves originates a gap in the spectrum that increases at in-
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creasing temperature and LRO is restored.

For comparison we consider the planar isotropic antifer-

romagnet where the spin-spin coupling decays e$where
r is the spin-spin distance. The Hamiltonian reads

1
H=52 I0codQr+hi—dis), (229
rI;’&rO
whereJ(r)=J(a%/r® andQ=(2n/a)(%,3). Expansion of
Hamiltonian(2.25 gives

H=Eq+Hp+Hs+" "+, (2.26
where
N
Eo=5J(Q), (2.27)
1
Ho=5 2 Q-0 -IQ Wl (228
11
H4=ﬂﬁql%3q4 8ay+ap+ a5+ 0, LI(Q) —23(Q+ dly)
+3J(Q+q3+q4)_ZJ(Q_ql)]¢q1¢q2¢q3wq41
(2.29
with
a3
Jq)=2> J—zcodq1). (2.30
r0 I

0.061

0.04

0.02f
*—0

6 7
InN
FIG. 2. Mean square angular displacement=a0.1 versus IiN

for square planar models with ferromagnefg and antiferromag-
netic (AF) isotropic long-range interactions decaying as’1/

€,=(0.40+ct)(aq)” (2.39

It is straightforward to prove that the leading order in tem-
perature of the mean-square angular displacement obtained
by RSW approximation is the same as that obtained by SSW
approximation

t 1 t 1
2 = — —_—— — —_— e~
()= N; %N ; 6k—0.196|n N, (2.35

so that the absence of LRO expected on the basis of SSW
approximatiofi is confirmed by RSW approximation. Indeed
the soft mode atj=0 in the planar isotropic antiferromagnet

is not suppressed by thermal fluctuations as one expects on
account of the rotational invariance of Hamiltonigh25).

IIl. MONTE CARLO SIMULATION

We have performed MC simulation to get the thermody-
namic properties of the model over the whole range of tem-
perature. In particular, we have evaluated the temperature
dependence of the mean-square angular displacement in or-
der to compare the results of MC simulation with the ana-

Note that SSW approximation gives an elementary excitatiofytic result at low temperature. As shown in Fig. 1 MC data

energywssw(q) = Jeq where

€=[J(Q-a)—I(Q)]/J (2.3

that vanishes quadratically ag—0. Indeed one hag,
=0.40@q)%. The RSW spectrum is given bwgsw(q)
=Jé,, where

€= €qttyg, (2.32
with t=kgT/J and
1
2q= 32 Q) =IQ-k)+3I(Q-a-k)
1
—IQ-al (2.33

In the long wavelength limit Eq2.32 gives

(full circles) fit very well the analytic result given in Eq.
(2.23 obtained by renormalized spin-wave thegcpntinu-

ous curve. MC data are taken from a simulation on a sample
32x 32 averaging over foconfigurations after having disre-
garded 10 steps for equilibration. The approach of periodic
“images” is adopted-" This approach, which is based on a
periodic arrangement of MC cells, seems to be the most con-
venient to treat systems with long-range interactions. Note
that the singular behavior of the mean-square angular dis-
placement is caught by MC simulation only if the region of
low temperature (0.04t<<0.1) is carefully investigated.
This peculiar behavior escaped previous MC anafifsts.

In Fig. 2 we give the size dependence of the mean-square
angular displacement &t 0.1 for the ferromagnetic and an-
tiferromagnetic square planar model with isotropic long-
range interaction decaying ag 1/ The existence of LRO in
the ferromagnetic model is proved by the size independence
of the mean-square angular displacement. On the contrary
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M, an intriguing point. The RG analysis inddimension& was
17 ¢ L=32 performed for models where spins are coupled by exchange
L 5 s o L=16 and dipolar interactions under the hypothesis that the ex-
§ change is dominant with respect to the dipolar interaction.
For antiferromagnetic spin configuration the critical expo-
nents are the same as those found in absence of dipolar
0.6¢ ° forces for both Heisenberg and Ising models. These results
o are relevant in 3D models with dominant exchange interac-
0.4 * e i tion but their extrapolation to models with pure dipole inter-
’ o * o, actions, in particular to two-dimensional systems, is not ob-
. vious.
0.2¢ o ., MC simulations on 3D Ising mod¥lpartially support the
o0, RG results since no change in the behavior of magnetization
. . ‘ . ‘ and specific heat was observed when the ratio between short-
0.2 0.4 0.6 0.8 1t and long-range interaction is changed. However no estima-
tion of critical exponents was attempted.

FIG.. 3. $taggered magnetization versus temperature for differ- o g simple cubic Ising model with pure dipolar interac-

ent lattice sizes. tion high-temperature series expansiprovides a critical

exponent of the staggered susceptibility: 1.14 which dif-

the absence of LRO in the antiferromagnetic model is clearlyferS from both the mean-field exponept 1 and the critical

pointed out by the size dependence of the mean-square a@)’(ponenty=1.25 of the Ising model with NN exchange in-

gular displacement which agrees very well with the analyti(:teraction

result of Eq.(2.39. Very little is known about the critical properties of 2D

t n F'gt' 3 er tﬁhow the stallggeredtn:agnetléaflon.ﬂ\]/ersu?attices with spins coupled by pure dipolar interactions. In
emperature of the square planar rotator model with pur'f)articular, no analytic evaluation of critical exponents was
dipolar interaction fort>0.;. Fprt{O.l we have verified attempted. MC simulation performed on the square Ising
that the staggered magnetization Is well reproduce_d\/llgy modef® leads to the conclusion that critical exponents are
=1+0.093Int—0.2 (Ref. 15 in good agreement with the 0 3 mewithin the numerical uncertaintyas those of the
analytic result of Eq(2.24). Flg_ures.l and 3 of the present square Ising model with NN exchange interaction.

paper should be compared with Figs. 7, 12, 13 of Ref. 137,y square planar rotator model we find that the dipole

Where MC.results obtained for samples up to X329 are  interaction supports LRO whereas the planar model with NN

shown. A linear dependence of the staggered magnetizatiofy -,ange interaction does not order at any finite temperature
versus temperature is suggestéd;=1-0.32 (note that oy en though the existence of a topological phase transition,
our reduced temperatutés T/2 of Ref. 13. The same fitcan  nq\n as Kosterlitz-Thouless phase transitiois, proved.

be obtained looking at Fig. 3 in which the order parametefrys fact prevents any comparison with the critical behavior

versus temperature is shown for0.1. On the contrary, if  4f the corresponding NN model. Therefore we try to get the
we push the investigation out into the very low-temperaturéjsical exponents by a finite-size scaling of our MC results.
region as shown in Fig. 1, the smgulgr_peh_awor is recove'redrhiS procedure gives very good results for the NN Ising
In Fig. 4 the staggered_susc_;eput_nlny is plotted againstyogel and it has been successfully used to evaluate the criti-
temperature for several lattice sizes in good agreement with,, exponents of the Ising model with dipole interactidn.
Fig. .8 of Ref. 13. I " ) We have verified that the choice=1 is consistent with
Finally we try to get some insight on the critical behavior MC data. As shown in Fig. 9 of Ref. 14 one finds that the
of the square planar model with dipolar interaction. This isrelationshipt (L)—t.~1/L, which impliesy=1, is consis-
Cc c 1 ]

tent with the lattice size dependence of the temperature of the

ae

0.8r

o ®
0O ®
0 e
o
-
i)
oo

350,X st maximum of the staggered susceptibility or of the specific
heat. Assumingz=1 the value ofy is given by the slope of
300 o L=32 the straight line obtained by plotting the maximum of the
. L=16 staggered susceptibility versus the lattice size on a log-log
250, |.g scale. Mean values of the staggered susceptibility are evalu-

? ated averaging over 10 distinct simulations for a<&2 lat-
200/ tice up to 100 distinct simulations for a8 lattice. In Fig.
5 we show the least-squares linear interpolation of the data

1507 ; % obtainingy=1.37+0.07.
100! } - We have also evaluated the critical exponent of the stag-
- . gered magnetizatiog in different ways. In Fig. 6 we show
50l . % 1 T e the staggered magnetizati¢evaluated at the temperature of
s ;E % Tre.L_ 0 S £ the maximum of the staggered susceptibjligrsus the lat-
g 0’2; ‘ 0A4 A0'6 o8 : t tice size on a log-log scale. The slope of the least-squares

linear interpolation of the data givgs=0.19+0.04. A simi-

FIG. 4. Staggerred susceptibility versus temperature for differdar result is obtained by the scaling of the staggered magne-
ent lattice sizes. tization evaluated at the critical temperattye 0.75. Finally
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in(max(x _)) In(M_)
6 ? 055
05
o 18007 045 B=0.19+0.04
5l 0.4+
035"
45 0l
0.25'
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0.2
85 25 3 0 35 015 25 3 L) 35

FIG. 6. Critical exponenp of the staggered magnetization ob-
tained by finite-size scaling of MC data worked out barxL
samples.

FIG. 5. Critical exponenty of the staggered susceptibility ob-
tained by finite-size scaling of MC data worked out arxL
samples.

the value ofg deduced by the scaling of the staggered magmaking anglesy, —a, 7+ a,7— « with a reference axisy
netization evaluated at the temperature at which the specifigeing arbitrary. This continuous degeneracy is not related to
heat has its maximum, is in substantial agreement with théhe symmetry of the Hamiltonian and the simple spin-wave
above result even though the error bars are much larger sins@ectrum shows araccidental soft mode at q=(2/

the peak of the specific heat is less sharp than that of thg)(3,3) in the neighborhood of which the excitation energy
susceptibility. . ) is quadratic. For this reason the simple spin-wave theory
The critical exponents we have obtained differ from thejeads to a contradictory result. Thermal contributions to the
mean field exponents as well as from those of the squargee energy select eolumnarconfiguration where rowsa(
Ising model with NN interaction. The square planar modelzo) or columns &= m/2) of parallel spins alternate. Ther-
with pure dipole interaction was conjectured to fall in the ma| contributions to the magnetization reduce to zero the
universality class of the square planar model with NN ex-grqer parameter at any finite temperature.
change interaction in presence of symmetry-breaking e have solved this apparent contrasting result using the
perturbations? If so the critical exponents of the.present renormalized simple spin-wave approximation which ac-
model should be the same as those offike4 model inves-  coynts for interactions between spin waves. Indeed the acci-
tigated in Ref. 16 which should display conventional power-gental soft mode is replaced by a temperature-dependent gap
law sin.g_ularities, but with nonuniversal critical exponents.[see Eq.(2.22)] that prevents the divergence of the mean-
The critical exponents should depend on the symmetrysquare angular displacement. Singular behavior of the order
breaking field intensity,. De'Bell et al** have noted thata parameter is pointed out. We have checked this behavior,
NN square planar model with,~0.2,0.3 shows similarities \yhich escaped previous MC simulatiéf® pushing our MC
with the pure dipole square planar model. All these factssimuylation into the range 0.84t<0.1. An excellent agree-
could explain why the critical exponents of the presentment petween our analytic result and MC simulation is

model are unusual. found. The staggered magnetization and the staggered sus-
ceptibility agree with previous MC ddtafor t>0.1.
IV. SUMMARY AND CONCLUSIONS We have performed finite-size scaling analysis of the

maximum of the staggered susceptibility and of the stag-
ered magnetization evaluated at the temperature of the
aximum of the susceptibility leading to unusual values of

the critical exponentyy=1.37 andB=0.19. An interesting

. ) . : N : conjecturé® about the mapping of the square planar rotator

in which the dipole interaction is weak with respect to themodel with pure dipole interaction into the corresponding

dominant NN exchange interaction. . . :
Even less is known about 2D models. MC simulation wasNN model with symmetry-breaking perturbat?érn:ould ex-

performed on the square Isfgand plana® model with plain the unusual critical exponents we have found.

pure dipole interaction. Nothing is known about the critical

exponents of the planar rotator model with pure dipole inter- ACKNOWLEDGMENTS
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Poor information is found in literature about the thermal
behavior of spin systems where the spins are coupled by pu
dipole interaction. Mostly, renormalization group anal¥sis
and MC simulatiof’ refer to 3D Ising or Heisenberg models
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